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單元 17: 樣本期望值與變異數
({… §7.1)

I θ ÑøÓœ_型2k,lí¾.

½. àS,l θ?

�. _Ò¤_型, U)ßÞíÓœ‰b X (˚T�|M,

output data) Å—

E(X) = θ

?¹, �Zø_型U) θ ÑFÞAí�|M X (4øÓ

œ‰b) í‚�M.

QO, ;W#×b¶† (SLLN), ½複¤_Ò k Ÿ, )

Ö/°}布í�|M

X1, X2, . . . , Xk

1J

1

k

k∑
i=1

Xi ≈ θ

w2_ÒŸb k b夠×.
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½. ƒ� k ÑÖý, n�夠×?

�. â«n θ í,l¾ (estimator)

1

k

k∑
i=1

Xi

í4”, ª×ø²ì k íj¶, 詳述à-.

IÓœ‰b

X1, X2, . . . , Xn

ÑÖ°}布, /u°í‚�M

E(Xi) = θ < ∞

D‰æb

Var(Xi) = σ2 < ∞

OÌ„ø.

ì2

X
def
=

1

n

n∑
i=1

Xi

˚Tš…‚�M, }ÓO Xi 7Z‰, ]ÑøÓœ‰b,

�àVTÑ‚�M θ í,l.
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�_基…4”Ñ

(i) š…‚�Mí‚�M

E(X) = θ

?¹, š…‚�M X Ñ θ í.R,l¾ (unbiased
estimator).

<„> ;W‚�Mí(44”, ?¹, (4 ¯í‚�M

�k‚�Mí(4 ¯, J£°j布, )

E(X) = E

1
n

n∑
i=1

Xi


=

1

n

n∑
i=1

E(Xi)

=
1

n

n∑
i=1

θ = θ

)„.

(ii) š…‚�Mí‰æb

Var(X) =
σ2

n

?¹, ç n B×v, Var(X) Bü, 4[ý X BÕ2Ê

E(X) = θ Ë¡, 7û| X Ñø_ßí,l¾.
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<„> íl, ;W‰æbí純¾	4”, )

Var(X) = Var

1

n

n∑
i=1

Xi


=

1

n2
Var

 n∑
i=1

Xi


QO, ;WÖ4J£°}布, â,�)

Var(X) =
1

n2

n∑
i=1

Var(Xi)

=
1

n2

n∑
i=1

σ2 =
σ2

n

)„.

½. àS�üË·述 X Õ2Ê θ íË¡?

�. ø_j¶u8ª雪Ú.�� (Chebyshev’s

inequality)

P (|X − E(X)| ≥ ε) ≤
Var(X)

ε2

Éb°‚�MD‰æbæÊ¹ª, ]適à4�, Oªœ粗

糙, Ñø\èíÅ述, ~AWRûHpš…‚�M X í

!‹.
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Çø_œ�à1yÄüíj¶Ñ4”

(iii) 2Û”ÌìÜ (Central Limit Theorem,
CLT). ç n →∞,

X − θ

σ/
√

n

D→ Z ∼ N(0,1)

w2²¬箭å,í D [ý}布Y斂 (convergence in
distribution), ?¹, ç n →∞ v, úL<íõb x,

P

(
X − θ

σ/
√

n
≤ x

)
→ P (Z ≤ x)

[A
= Φ(x)

6ÿuz, ç n 夠×v,

X − θ

σ/
√

n

D≈ Z ∼ N(0,1)

@à: t½ X R×‚�M θ Ê c _™Ä差, c σ√
n
, 5

qíœ率ÑS? àÇý.

<j> ç n 夠×v, â CLT,

P

(
|X − θ| ≤ c

σ
√

n

)
= P

(∣∣∣∣∣X − θ

σ/
√

n

∣∣∣∣∣ ≤ c

)
≈ P (|Z| ≤ c)

= Φ(c)−Φ(−c)

= 2Φ(c)− 1

5 2×bç系:PM
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w2|(ø_�UA4;W Z í pdf íú˚4, )

Φ(−c) = 1−Φ(c)

F_, àÇý.

J c = 1.96, †透¬Œ[Cbç軟ñ, )

Φ(1.96) ≈ 0.975

]

P

(
|X − θ| ≤ 1.96

σ
√

n

)
≈ 2Φ(1.96)− 1

≈ 2(0.975)− 1

= 0.95

?óçk

P

(
|X − θ| > 1.96

σ
√

n

)
≈ 0.05

?¹, š…‚�M X R× θ Ê 1.96 _™Ä差5Õíœ

率¡Nk 0.05.

O σ2 „ø; ¹U n ²ì7, R×� 1.96 σ√
n

E„ø.

Ä¤, EÍÌ¶·述 X uàSËÕ2Ê θ Ë¡, C6z

Ì¶�üË·述J X ,l θ uàSËß. FJ, Ûb針

ú‰æb σ2 = E[(Xi − θ)2] ,l, à-述.
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ì2

S2 def
=

1

n− 1

n∑
i=1

(Xi −X)2

˚Tš…‰æb, }ÓO Xi 7Z‰, ]ÑøÓœ‰b,
�àVTÑ‰æb σ2 í,l.

