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Àj 66: 0/0 D ∞/∞ �„ì�
({… §B.2)

J

lim
x→a

f(x) = 0 / lim
x→a

g(x) = 0

†˚”Ì�

lim
x→a

f(x)

g(x)

Ñ 0
0 �„ì�; J

lim
x→a

f(x) = ±∞ / lim
x→a

g(x) = ±∞

†˚”Ì�

lim
x→a

f(x)

g(x)

Ñ ∞
∞ �„ì�.

ø_TÜ„ì�”Ìíj¶Ñ-Hí˚.®¶†.

ìÜ 1. (l’Hôpital’s rule) q I ÑøÖ a íÇ–È

/ª?Î7 a Õ, f D g Ê I ,Ìª�, J£úF� I

2í x, g′(x) 6= 0. J”Ì�

lim
x→a

f(x)

g(x)
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Ñ 0
0 C ∞

∞ �„ì�, †

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)

ç�U¬ií”ÌæÊCÑÌ¤×v.

Å 1. ˚.®¶†?_àkÀiCÊ£ŠÌ¤±í”Ì,
¹ªø x → a ²A x → a+, x → a−, x → ∞ J£

x → −∞.

Å 2. Uà‡, øìbüwÑ 0
0 C ∞

∞ �í„ì�; ´

†}|˜, à

lim
x→0+

cosx

x
=

1

0+
= ∞

”Ì.æÊ, .u„ì�. OJ.üw, 7xÍUà, )

lim
x→0+

cosx

x
= lim

x→0+

− sinx

1
=

−0

1
= 0

¤4˜Ï!‹. ‘K.¯, .?Uà, ¹˚.®¶†c_

àk 0
0 C ∞

∞ �í„ì�”Ì.

W 1. t° lim
x→0

ex − 1

2x
.
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<j> H x = 0, )

e0 − 1

2(0)
=

1 − 1

0
=

0

0

]Ÿ�Ñ 0
0 �„ì�/â˚.®¶†,

lim
x→0

ex − 1

2x
= lim

x→0

ex

2
=

1

2

W 2. t° lim
x→∞

lnx

x
.

<j> H ∞, )

ln∞
∞

=
∞
∞

¹Ÿ�Ñ ∞
∞ �„ì�, ];W˚.®¶†,

lim
x→∞

lnx

x
= lim

x→∞

1
x

1
= lim

x→∞
1

x
= 0

W 3. t° lim
x→1+

sinπx√
x − 1

.

<j> H x = 1, )

sinπ√
1 − 1

=
0

0
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¹Ÿ�Ñ 0
0 �„ì�, ]â˚.®¶†,

lim
x→1+

sinπx√
x − 1

= lim
x→1+

π cosπx
1

2
√

x−1

= lim
x→1+

2π
√

x − 1cosπx

= 2π(0)(−1) = 0

W 4. t° lim
x→∞

x3

e2x
.

<j> H ∞, )Ÿ�Ñ ∞
∞ �„ì�, ]

lim
x→∞

x3

e2x
= lim

x→∞
3x2

2e2x
(YÍÑ ∞

∞)

= lim
x→∞

6x

4e2x
(YÍÑ ∞

∞)

= lim
x→∞

6

8e2x
= 0

Å. ½µH ∞, ÛUàúŸ˚.®¶†, n°)”Ì, ¹

ÖŸUà˚.®¶†uªãcíÛï.

W 5. t° lim
x→0

x3

x − tanx
.
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<j> H x = 0, )

03

0 − tan0
=

0

0

¹Ÿ�Ñ 0
0 �„ì�, ];W˚.®¶†,

lim
x→0

x3

x − tanx
= lim

x→0

3x2

1 − sec2 x

H x = 0, )

3(0)2

1 − sec2 0
=

0

1 − 12
=

0

0

]yŸUà˚.®¶†,

Ÿ� = lim
x→0

6x

−2 secx secx tanx

= lim
x→0

6x

−2 sec2 x tanx

H x = 0, )

6(0)

−2(1)2(0)
=

0

0

]ÛyŸ;W˚.®¶†, )

Ÿ� = lim
x→0

6

−4 sec2 x tan2 x − 2 sec4 x

=
6

−4(1)2(0)2 − 2(1)4
=

6

−2
= −3
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¹uUàúŸ˚.®¶†, n°)”Ì.

