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Àj 54: ‚�MD™ÄÏ
({… §10.2)

q X Ñø×àÓœ‰b/ª?MÑ

x1, x2, . . . , xn

J£ú@íœ0Ñ

p1, p2, . . . , pn

¹

P (X = xi) = pi, i = 1,2, . . . , n

1pT

X ∼ P (X = xi) = pi, i = 1,2, . . . , n

† X í‚�M (expected value)

E(X) = x1p1 + x2p2 + · · · + xnpn

W 1,2. q X Ñù} È½q, �`íš0b/hô

M£ú@íœ0Ñ

X 0 1 2 3 4 5 6 7 8
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ÄÑup“

2 + 9 + 16 + 12 + 8 + 6 + 4 + 2 + 1 = 60

Ÿ, ]ù} È½qí�Ìš0b (average, mean)

A =
0 · 2 + 1 · 9 + 2 · 16 + · · · + 7 · 2 + 8 · 1

60

= 0
(

2

60

)
+ 1

(
9

60

)
+ 2

(
16

60

)
+ · · · + 7

(
2

60

)
+ 8

(
1

60

)
= E(X) ≈ 3.1

q©/Óœ‰b X íœ0ò�ƒbÑ

f(x), a ≤ x ≤ b

pT

X ∼ f(x), a ≤ x ≤ b

ø [a, b] n �}, ) ∆x D¬«õ x1, x2, . . . , xn J£

X Ê� i _ä–È [xi−1, xi], i = 1, . . . , n qíœ0

P (xi−1 ≤ X ≤ xi) =
∫ xi

xi−1

f(x)dx ≈ f(xi)∆x

àÇý.

2 2×bçÍ:PM



˚^�	}(�Í:¯`ç, 104��ù‚) Àj 54: ‚�MD™ÄÏ

] X Ê [a, b] í�ÌM

A = x1f(x1)∆x + x2f(x2)∆x

+ · · · + xnf(xn)∆x

=
n∑

i=1

xif(xi)∆x

4 xf(x) Ê [a, b] ,í-�¸.

Ä¤, ¦”Ì, ªì2 X í‚�M

E(X) = lim
n→∞

n∑
i=1

xif(xi)∆x =
∫ b

a
xf(x)dx

6ÿuz,

ì2. q©/Óœ‰b

X ∼ f(x), a ≤ x ≤ b

† X í‚�M

E(X) =
∫ b

a
xf(x)dx

W 3. q©/Óœ‰b

X ∼ ke−kx, 0 ≤ x < ∞
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t„ E(X) = 1
k.

<j> ;Wì2J£¦

u = x, dv = e−kxdx

D

du = dx, v = −
1

k
e−kx

íHp¶, X í‚�M

E(X) =
∫ ∞

0
xf(x)dx =

∫ ∞

0
xke−kxdx

= k lim
b→∞

∫ b

0
xe−kxdx

= k lim
b→∞

(
−

1

k
xe−kx

∣∣∣∣b
0
+

1

k

∫ b

0
e−kxdx

)

= k lim
b→∞

(
−

1

k
xe−kx −

1

k2
e−kx

∣∣∣∣b
0

)

= k lim
b→∞

[(
−

1

k
be−kb −

1

k2
e−kb

)
−

(
0 −

1

k2

)]
= k

(
−

1

k
(0) −

1

k2
(0) +

1

k2

)
=

1

k

w2Jb�ù��2, �øáÑ 0 4ÄÑ

lim
b→∞

be−kb = lim
b→∞

b

ekb
= 0
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¹Öá��¡kÌ¤×í§�±ükNbƒb, àÇý.

9õ,, úk k < 0 / n ≥ 0,

lim
x→∞xnekx = 0

&�Ü˚.®¶†v, Ì�Rû.

W 4. qƒ®ÚœíÈ½vÈ X u‚�MÑ 10 } 

íNbÓœ‰b.

(a) t° X íœ0ò�ƒb.

(b) t°È½vÈ�k 6 ƒ 8 } íœ0.