�_基…4”Ñ

(i) š…‰æbí‚�M

E(S2) = σ2

?¹, š…‰æb S2 Ñ σ2 í.R,l¾ (unbiased

estimator).

<„> íl, %â�Ç£“�, )

n∑
i=1

(Xi −X)2 =
n∑

i=1

(X2
i − 2XiX + X

2)

=
n∑

i=1

X2
i − 2X

n∑
i=1

Xi + nX
2

=
n∑

i=1

X2
i − 2nX

2 + nX
2

=
n∑

i=1

X2
i − nX

2 (1)
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w2�ú_�Uí�ùá4;Wš…‚�M X íì2

X =
1

n

n∑
i=1

Xi

)

n∑
i=1

Xi = nX

F_.

QO, ;Wš…‰æbíì2, (1) �, J£‚�Mí(

44”, )

E(S2) = E

 1

n− 1

 n∑
i=1

X2
i − nX

2


=

1

n− 1

 n∑
i=1

E(X2
i )− nE(X2)

(2)

¢ÄÑ X1, X2, . . . , Xn Ñ°}布, ]â (2) �, )

E(S2) =
1

n− 1

[
nE(X2

1)− nE(X2)
]

(3)

¤Õ, úkLøÓœ‰b Y ,

E(Y 2) = Var(Y ) + [E(Y )]2

8 2×bç系:PM
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]â (3) �, )

E(S2) =
n

n− 1

{
Var(X1) + [E(X1)]

2

−Var(X)− [E(X)]2
}

=
n

n− 1

(
σ2 + θ2 −

σ2

n
− θ2

)

=
n

n− 1

(
1−

1

n

)
σ2 = σ2

)„.

J

S
def
=

√
S2

˚Tš…™Ä差 (sample standard deviation), ¦

H σ, ª)4”

(ii) Slutsky ìÜ. Ê/<‘K- (AW¡5 Hogg

and Craig � 5 版, � 271 頁í註j), ç n →∞,

X − θ

S/
√

n

D→ Z ∼ N(0,1)

?¹, ç n 夠×v,

X − θ

S/
√

n

D≈ Z
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註 1. ;W4” (ii), Ê n ²ì-,

S =

 1

n− 1

n∑
i=1

(Xi −X)2

1/2

ªâ’e°), ]R×� 1.96 S√
n

ªüì. Ä¤, ªJ

�üË·述à X ,l θ uàSËß, 6ÿuz, Jš…

‚�M X ,l„øí‚�M θ v, � 95% íœ}.

}R× 1.96 S√
n
.

註 2. ¥5, Jl²ì誤差 (C˚R×�, deviation),

†ª²ìš…í×ü n, à-述.

Jb°í誤差 (R×�) Ñ 1.96d, ?¹, b°Ê 95%

íœ率-,

™Ä差 =
誤差

1.96
= d

v, ²ì n Å—

S
√

n
< d

†

P (|X − θ| ≤ 1.96d) ≥ P

(
|X − θ| ≤ 1.96

S
√

n

)

10 2×bç系:PM
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àÇý.

y%â™Ä“J£ Slutsky ìÜ, â,�)

P (|X − θ| ≤ 1.96d) ≥ P

(∣∣∣∣∣X − θ

S/
√

n

∣∣∣∣∣ ≤ 1.96

)
≈ P (|Z| ≤ 1.96)

= 0.95

Ä¤, Bý� 95% í]-ªü], çš…×ü n Å—

S
√

n
< d

v, J X ,l θ í誤差}ükC�k 1.96d.

âk Slutsky ìÜ2í�G¡N, ]š…b (sample
size) .ªØü. Ä¤, ²ìSvT¢_ÒíÆ�¶à-

述.

Æ�¶:

(1) ²Ïø適çí d TÑ™Ä差, ?óçk, Ê 95%
í]--,

d =
#ìí誤差

1.96

11 2×bç系:PM
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(2) BýÞA 100 _’e.

(3) ./_Ò, òBÞAí k _’e (k ≥ 100) Å—

S√
k

< d

nT¢, w2

S =

 1

k − 1

k∑
i=1

(Xi −X)2

1/2

(4) J

X =
1

k

k∑
i=1

Xi

,l θ.

W 1. ÊÀø��6佇�系$2, J-˜ 5 õJ(.Q

§��, 1k,l超¬vÈ Tp (ÀP: 秒). t½Ûb_

ÒÖýŸ, J_kªJ 95% Ëü]誤差Ê 15 秒q?

<j> ;W‡述%ð, 95% í]-4óçkb°

誤差 15 秒 = 1.96d

12 2×bç系:PM
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]™Ä差

d =
15

1.96

QO, âÆ�¶ø, _ÒŸb

k ≥ 100

/Å—

S√
k

<
15

1.96

?óçk

1.96
S√
k

< 15

註 3. 避n©)ƒø筆’eÿ*ål� X D S2, ªS

àà-í迭Ht�:

(i) I�áM X0 = 0 / S2
1 = 0.

