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Àj 48: ù½	}í@à
({… §8.8)

ø. õñíñ	. q f Ê R ,ÝŠ/©/, †â,

ä�Þ (surface) z = f(x, y) D-ä�Þ–� R F

ˇ|íõññ	

V =
∫∫

R
f(x, y)dA

àÇý.

W 1. t°â,ä z = f(x, y) = y D-ä

R : y =
√

1 − x2, 0 ≤ x ≤ 1

Fˇ|íõññ	.

<j> si�j, )

R : y =
√

1 − x2,0 ≤ x ≤ 1, y ≥ 0

�gk

x2 + y2 = 1,0 ≤ x ≤ 1, y ≥ 0

4�øïÌqíû}5øÀPÆ/Ñ�ò�–� (¹ú@

í	}ŸåÑ dydx), àÇý.
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¢,ä z = y Ê R ,ÝŠ/©/, ]ñ	

V =
∫∫

R
ydA =

∫ 1

0

∫ √
1−x2

0
ydydx

=
∫ 1

0

1

2
y2

∣∣∣∣
√

1−x2

0

 dx

=
∫ 1

0

1

2
(1 − x2)dx =

1

2

(
x −

1

3
x3

)∣∣∣∣1
0

=
1

2

(
1 −

1

3

)
=

1

3

ù. ÍA¨b. q R ÑøÍ–�, f(x, y) Ñ R

,, Êõ (x, y) íA¨ò�. ø–� R }’, )ä–È

Å� ∆x = b−a
m , ∆y = d−c

n J£ mn _ää$–�,

àÇý. †Ê� i )ü–�íA¨b

Ai ≈ f(xi, yi)∆x∆y︸ ︷︷ ︸
ò�×Þ	

, i = 1, . . . , mn

),A¨b

A ≈
mn∑
i=1

f(xi, yi)∆x∆y

4ò�ƒb f Ê R ,í-�¸.

2 2×bçÍ:PM



˚^�	}(�Í:¯`ç, 104��ù‚) Àj 48: ù½	}í@à

Ä¤, ;Wù½	}íì2, ,A¨b

A
def
= lim

m,n→∞

mn∑
i=1

f(xi, yi)∆x∆y

=
∫∫

R
f(x, y)dA

W 2. qÍ–�Ñ

R = {(x, y)| − 10 ≤ x ≤ 10,−5 ≤ y ≤ 5}

/A¨ò�Ñ

f(x, y) = 10,000e−0.2|x|−0.1|y|

t°¤ÍíA¨b.

<j> íl, R ú˚k x-WD y-W, àÇý. ¢

f(x,−y) = 10000e−0.2|x|−0.1|−y|

= 10000e−0.2|x|−0.1|y| = f(x, y)

/

f(−x, y) = 10000e−0.2|−x|−0.1|y|

= 10000e−0.2|x|−0.1|y| = f(x, y)

] f ?ú˚k x-WD y-W.
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Ê	}–� R D\	ƒb f Ìú˚k x-WD y-W-,
ª "úM, jZl�, 7)¤ÍíA¨b

A = 4(�øïÌqíA¨b)

= 4
∫ 10

0

∫ 5

0
10000e−0.2x−0.1ydydx

= 4
∫ 10

0

(
10000(−10)e−0.2x−0.1y

∣∣∣5
0

)
dx

= 4
∫ 10

0
−100,000e−0.2x(e−0.5 − 1)dx

= 400,000(1 − e−0.5)
∫ 10

0
e−0.2xdx

= 400,000(1 − e−0.5)(−5)e−0.2x
∣∣∣10

0

= −2,000,000(1 − e−0.5)(e−2 − 1)

= 2,000,000(1 − e−0.5)(1 − e−2)

≈ 680,438

ú. ƒbí�ÌM.