(c) t°È½vÈ�¬ 15 } íœ0.

<j> (a) âW 3, ÄÑ

E(X) =
1

k
= 10

) k = 0.1. ];WNbÓœ‰bí™Ä�, NbÓœ‰

b X í pdf Ñ

f(x) = 0.1e−0.1x, 0 ≤ x < ∞
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(b) È½vÈ�k 6 B 8 } íœ0

P (6 ≤ X ≤ 8) =
∫ 8

6
0.1e−0.1xdx

= 0.1
(
−

1

0.1

)
e−0.1x

∣∣∣∣8
6

= −e−0.1x
∣∣∣8
6

= e−0.6 − e−0.8

≈ 0.10

(c) È½vÈ�¬ 15 } íœ0

P (X > 15) =
∫ ∞

15
0.1e−0.1xdx

= lim
b→∞

∫ b

15
0.1e−0.1xdx

= − lim
b→∞

e−0.1x
∣∣∣b
15

= − lim
b→∞

(
e−0.1b − e−1.5

)
= −(0 − e−1.5) = e−1.5

≈ 0.22

q×àÓœ‰b

X ∼ P (X = xi) = pi, i = 1, . . . , n
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/ E(X) = µ, † X í‰æb (variance)

Var(X)
def
= (x1 − µ)2p1 + (x2 − µ)2p2

+ · · · + (xn − µ)2pn

àJ�¾R× µ (2-M) í˙�, ÀPÑ X ÀPí�

j.

Óœ‰b X í™ÄÏ (standard deviation)

σ
def
=

√
Var(X)

D X °ÀP.

W 5,6. qÓœ‰b X D Y íª?MDœ0}Óà[

x 1 2 3 4
P (X = x) 0.05 0.075 0.2 0.375

x 5 6 7
P (X = x) 0.15 0.1 0.05

D
y 1 2 3 4

P (Y = y) 0.2 0.15 0.1 0.15

y 5 6 7
P (Y = y) 0.05 0.1 0.25
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†Óœ‰b X í‚�M

µX = 1(0.05) + 2(0.075) + · · · + 7(0.05) = 4

/‰æb

Var(X) = (1 − 4)2(0.05) + (2 − 4)2(0.075)

+ · · · + (7 − 4)2(0.05)

= 1.95

¢Óœ‰b Y í‚�M

µY = 1(0.2) + 2(0.15) + · · · + 7(0.25) = 4

/‰æb

Var(Y ) = (1 − 4)2(0.2) + (2 − 4)2(0.15)

+ · · · + (7 − 4)2(0.25)

= 5.2

] Y œ X }à, ÖÍ�ó°í2-M.

|(, ™ÄÏ}�Ñ

σX =
√

1.95 ≈ 1.40

D

σY =
√

5.2 ≈ 2.28
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W 7. q X D Y }�Ñ¹� A D¹� B ¸;Òí

©]½¾à-[
x 15.8 15.9 16.0 16.1 16.2

Ÿb 1 2 4 2 1
P (X = x) 0.1 0.2 0.4 0.2 0.1

D
y 15.7 15.8 15.9 16.0 16.1

Ÿb 2 1 1 1 2
P (Y = y) 0.2 0.1 0.1 0.1 0.2

y 16.2 16.3
Ÿb 2 1

P (Y = y) 0.2 0.1

†‚�M}�Ñ

µX = 15.8(0.1) + 15.9(0.2)

+ · · · + 16.2(0.1) = 16

D

µY = 15.7(0.2) + 15.8(0.1)

+ · · · + 16.3(0.1) = 16

J£‰æb}�Ñ

Var(X) = (15.8 − 16)2(0.1)

+(15.9 − 16)2(0.2)

+ · · · + (16.2 − 16)2(0.1)

= 0.012
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D

Var(Y ) = (15.7 − 16)2(0.2)

+(15.8 − 16)2(0.1)

+ · · · + (16.3 − 16)2(0.1)

