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單元 53: 隨機變數的機率分布
({… §10.1)

õð (experiment): øº�, �T.

!‹, š…õ (outcome, sample point): õðíh

ôÛ象.

š…˛È (sample space): F�hô!‹íÕ¯.

9K (event): š…˛ÈíøäÕ.

ø9KêÞíœ0, ª?4 (probability, likelihood

of an event): ÊÖó°íÕG-, ø9KêÞí頻

0.

à, IÕøt£銅$ (õð), š…˛ÈÑ {H, T}, 9K

{H}, {T}, {H,T}, ∅

íœ0}�Ñ

P (H) =
1

2
, P (T) =

1

2

D

P (H,T) = 1, P (∅) = 0
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×àÓœ‰b (discrete random variable)

X : š…˛È → {ªb值}

í函b, w2

{ªb值} = {x1, x2, . . . , xn} (�Ì)

C

{ªb值} = {x1, x2, . . . , xn, . . .} (ÌÌ)

à, ×àÓœ‰b

X : {H,T} → {0,1}

Å—

X(H) = 1, X(T) = 0

C×àÓœ‰b

Y : {�,íõb} → {1,2,3,4,5,6}

Å—

Y (i õ�,) = i, i = 1, . . . ,6

×àœ0函b (discrete probability function)

P : {x1, x2 . . . , xn} → [0,1]
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í函b, C

P : {x1, x2, . . . , xn, . . .} → [0,1]

í函b/Å—

1. 0 ≤ P (xi) ≤ 1, 1 ≤ i ≤ n (C i ≥ 1)

2. P (x1) + P (x2) + · · ·+ P (xn) = 1 (C
∞∑

i=1

P (xi) = 1)

[ýÓœ‰b值 xi, i = 1, . . . , n (C i ≥ 1), êÞí

ª?4.

òjÇ (histogram): àÇ, ÑÓœ‰b值DêÞ頻0

íÇý.

©/Óœ‰b (continuous random variable)

X : š…˛È → [a, b] (C [a,∞), ø–È)

í函b. à, ˚™?·

Y : F�Þßí˚™ → [0,∞)
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©/Óœ‰b X íœ0ò�函b (probability

density function, pdf): Ê X í值� I , (ªÑ

�äCÌä) íÝŠ函b f(x), 即 f(x) ≥ 0, x ∈ I,

/Å— ∫
I
f(x)dx = 1

即 f Ê I ,Fˇ|–�íÞ	Ñ 1, àÇý. àJ[ý

©/Óœ‰b X Ê [a, b] qíœ0

P (a ≤ X ≤ b) =
∫ b

a
f(x)dx

即 f Ê [a, b] ,Fˇ|–�íÞ	ÿu X Ê [a, b] q

íœ0, àÇý.

註. úk©/Óœ‰b X, ÄÑ

P (X = a) = P (a ≤ X ≤ a) =
∫ a

a
f(x)dx = 0

即Êøõ x = a ,Fˇ|–�íÞ	Ñ 0, àÇý, ]

úk©/Óœ‰b X,

P (a ≤ X ≤ b) = P (a < X ≤ b)

= P (a ≤ X < b) = P (a < X < b)

yŸ#|, 只Ê©/Óœ‰bv, nA.
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W 1. t„

(a) f(x) =
2

27
x(x− 1), 1 ≤ x ≤ 4

(b) f(x) =
1

3
e−

1
3x, 0 ≤ x < ∞

ÌÑœ0ò�函b.

<j> (a) p顯Ë, f(x) ≥ 0, x ∈ [1,4] /∫ 4

1

2

27
x(x− 1)dx =

2

27

(
1

3
x3 −

1

2
x2
)∣∣∣∣4

1

=
2

27

[(
64

3
− 8

)
−
(
1

3
−

1

2

)]
=

2

27

(
13 +

1

2

)
=

2

27

27

2
= 1

] f uø pdf.

(b) ÄÑ f(x) ≥ 0, x ≥ 0 /∫ ∞
0

1

3
e−

1
3xdx = lim

b→∞
1

3
(−3)e−

1
3x
∣∣∣∣b
0

= (−1) lim
b→∞

(e−b/3 − 1) = (−1)(0− 1) = 1
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] f Ñø pdf.