µ3. q f Ê [a, b] ,ª	, †�ÌM

A =
1

b − a

∫ b

a
f(x)dx

¤4ÄÑ n �} [a, b], ) ∆x = b−a
n , 1Ê©øä–

ÈqL¦øõ, )H[õ x1, . . . , xn, àÇý, † f í
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�ÌM

A ≈
1

n
[f(x1) + · · · + f(xn)]

=
1

n∆x

n∑
i=1

f(xi)∆x =
1

b − a

n∑
i=1

f(xi)∆x

w2Ú‹¸4 f Ê [a, b] ,í-�¸. ]¦”Ì1;W

ì	}ì2, ªì2 f Ê [a, b] í�ÌM

A
def
= lim

n→∞
1

b − a

n∑
i=1

f(xi)∆x

=
1

b − a

∫ b

a
f(x)dx

R�. q f Ê�Þ–� R ,ª	. }’ R, )ä–È

Å� ∆x = b−a
m D ∆y = d−c

n , 1Ê©øää$–�

qL¦øõ, )H[õ (x1, y1), . . . , (xmn, ymn), àÇ

ý, †¤ mn _H[õƒbMí�ÌM

Amn =
1

mn
[f(x1, y1) + · · · + f(xmn, ymn)]

=
1

mn∆x∆y

mn∑
i=1

f(xi, yi)∆x∆y

w2Ú‹¸4Â‰bƒb f Ê R ,í-�¸. ¢,�2

í}‚

mn∆x∆y =
mn∑
i=1

1∆x∆y
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4Â‰b�bƒb 1 Ê R ,í-�¸. ]¦”Ì1;W

ù½	}íì2, ªì2 f Ê R ,í�ÌM

A
def
= lim

m,n→∞
1

mn∆x∆y

mn∑
i=1

f(xi, yi)∆x∆y

=

lim
m,n→∞

mn∑
i=1

f(xi, yi)∆x∆y

lim
m,n→∞

mn∑
i=1

1∆x∆y

=

∫∫
R

f(x, y)dA∫∫
R

dA
=

∫∫
R

f(x, y)dA

R íÞ	

W 3. t° f(x, y) = xy Êâ y = ex k [0,1] ,

ˇ|í�Þ–� R ,í�ÌM.

<j> àÇý, R 4ø�ò��Þ–�

R : 0 ≤ y ≤ ex,0 ≤ x ≤ 1

] R í

Þ	 =
∫∫

R
dA =

∫ 1

0

∫ ex

0
dydx =

∫ 1

0

(
y
∣∣∣ex

0

)
dx

=
∫ 1

0
exdx = ex

∣∣∣1
0

= e − 1
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¢∫∫
R

f(x, y)dA =
∫∫

R
xydA =

∫ 1

0

∫ ex

0
xydydx

=
∫ 1

0

(
1

2
xy2

∣∣∣∣ex

0

)
dx

=
∫ 1

0

1

2
xe2xdx (1)

QO, ;W}¶	}, ¦

u =
1

2
x, dv = e2xdx

)

du =
1

2
dx, v =

1

2
e2x

J£.ì	}∫ 1

2
xe2xdx =

1

4
xe2x −

∫ 1

4
e2xdx

=
1

4
xe2x −

1

8
e2x + C

Hp (1) �, )∫∫
R

f(x, y)dA =
1

4
xe2x −

1

8
e2x

∣∣∣∣1
0

=
(
1

4
e2 −

1

8
e2

)
−

(
0 −

1

8

)
=

1

8
(e2 + 1)
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Ä¤, ;Wì2, f Ê R ,í�ÌM

A =
1
8(e

2 + 1)

e − 1
=

e2 + 1

8(e − 1)

W 4. t°W 2 2í�ÌA¨b.