Exercises

J

lim
x→a

f(x) = ∞ / lim
x→a

g(x) = ∞

†˚”Ì�

lim
x→a

[f(x) − g(x)]

Ñø ∞−∞ �„ì�, ªSàHb«��²A 0
0 C ∞

∞
�„ì�(, yUà˚.®¶†, W

27. t° lim
x→0+

(
1

x
−

1

ex − 1

)
.

<j> H x = 0+, )

1

0+
−

1

e0
+ − 1

= ∞−
1

1+ − 1

= ∞−
1

0+
= ∞−∞

¹Ÿ�Ñ ∞−∞ �„ì�, .ªòQUà˚ª®¶

†. %â¦}“�, )

lim
x→0+

(
1

x
−

1

ex − 1

)
= lim

x→0+

ex − 1 − x

x(ex − 1)
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H x = 0, )

e0 − 1 − 0

0(e0 − 1)
=

1 − 1 − 0

0(1 − 1)
=

0

0

4 0
0 �„ì�, ];W˚.®¶†,

Ÿ� = lim
x→0+

ex − 1

(ex − 1) + xex

yH x = 0, )

1 − 1

(1 − 1) + 0(1)
=

0

0

¢Ñ 0
0 �„ì�, ]y;W˚.®¶†,

Ÿ� = lim
x→0+

ex

ex + ex + xex

=
1

1 + 1 + 0
=

1

2

29. t° lim
x→π/2

(tanx − secx).

<j> H x = π
2, ) ±∞−±∞ �„ì�. %â

“�, )

Ÿ� = lim
x→π/2

(
sinx

cosx
−

1

cosx

)
= lim

x→π/2

sinx − 1

cosx
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H x = π
2, )

sin π
2 − 1

cos π
2

=
1 − 1

0
=

0

0

4 0
0 �„ì�, ];W˚.®¶†,

Ÿ� = lim
x→π/2

cosx

− sinx
=

0

−1
= 0

J

lim
x→a

f(x) = 1 / lim
x→a

g(x) = ±∞

†˚”Ì�

lim
x→a

[f(x)]g(x)

Ñ 1∞ �„ì�, ªSàúN�²£çJ�²øŸ�[A
0
0 C ∞

∞ �„ì�(, yUà˚.®¶†, W

31. t° lim
x→∞

(
1 +

1

x

)x
.

<j> H x = ∞, )(
1 +

1

∞

)∞
= (1 + 0)∞ = 1∞
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4 1∞ �„ì�. íl, úN�², )(
1 +

1

x

)x
= e

ln
(
1+1

x

)x

= e
x ln

(
1+1

x

)
H x = ∞, )Nb¶}

∞ ln
(
1 +

1

∞

)
= ∞ ln 1 = ∞ · 0

4 ∞ · 0 „ì�. QO, çJ�², )

x ln
(
1 +

1

x

)
=

ln
(
1 + 1

x

)
1
x

H x = ∞, )

ln
(
1 + 1

∞
)

1
∞

=
ln1

0
=

0

0

4 0
0 „ì�, ¯¯˚.®¶†í‘K. Ä¤,

lim
x→∞x ln

(
1 +

1

x

)
= lim

x→∞
ln (1 + 1/x)

1/x

= lim
x→∞

1
1+1

x

(
− 1

x2

)
− 1

x2

= lim
x→∞

1

1 + 1
x

=
1

1 + 0
= 1
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|(, ;W,HíúN�², ©/ƒbí”Ì4”£

çJ�², 1Hp, )

lim
x→∞

(
1 +

1

x

)x
= lim

x→∞ e
x ln

(
1+1

x

)

= e
limx→∞ x ln

(
1+1

x

)
= e1 = e

33. F, òQHp x = 0,

lim
x→0

=
0

e0
=

0

1
= 0

34. F, ÄÑ

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)

35. F, ÄÑ

lim
x→0

x = lim
x→0

2x = 0

/

lim
x→0

x

2x
=

1

2
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æÊ.

36. T, ÄÑ

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)
=

L

M

13. t° lim
x→0

sinx − x cosx

tan3 x
.