W 2. t��-�®á.

(a) ° k U) f(x) = kx2, 0 ≤ x ≤ 5 Ñø pdf.

(b) J X í pdf Ñ f , ° P (1 < X < 2).

(c) ° P (X = 3).

<j> (a) ;W pdf íì2, k ÛÅ—∫ 5

0
kx2dx = 1

即

1

3
kx3

∣∣∣∣5
0

=
k

3
(125− 0) =

125

3
k = 1

即 k = 3
125.

(b) ;Wì2,

P (1 < X < 2) =
∫ 2

1

3

125
x2dx =

1

125
x3
∣∣∣∣2
1

=
1

125
(8− 1) =

7

125
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(c) ;Wì2,

P (X = 3) =
∫ 3

3

3

125
x2dx =

1

125
x3
∣∣∣∣3
3

=
1

125
(27− 27) = 0

W 3. q˚™í?·}Óªâ pdf

f(x) = 0.001e−0.001x, 0 ≤ x < ∞
F·述. t°

(a) ?·ükC�k 500 üvíœ0.

(b) ?·超¬ 500 üvíœ0.

(c) ?·超¬ 1000 üv, Oük 1500 üvíœ0.

<j> (a) q X Ñ˚™í?·1;Wì2,

P (0 ≤ X ≤ 500) =
∫ 500

0
0.001e−0.001xdx

= 0.001
(

1

−0.001

)
e−0.001x

∣∣∣∣500

0

= −(e−0.5 − 1) = 1− e−0.5 ≈ 0.3935
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(b) ;WìÕíœ0t�1â (a),

P (X > 500) = 1− P (X ≤ 500)

= 1− (1− e−0.5) = e−0.5 ≈ 0.6065

(C) ;Wì2,

P (1000 < X < 1500)

=
∫ 1500

1000
0.001e−0.001xdx

= −e−0.001x
∣∣∣1500

1000
= e−1 − e−1.5

≈ 0.1448

註. �à

f(x) = ke−kx, 0 ≤ x < ∞

íœ0ò�函b˚TNbò�函b (exponential

density function), �àk·述Úä零Kí?·, ¦u

vÈ, `診vÈ, Úœ–降íÈ隔vÈ�ÓœÛ象í.ü

ì4.

:¯œ0ò�函b (joint probability density

function, joint pdf): sÓœ‰b X D Y (à™ò

Dñ½, C»gD¼˙b) í:¯œ0ò�函bÑøÊ�
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åú函b (X, Y ) í值� D , (ªÑ�äCÌä) íÝ

Š函b f(x, y), 即 f(x, y) ≥ 0, (x, y) ∈ D, /Å—∫∫
D

f(x, y)dA = 1

即 f Ê D ,Fˇ|õñíñ	Ñ 1, àÇý. àJ[ý

(X, Y ) Ê R ⊂ D qíœ0

P [(X, Y ) ∈ R] =
∫∫

R
f(x, y)dA

即 f Ê R ,Fˇ|õñíñ	ÿu (X, Y ) Ê R qí

œ0, àÇý.

W 4. t„ f(x, y) = xy uøÊ

D = {(x, y)|0 ≤ x ≤ 1; 0 ≤ y ≤ 2}
,í:¯œ0ò�函b.

<j> p顯Ë, f(x, y) = xy ≥ 0, (x, y) ∈ D. ¢∫∫
D

f(x, y)dA =
∫ 2

0

∫ 1

0
xydxdy

=
∫ 2

0

(
1

2
x2y

∣∣∣∣1
0

)
dy

=
∫ 2

0

1

2
y(12 − 0)dy =

1

4
y2
∣∣∣∣2
0

=
1

4
(4− 0) = 1
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] f(x, y) uøÊ D ,í joint pdf.