= 0.042

]™ÄÏ}�Ñ

σX =
√

0.012 ≈ 0.11

D

σY =
√

0.042 ≈ 0.20

¹�ó°í�Ì½¾, O¹� B í½¾œ}à (widely

dispersed).

q©/Óœ‰b X íœ0ò�ƒbÑ

f(x), a ≤ x ≤ b

/‚�M E(X) = µ, † X í‰æb

Var(X) =
∫ b

a
(x − µ)2f(x)dx

/™ÄÏ

σ =
√

VarX

10 2×bçÍ:PM



˚^�	}(�Í:¯`ç, 104��ù‚) Àj 54: ‚�MD™ÄÏ

Å. q©/Óœ‰b X ∼ f(x), a ≤ x ≤ b /‚�M

Ñ µ. ‰æbíÇøt�Ñ

Var(X) =
∫ b

a
x2f(x)dx − µ2

<„> ;Wì2,

Var(X) =
∫ b

a
(x − µ)2f(x)dx

=
∫ b

a
(x2 − 2xµ + µ2)f(x)dx

=
∫ b

a
x2f(x)dx − 2µ

∫ b

a
xf(x)dx

+µ2
∫ b

a
f(x)dx

=
∫ b

a
x2f(x)dx − 2µ(µ) + u2(1)

=
∫ b

a
x2f(x)dx − µ2

W 8,9. qÓœ‰b X íœ0ò�ƒbÑ

f(x) =
32

15x3
, 1 ≤ x ≤ 4

t°Óœ‰b X í‚�M µ D‰æb Var(X) J£™

ÄÏ σ.
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<j> ;Wì2, X í‚�M

µ = E(X) =
∫ 4

1
xf(x)dx =

∫ 4

1

32

15

1

x2
dx

= −
32

15

1

x

∣∣∣∣4
1

= −
32

15

(
1

4
− 1

)
=

(
−

32

15

) (
−

3

4

)
=

8

5

¢ ∫ 4

1
x2f(x)dx =

∫ 4

1

32

15

1

x
dx =

32

15
ln |x|

∣∣∣∣4
1

=
32

15
ln 4

Ä¤, ‰æb

Var(X) =
32

15
ln 4 −

(
8

5

)2
=

32

15
ln 4 −

64

25

=
32

15
ln 4 −

192

75
=

32

15

(
ln 4 −

6

5

)
≈ 0.40

/™ÄÏ

σ =
√

0.40 ≈ 0.63

Exercises
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11. qÓœ‰b

X ∼ f(x) =
3

x4
, 1 ≤ x < ∞

t° E(X) D Var(X) J£™ÄÏ σ.

<j> ;Wì2, ‚�M

E(X) =
∫ ∞

1
x

(
3

x4

)
dx =

∫ ∞

1

3

x3
dx

= lim
b→∞

∫ b

1

3

x3
dx lim

b→∞

(
−

3

2

1

x2

∣∣∣∣b
1

)

= −
3

2
lim

b→∞

(
1

b2
− 1

)
= −

3

2
(0 − 1) =

3

2
¢ ∫ ∞

1
x2

(
3

x4

)
dx = lim

b→∞

∫ b

1

3

x2
dx

= lim
b→∞

(
−

3

x

∣∣∣∣b
1

)
= −3 lim

b→∞

(
1

b
− 1

)
= −3(0 − 1) = 3

Ä¤, ;W‰æbít�,

Var(X) = 3 −
(
3

2

)2
= 3 −

9

4
=

3

4
/™ÄÏ

σ =

√
3

4
=

√
3

2
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26. qÓœ‰b

X ∼ f(x) = ax2 + bx, 0 ≤ x ≤ 1

/ E(X) = 0.6. t° a D b.