<j> ÄÑ

R íÞ	 = (20)(10) = 200

];Wì2£W 2 í!‹,

�ÌA¨ =
1

200

∫∫
R

f(x, y)dA

=
1

200
(680,438) = 3402.19

Self-Check Exercises

qø½¿•ºÍ–� R : −2 ≤ y ≤ 0,0 ≤ x ≤ 4 /

A¨ò�Ñ

f(x, y) =
5000xey

1 + 2x2

t°,A¨b£�ÌA¨b.
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<j> ;Wì2£¦ dydx íŸå	}/ø R eÑ�ò

��Þ–�, 1Êú x 	}v, ¦

u = 1 + 2x2, du = 4xdx

íHp¶1|c[b, ),A¨b

T =
∫∫

R
f(x, y)dA =

∫ 4

0

∫ 0

−2

5000xey

1 + 2x2
dydx

=
∫ 4

0

(
5000x

1 + 2x2
ey

∣∣∣∣0
−2

)
dx

= 5000(1 − e−2)
∫ 4

0

x

1 + 2x2
dx

=
5000

4
(1 − e−2) ln(1 + 2x2)

∣∣∣∣4
0

= 1250(1 − e−2) ln 33 ≈ 3779

¢ R íÞ	Ñ (2)(4) = 8, )�ÌA¨b

A =
3779

8
≈ 472

Exercises

14. t°â,ä�Þ

f(x, y) =
2y

1 + x2
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D-ä�Þ–�

R : y =
√

x, y = 0, x = 4

Fˇ|íõññ	.

<j> ;Wì2, 1;W\	ƒbí��, ¦ dydx íŸ

å	}, /ø R [A�ò��Þ–�

R : 0 ≤ y ≤
√

x, 0 ≤ x ≤ 4

QO, Êú y 	}(, ¦

u = 1 + x2, du = 2xdx

íHp¶ú x 	}, 1|c[b, )õññ	

V =
∫∫

R

2y

1 + x2
dA =

∫ 4

0

∫ √
x

0

2y

1 + x2
dydx

=
∫ 4

0

 1

1 + x2
y2

∣∣∣∣
√

x

0

 dx

=
∫ 4

0

x

1 + x2
dx =

1

2
ln(1 + x2)

∣∣∣∣4
0

=
1

2
ln17

20. t° f(x, y) = e−x2
ÊJ (0,0), (1,0) D

(1,1) ÑÝõíúi$ R ,í�ÌM.
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<j> ;W\	ƒb f í��, Û¦ dydx í	}Ÿå,

1;WÇý, ø R [A�ò��Þ–�

R : 0 ≤ y ≤ x, 0 ≤ x ≤ 1

/Êú y 	}(, ;WHp¶, ¦

u = −x2, du = −2xdx

1|c[b, )∫∫
R

e−x2
dA =

∫ 1

0

∫ x

0
e−x2

dydx

=
∫ 1

0

(
e−x2

y
∣∣∣x
0

)
=

∫ 1

0
xe−x2

dx = −
1

2
e−x2

∣∣∣∣1
0

= −
1

2
(e−1 − 1) =

1

2
(1 − e−1)

¢ R íÞ	Ñ 1
2(1)(1) = 1

2. Ä¤, �ÌM

A =
1
2(1 − e−1)

1/2
= 1 − e−1

22. q R Ñ y = 2x D y = 0 â x = 1 B x = 3

Fˇ|í–�. t° f(x, y) = lnx Ê R ,í�ÌM.

<j> âÇý, ø R [A�ò��Þ–�

R : 0 ≤ y ≤ 2x, 1 ≤ x ≤ 3
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/¦ú@í dydx í	}Ÿå, 1Êú y 	}(, ;W}

¶	}, ¦

u = lnx, dv = 2xdx

J£

du =
1

x
dx, v = x2

ú x 	}, )∫∫
R

lnxdA =
∫ 3

1

∫ 2x

0
lnxdydx

=
∫ 3

1

(
lnx · y

∣∣∣2x

0

)
dx =

∫ 3

1
2x lnxdx

=
(
x2 lnx −

∫
xdx

)∣∣∣∣3
1

= x2 lnx −
1

2
x2

∣∣∣∣3
1

=
(
9 ln 3 −

9

2

)
−

(
0 −

1

2

)
= 9 ln3 − 4

¢ R íÞ	Ñ 1
2(2 + 6)(2) = 8. Ä¤, �ÌM

A =
1

8
(9 ln 3 − 4)

28. T

29. T
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