W 5. q

f(x, y) = xy, 0 ≤ x ≤ 1, 0 ≤ y ≤ 2

Ñø joint pdf. t°

(a) P (0 ≤ X ≤ 1
2; 1 ≤ Y ≤ 2)

(b) P (X + Y ≤ 1)

<j> (a) àÇý, ;Wì2,

P

(
0 ≤ X ≤

1

2
; 1 ≤ Y ≤ 2

)
=

∫ 2

1

∫ 1/2

0
xydxdy =

∫ 2

1

(
1

2
x2y

∣∣∣∣1/2

0

)

=
∫ 2

1

1

8
ydy =

1

16
y2
∣∣∣∣2
1

=
3

16

(b) àÇý, ;Wì2,

P (X + Y ≤ 1) = P [(X, Y ) ∈ R]

=
∫∫

R
f(x, y)dA
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w2 R Ñø�ò��Þ–�

R : 0 ≤ y ≤ 1− x, 0 ≤ x ≤ 1

]ø,�íù½	}[AŸåÑ dydx í逐Ÿ	}, )

P (X + Y ≤ 1) =
∫ 1

0

∫ 1−x

0
xydydx

=
∫ 1

0

(
1

2
xy2

∣∣∣∣1−x

0

)
dy =

∫ 1

0

1

2
x(1− x)2dx

=
1

2

∫ 1

0
(x3 − 2x2 + x)dx

=
1

2

(
1

4
x4 −

2

3
x3 +

1

2
x2
∣∣∣∣1
0

)
=

1

2

(
1

4
−

2

3
+

1

2

)
=

1

2

(
3− 8 + 6

12

)
=

1

24

W 6. q f(x, y) = 2e−x−2y ÑøÊ

D = {(x, y)|x ≥ 0, y ≥ 0}

,í:¯œ0ò�函b.

(a) t° X 介k 0 D 1 / Y 介k 1 D 2 Èíœ0.

(b) t° X > 1 / Y < 2 íœ0.
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<j> (a) àÇý, ;Wì2,

P (0 ≤ X ≤ 1,1 ≤ Y ≤ 2)

=
∫ 1

0

∫ 2

1
2e−x−2ydydx

=
∫ 2

0

[
2e−x

(
−

1

2

)
e−2y

∣∣∣∣2
1

]
dx

=
∫ 1

0
−e−x(e−4 − e−2)dx

= (e−4 − e−2)(−1)(−1)e−x
∣∣∣1
0

= (e−4 − e−2)(e−1 − 1) ≈ 0.0740

(b) ;WÇý£ì2,

P (X > 1, Y < 2) =
∫ ∞
1

∫ 2

0
2e−x−2ydydx

=
∫ ∞
1

[
−e−x

(
e−2y

∣∣∣2
0

)]
dx

=
∫ ∞
1
−e−x(e−4 − 1)dx

= (1− e−4) lim
b→∞

∫ b

1
e−xdx

= (1− e−4) lim
b→∞

(
−e−x

∣∣∣b
1

)
= (1− e−4) lim

b→∞
(e−1 − e−b)

= (1− e−4)e−1 ≈ 0.3611
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Exercises

11. t„

f(x) =
x

(x2 + 1)3/2
, 0 ≤ x < ∞

uøœ0ò�函b.

<j> íl, ç 0 ≤ x < ∞, 顯ÍË, f ≥ 0. QO, ;

W瑕	}íì2J£¦

u = x2 + 1, du = 2xdx

íHp¶1|c[b, )

∫ ∞
0

x

(x2 + 1)3/2
dx =

1

2
lim

b→∞

 −2√
x2 + 1

∣∣∣∣∣∣∣
b

0


=

−2

2
lim

b→∞

 1√
b2 + 1

− 1


= −1(0− 1) = 1

Ä¤, ;Wì2, f Ñøœ0ò�函b.

12. t„

f(x) = 4xe−2x2
, 0 ≤ x < ∞
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uøœ0ò�函b.

<j> p顯Ë, ç 0 ≤ x < ∞, f ≥ 0. QO, ;W瑕

	}íì21¦

u = −2x2, du = −4xdx

íHp¶J£|c[b, )∫ ∞
0

4xe−2x2
dx = − lim

b→∞

(
e−2x2∣∣∣b

0

)
= − lim

b→∞
(e−2b2 − 1)

= −(0− 1) = 1

];Wì2, f Ñøœ0ò�函b.

20. q函b

f(x) = ke−x/2, 0 ≤ x < ∞
t° k U) f Ñøœ0ò�函b.