<j> âœ0ò�ƒbíì2, )∫ 1

0
(ax2 + bx)dx = 1

¹

1

3
ax3 +

1

2
bx2

∣∣∣∣1
0

=
1

3
a +

1

2
b = 1

°
 6, )

2a + 3b = 6 (1)

QO, â‚�Míì2, )

E(X) =
∫ 6

0
xf(x)dx =

∫ 1

0
(ax3 + bx2)dx = 0.6

¹

1

4
ax4 +

1

3
x3

∣∣∣∣1
0

=
1

4
a +

1

3
b = 0.6

°
 12, )

3a + 4b = 7.2 (2)
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â (1)×3 J£ (2)×3, )

6a + 9b = 18

6a + 8b = 14.4

s�óÁ, )

b = 18 − 14.4 = 3.6

Hp (1) �, )

a =
1

2
[6 − 3(3.6)] =

1

2
(6 − 10.8)

=
−4.8

2
= −2.4

25. qÓœ‰b

X ∼ f(x) = ax +
b

x
, 1 ≤ x ≤ e

/ E(X) = 2. t° a D b.

<j> ;Wœ0ò�ƒbíì2,∫ 2

1

(
ax +

b

x

)
dx = 1

¹

1

2
ax2 + b ln |x|

∣∣∣∣e
1

=
(
1

2
ae2 + b

)
−

1

2
a = 1
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°
 2, )

ae2 + 2b − a = 2

¯9cÜ, )

(e2 − 1)a + 2b = 2 (3)

QO, ;W‚�Míì2,∫ e

1
x

(
ax +

b

x

)
dx =

∫ e

1
(ax2 + b)dx = 2

¹

1

3
ax3 + bx

∣∣∣∣e
1

=
1

3
ae3 + be −

1

3
a − b = 2

°
 3, )

ae3 + 3be − a − 3b = 6

¯9cÜ, )

(e3 − 1)a + 3(e − 1)b = 6 (4)

â (3)×3(e − 1) J£ (4)×2, )

3(e − 1)(e2 − 1)a + 6(e − 1)b = 6(e − 1)

2(e3 − 1)a + 6(e − 1)b = 12
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s�óÁ1“�, )

(e − 1)(3e2 − 3 − 2e2 − 2e − 2)a = 6(e − 3)

]

a =
6(e − 3)

(e − 1)(e2 − 2e − 5)
≈ 0.3228

Hp (3) �, )

b =
1

2

[
2 − (e2 − 1)

6(e − 3)

(e − 1)(e2 − 2e − 5)

]

= 1 −
3(e − 3)(e + 1)

e2 − 2e − 5
=

−2e2 + 4e + 4

e2 − 2e − 5

=
−2(e2 − 2e − 2)

e2 − 2e − 5
≈ −0.0312

27. t° a, b D c ÛÅ—í‘K, U)

f(x) = e−ax(bx + c)

Ñøì2Ê [0,∞) ,íœ0ò�ƒb.

<j> ;Wœ0ò�ƒbíì2,∫ ∞

0
e−ax(bx + c)dx = 1

¹;W¡	}íì2J£¦

u = bx + c, dv = e−axdx
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D

du = bdx, v = −
1

a
e−ax

í}¶	}, )

lim
k→∞

∫ k

0
e−ax(bx + c)dx

= lim
k→∞

[
−

1

a
(bx + c)e−ax

∣∣∣∣k
0
+

b

a

∫ k

0
e−axdx

]

= lim
k→∞

[
−

bx + c

a
e−ax −

b

a2
e−ax

∣∣∣∣k
0

]

= lim
k→∞

[(
−

bk + c

a
e−ak −

b

a2
e−ak

)
+

c

a
+

b

a2

]
= 1

QO, ç a > 0 v, âkÖá�ƒb±ükNbƒb, ¹

lim
k→∞

p(k)e−ak = lim
k→∞

p(k)

eak
= 0

w2 p(k) ÑøÖá�, ]â,�)∫ ∞

0
e−ax(bx + c)dx = (−0 − 0) +

c

a
+

b

a2

=
ac + b

a2
= 1

¹ ac + b = a2. Ç f(x) ÛÝŠ, ¹

bx + c ≥ 0, x ≥ 0
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) b ≥ 0 / c ≥ 0. ã¯,H, ) a, b D c ÛÅ—

a > 0, b ≥ 0, c ≥ 0 / ac + b = a2

34. F

35. T
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