<j> H x = 0, )

0 − 0(1)

03
=

0

0

];W˚.®¶†,

Ÿ� = lim
x→0

cosx − cosx + x sinx

3 tan2 x sec2 x

H x = 0, )

1 − 1 + 0(0)

3(0)2(1)2
=

0

0

y;W˚.®¶†,

Ÿ� = lim
x→0

sinx + x cosx

6 tanx sec4 x + 6tan3 x sec2 x
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H x = 0, )

0 + 0(1)

6(0)(1)4 + 6(0)3(1)2
=

0

0

yøŸUà˚.®¶†, }äíûƒbÑ

cosx + cosx − x sinx = 2cosx − x sinx

/}‚íûƒbÑ

6 sec6 x + 24 tan2 x sec4 x

+18 tan2 x sec4 x + 12 tan4 x sec2 x

= 6sec6 x + 42 tan2 x sec4 x

+12 tan4 x sec2 x

/

Ÿ� =
2 − 0

6 + 0 + 0
=

1

3

15. t° lim
x→∞

√
x

lnx
.

<j> H x = ∞, ) ∞
∞ �„ì�, ];W˚.®

¶†,

Ÿ� = lim
x→∞

1
2
√

x
1
x

= lim
x→∞

√
x

2
= ∞
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18. t° lim
x→1

x1/2 − x1/3

x − 1
.

<j> H x = 1, ) 0
0 �„ì�, ¯¯˚.®¶†

‘K, ]

Ÿ� = lim
x→1

(
1

2
√

x
−

1

3
3√

x2

)
=

1

2
−

1

3
=

1

6

19. t° lim
x→∞

ln(1 + ex)

x2
.

<j> H x = ∞, ) ∞
∞ �„ì�, ];W˚.®

¶†,

Ÿ� = lim
x→∞

ex

1+ex

2x
= lim

x→∞

1
1+ 1

ex

2x

=
1

1+0

∞
= 0

20. t° lim
x→1

alnx − x

lnx
.

H x = 1, )

aln 1 − 1

ln 1
=

a0 − 1

0
=

1 − 1

0
=

0

0
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4 0
0 �„ì�, ]

Ÿ� = lim
x→1

= lim
x→1

(ln a)alnx · 1
x − 1

1
x

=
ln a − 1

1
= ln a − 1

21. t° lim
x→−1

√
x + 2 + x

3√2x + 1 + 1
.

<j> H x = −1, )
√

1 − 1
3√−1 + 1

=
1 − 1

−1 + 1
=

0

0

4 0
0 �„ì�, ]

Ÿ� = lim
x→−1

1
2
√

x+2
+ 1

2
3 3√(2x+1)2

=
1
2 + 1

2
3(1)

=
3
2
2
3

=
9

4

22. t° lim
x→0

ln(x2 + 1)

cosx − 1
.
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<j> H x = 0, )

ln(0 + 1)cos 0 − 1 =
0

1 − 1
=

0

0

4 0
0 �„ì�, ]

Ÿ� = lim
x→0

1
x2+1

(2x)

− sinx
= lim

x→0

−2x

(sinx)(x2 + 1)

H x = 0, ) 0
0, ]y;W˚.®¶†,

Ÿ� = lim
x→0

−2

(cosx)(x2 + 1) + 2x sinx

=
−2

1(0 + 1) + 0
=

−2

1
= −2

23. t° lim
x→0+

ex2
+ x − 1

1 −
√

1 − x2
.

<j> H x = 0, )

e0 + 0 − 1

1 −
√

1 − 0
=

1 + 0 − 1

1 − 1
=

0

0

¹Ÿ�Ñ 0
0 �„ì�. ]

Ÿ� = lim
x→0+

2xex2
+ 1

x√
1−x2

=
1

0+
= ∞

15 2×bçÍ:PM



˚^�	}(�Í:¯`ç, 104��ù‚) Àj 66: 0/0 D ∞/∞ �„ì�

24. t° lim
x→0

ln(1 + x) − tanx

x2
.

<j> H x = 0, )

ln 1 − tan0

0
=

0 − 0

0
=

0

0

4 0
0 �„ì�, ];W˚.®¶†,

Ÿ� =
1

1+x − sec2 x

2x

yH x = 0, )

1 − sec2 0

2(0)
=

1 − 1

0
=

0

0

]yUàøŸ˚.®¶†,

Ÿ� = lim
x→0

−1
(1+x)2

− 2 sec2 x tanx

2

=
−1 − 0

2
= −

1

2

25. t° lim
x→0

sinx − x

ex − e−x − 2x
.