<j> ;Wœ0ò�函bíì2, k ÛÅ—∫ ∞
0

ke−x/2dx = 1

即;W瑕	}íì2£	}í(4�²,

lim
b→∞

(
−2ke−x/2

∣∣∣b
0

)
= −2k lim

b→∞
(e−b/2 − 1)

= −2k(0− 1) = 2k = 1
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] k = 1
2.

28. qÓœ‰ X íœ0ò�函bÑ

f(x) =
1

9
xe−x/3, 0 ≤ x < ∞

t° (a) P (0 ≤ X ≤ 3) D (b) P (X ≥ 1).

<j> (a) ;Wœ0íì2J£¦

u =
1

9
x, dv = e−x/3dx

D

du =
1

9
dx, v = −3e−x/3

í}¶	}, )

P (0 ≤ X ≤ 3) =
∫ 3

0

1

9
xe−x/3dx

= −
1

3
xe−x/3

∣∣∣∣3
0
+

1

3

∫ 3

0
e−x/3dx

= −
1

3
xe−x/3 − e−x/3

∣∣∣∣3
0

= −e−x/3
(
1

3
x + 1

)∣∣∣∣3
0

= −e−1(2)− (−1) = 1−
2

e
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(b) ;Wœ0D瑕	}íì2J£ (a) 2°)í.ì	

}, )

P (X ≥ 1) =
∫ ∞
1

1

9
xe−x/3dx

= lim
b→∞

∫ b

1

1

9
xe−x/3dx

= lim
b→∞

[
−e−x/3

(
1

3
x + 1

)∣∣∣∣b
1

]

= lim
b→∞

[
4

3
e−1/3 − e−b/3

(
1

3
b + 1

)]
=

4

3
e−1/3 − lim

b→∞

1
3b + 1

eb/3

=
4

3
e−1/3 − 0 =

4

3
e−1/3

w2倒b�ù�í 0, 4Ä}‚íNb函b eb/3 趨¡k

∞ í§�±0k}äíÖá� 1
3b + 1, 即 ç b →∞,

eb/3 �
1

3
b + 1

29. qÓœ‰b X íœ0ò�函bÑ

f(x) =

{
1− x, 0 ≤ x ≤ 1
x− 1, 1 ≤ x ≤ 2

t° (a) P (1
2 ≤ X ≤ 1), (b) P (1

2 ≤ X ≤ 3
2) J£

(c) P (X ≥ 1), D (d) P (X ≤ 3
2).
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<j> (a) ;Wœ0íì2J£œ0ò�函b f Fú@

íbç�, )

P

(
1

2
≤ X ≤ 1

)
=
∫ 1

1/2
(1− x)dx = x−

1

2
x2
∣∣∣∣1
1/2

=
(
1−

1

2

)
−
(
1

2
−

1

8

)
=

1

2
−

3

8
=

1

8

(b) ;Wœ0í4”£ (a) í!‹Dœ0íì2,

P

(
1

2
≤ X ≤

3

2

)
= P

(
1

2
≤ X ≤ 1

)
+ P

(
1 ≤ X ≤

3

2

)
=

1

8
+
∫ 3/2

1
(x− 1)dx =

1

8
+

(
1

2
x2 − x

∣∣∣∣3/2

1

)

=
1

8
+
[(

9

8
−

3

2

)
−
(
1

2
− 1

)]
=

1

8
+
(
−

3

8
+

1

2

)
=

1

8
+

1

8
=

1

4

(c) âœ0t�Dœ0ò�函bíì2,

P (X ≥ 1) =
∫ 2

1
(x− 1)dx =

1

2
x2 − x

∣∣∣∣2
1

= (2− 2)−
(
1

2
− 1

)
=

1

2
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(d) ;Wœ0í4”£ (b) í!‹Dœ0t�, )

P

(
X ≤

3

2

)
= P (0 ≤ X ≤ 1) + P

(
1 ≤ X ≤

3

2

)
=

∫ 1

0
(1− x)dx +

1

8
=

(
x−

1

2
x2
∣∣∣∣1
0

)
+

1

8

=
1

2
+

1

8
=

5

8

37. t° k U)

f(x, y) = k(x− x2)e−2y

ÑøÊ

D = {(x, y)|0 ≤ x ≤ 1,1 ≤ y < ∞}

,í:¯œ0ò�函b.