(ii) úk j ≥ 0,

Xj+1 = Xj +
Xj+1 −Xj

j + 1

13 2×bç系:PM
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(iii) úk j ≥ 1,

S2
j+1 =

(
1−

1

j

)
S2

j +

(j + 1)(Xj+1 −Xj)
2

<„> (i) ¯Üí�áM. ÄÑ³�LS’ev, ø_¯

Üí’e‚�MqìÑ X0 = 0; ç�ø筆’ev, ’e

í‚�Mÿu¤筆’e, ]¤筆’eúk’e‚�M7k,

ÌLSíR×, Ä7 S2
1 = 0 uø_¯Üíqì.

(ii) úk j ≥ 0, ;Wš…‚�Míì2,

Xj+1 =
1

j + 1

j+1∑
i=1

Xi

=
1

j + 1

 j∑
i=1

Xi + Xj+1


=

1

j + 1
(jXj + Xj+1)

=
1

j + 1

[
(j + 1)Xj + Xj+1 −Xj

]
= Xj +

Xj+1 −Xj

j + 1

)„.

14 2×bç系:PM
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註. ç j = 0 v, â迭Ht� (ii), )

X1 = X0 +
X1 −X0

1
= X1

0A, Ì� X0 ÑSb. Ä¤, Î7迭Ht� (i) 2í

¯Ücq X0 = 0 Õ, 9õ,ªcq X0 ÑLSõb.

(iii) úk j ≥ 1, ;Wš…‰æbíì2,

S2
j+1 =

1

j

j+1∑
i=1

(Xi −Xj+1)
2


=

1

j

j+1∑
i=1

(Xi −Xj + Xj −Xj+1)
2


QO, ø,�2íü�U�Ç1cÜ, )

S2
j+1 =

1

j
(Σ1 + Σ2 + Σ3) (4)

w2

Σ1 =
j+1∑
i=1

(Xi −Xj)
2

/

Σ2 = 2(Xj −Xj+1)
j+1∑
i=1

(Xi −Xj)

15 2×bç系:PM
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J£

Σ3 = (j + 1)(Xj −Xj+1)
2

¢

Σ1 =
j∑

i=1

(Xi −Xj)
2 + (Xj+1 −Xj)

2

= (j − 1)S2
j + (j + 1)2(Xj+1 −Xj)

2

w2�ù_�Uí�øáA4;Wš…‰æb S2
j íì

2, �ùáA4;W迭Ht� (ii) Fû|í

Xj+1 −Xj = (j + 1)(Xj+1 −Xj)

F_. ÇÕ, y;W,�J£š…‚�M Xj Fû|í

j∑
i=1

(Xi −Xj) = jXj − jXj = 0

)

Σ2 = 2(Xj −Xj+1)
j∑

i=1

(Xi −Xj) +

2(Xj −Xj+1)(Xj+1 −Xj)

= 2(Xj −Xj+1)(j + 1)(Xj+1 −Xj)

= −2(j + 1)(Xj+1 −Xj)
2

16 2×bç系:PM
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|(, ø Σ1, Σ2 J£ Σ3 Hp (4) �, 1T|tÄ�

(j + 1)(Xj+1 −Xj)
2

)

S2
j+1 =

1

j
[(j − 1)S2

j + (j + 1)(Xj+1 −Xj)
2 ·

(j + 1− 2 + 1)]

=
1

j
[(j − 1)S2

j + j(j + 1)(Xj+1 −Xj)
2]

=

(
1−

1

j

)
S2

j + (j + 1)(Xj+1 −Xj)
2

)„.

註 4. Jk,l/øÔì9KêÞíœ率 p, ªq¶�Z

¤Óœ_型, 1I�|’eÑ

X =

{
1, J¤9KêÞ,
0, J¤9K.êÞ.

†

E(X) = 1 · P (9KêÞ) = 1 · p = p

ÿuk,líM.

Ä¤, ½複_Ò k Ÿ, )

X1, X2, . . . , Xk

17 2×bç系:PM
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1J

Xk =
1

k

k∑
i=1

Xi ≈ p

ÄÑ

Var(X) = p(1− p)

FJ.Ûàš…‰æb,l, 7ªà

Xk(1−Xk)

,l, 1YÍ)

Slutsky ìÜ. ç k →∞ v,

Xk − p√
Xk(1−Xk)/k

D→ Z

iõ: ô¥�š…‰æb S2
k , 7ÉÛl�š…‚�M

Xk ¹ª.

xeSvT¢Š?íú@

Æ�¶:

18 2×bç系:PM
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(1) ²Ï適çí d T™Ä差.

(2) BýÞA 100 筆’e.

(3) ./_Ò, òBÞAí k 筆’e (k ≥ 100) Å—√
Xk(1−Xk)/k < d

nT¢, w2

Xk =
1

k

k∑
i=1

Xi

(4) J Xk ,l p.

19 2×bç系:PM