<j> H x = 0, )

sin 0 − 0

e0 − e−0 − 2(0)
=

0 − 0

1 − 1 − 0
=

0

0
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4 0
0 �„ì�, ];W˚.®¶†,

Ÿ� = lim
x→0

cosx − 1

ex + e−x − 2

H x = 0, )

cos 0 − 1

e0 + e0 − 2
=

1 − 1

1 + 1 − 2
=

0

0

]y;W˚.®¶†,

Ÿ� = lim
x→0

− sinx

ex − e−x

H x = 0, )

− sin 0

e0 − e−0
=

0

1 − 1
=

0

0

ÛyUàøŸ˚.®¶†, )

Ÿ� = lim
x→0

− cosx

ex + e−x
=

−1

1 + 1
= −

1

2

26. t° lim
x→0

ex2 − 1

1 − cosx
.

<j> H x = 0, )

e0 − 1

1 − cos 0
=

1 − 1

1 − 1
=

0

0
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4 0
0 „ì�, ];W˚.®¶†,

Ÿ� = lim
x→0

2xex2

sinx

H x = 0, ) 0
0 �„ì�, ]y;W˚.®¶†,

Ÿ� = lim
x→0

2ex2
+ 4x2ex2

cosx
=

2 + 0

1
= 2

28. t° lim
x→0+

(
1

x
−

1

1 − cosx

)
.

<j> H x = 0+, )

1

0+
−

1

1 − cos 0+
= ∞−

1

1 − 1−

= ∞−
1

0+
= ∞−∞

4 ∞−∞ �„ì�, ]¦}“�, )

Ÿ� = lim
x→0+

1 − cosx − x

x(1 − cosx)

H x = 0, )

1 − cos 0 − 0

0(1 − cos 0)
=

1 − 1 − 0

0(1 − 1)
=

0

0
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4 0
0 �„ì�, ¯¯˚.®¶†í‘K, ]

Ÿ� = lim
x→0+

sinx − 1

(1 − cosx) + x sinx

=
−1

0+ + 0+
= −∞

29. t° lim
t→π/2

(tan t − sec t).

<j> H t = π
2, )

tan
π

2
− sec

π

2
= ∞−∞

4 ∞−∞ �„ì�, ]¦}“�, )

Ÿ� = lim
x→π/2

sin t − 1

cos t

H t = π
2, )

sin π
2 − 1

cos π
2

=
1 − 1

0
=

0

0

4 0
0 �„ì�, ];W˚.®¶†,

Ÿ� = lim
t→π/2

cos t

− sin t
=

0

−1
= 0
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30. t° lim
x→1

(
1

lnx
−

1

x − 1

)
.

<j> ç x → 1+, )

1

0+
−

1

0+
= ∞−∞

/ç x → 1−, )

1

0−
−

1

0−
= −∞ + ∞

]Ÿ�Ñ ∞−∞ �„ì�. ¦}“�, )

Ÿ� = lim
x→1

x − 1 − lnx

(x − 1) lnx

H x = 1, )

1 − 1 − ln 1

(1 − 1) ln 1
=

1 − 1 − 0

0(0)
=

0

0

4 0
0 �„ì�, ];W˚.®¶†,

Ÿ� = lim
x→1

1 − 1
x

lnx +
(
1 − 1

x

)
yH x = 1, )

1 − 1

ln 1 + (1 − 1)
=

0

0 + 0
=

0

0
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]yUàøŸ˚.®¶†, )

Ÿ� = lim
x→1

1
x2

1
x + 1

x2

=
1

1 + 1
=

1

2

32. t° lim
m→∞P

(
1 +

r

m

)mt
.

<j> H m = ∞, )(
1 +

r

∞

)∞(t)
= (1 + 0)∞ = 1∞

¹Ÿ�Ñ 1∞ �„ì�. ];WúN�²D©/ƒ

bí”Ì4”,

Ÿ� = P lim
m→∞ emt ln(1+ r

m)

= Pet limm→∞ m ln(1+ r
m)

y;WçJ�², ,�2Nb¶}í”Ì,

lim
m→∞m ln

(
1 +

r

m

)

= lim
m→∞

ln
(
1 + r

m

)
1
m

= lim
m→∞

1
1+ r

m

(
− r

m2

)
− 1

m2

= lim
m→∞

r

1 + r
m

=
r

1 + 0
= r
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Hp, )

lim
m→∞P

(
1 +

r

m

)mt
= Pert
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