<j> ;Wœ0ò�函bíì2, k ÛÅ—∫∫
D

k(x− x2)e−2ydA = 1

QO, e D Ñ®���Þ–�1[Aú@í dxdy 逐Ÿ

	}, ) ∫ ∞
1

∫ 1

0
k(x− x2)e−2ydxdy = 1
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即

k
∫ ∞
1

e−2y

(
1

2
x2 −

1

3
x3
∣∣∣∣1
0

)
dy

= k
∫ ∞
1

e−2y
[(

1

2
−

1

3

)
− 0

]
dy =

k

6

∫ ∞
1

e−2ydy

= 1

|(, ;W瑕	}íì2D	}í(4�², â,�)

k

6
lim

b→∞

(
−

1

2
e−2y

∣∣∣∣b
1

)
= −

k

12
lim

b→∞
(e−2b − e−2)

= −
k

12
(0− e−2) =

k

12e2
= 1

] k = 12e2.

38. t° k U)

f(x, y) = kxye−(x2+y2)

ÑøÊ

D = {(x, y)|0 < x < ∞,0 < y < ∞}
,í:¯œ0ò�函b.

<j> ;Wœ0ò�函bíì2, k ÛÅ—∫∫
D

kxye−(x2+y2)dA = 1
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QO, e D Ñ®���Þ–�1[Aú@í dxdy 逐Ÿ

	}, /;WNb, 瑕	}íì2J£¦

u = −x2, du = −2xdx

íHp¶1|c[b, )∫ ∞
0

kxye−(x2+y2)dxdy

=
∫ ∞
0

kye−y2
lim

b→∞

(
−

1

2
e−x2

∣∣∣∣b
0

)
dy

=
∫ ∞
0
−

1

2
kye−y2

lim
b→∞

(e−b2 − 1)dy

=
∫ ∞
0
−

k

2
ye−y2

(0− 1)dy =
∫ ∞
0

k

2
ye−y2

dy = 1

|(, y;W瑕	}íì2D¦

u = −y2, du = −2ydy

íHp¶1|c[b, â,�)

k

2
lim

b→∞

(
−

1

2
e−y2

∣∣∣∣b
0

)
= −

k

4
lim

b→∞
(e−b2 − 1)

= −
k

4
(0− 1) =

k

4
= 1

] k = 4.

41. qÓœ‰b X D Y Ê–�

D = {(x, y)|1 ≤ x ≤ 4; 0 ≤ y ≤ 4}
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,í:¯œ0ò�函bÑ

f(x, y) =
9√
224

√
xy

t°

(a) P (1 ≤ X ≤ 2; 0 ≤ Y ≤ 1)

(b) P (1 ≤ X ≤ 4; 0 ≤ Y ≤
√

X)

<j> (a) ;W雙Óœ‰bíœ0ì2£逐Ÿ	},

P (1 ≤ X ≤ 2; 0 ≤ Y ≤ 1)

=
∫ 1

0

∫ 2

1

9

224

√
xydxdy

=
∫ 1

0

9

224

√
y

(
2

3
x3/2

∣∣∣∣2
1

)
dy

=
∫ 1

0

9

224

√
y ·

2

3
(2
√

2− 1)dy

=
3

112
(2
√

2− 1)

(
2

3
y3/2

∣∣∣∣1
0

)
=

1

56
(2
√

2− 1)

(b) àÇý, ;Wì2,

P (1 ≤ X ≤ 4; 0 ≤ Y ≤
√

X) =
∫∫

R
f(x, y)dA

21 2×bçÍ:PM



˚^�	}(�Í:¯`ç, 103��ù‚) Àj 53: Óœ‰bíœ0}Ó

w2 R Ñø�ò��Þ–�

R : 0 ≤ y ≤
√

x, 1 ≤ x ≤ 4

]ø,�íù½	}[AŸåÑ dydx í逐Ÿ	}, )

P (1 ≤ X ≤ 4; 0 ≤ Y ≤
√

X)

=
∫ 4

1

∫ √x

0

9

224

√
xydydx

=
∫ 4

1

9

224

√
x

2

3
y3/2

∣∣∣∣
√

x

0

 dx

=
∫ 4

1

3

112
x1/2[(x1/2)3/2 − 0]dx

=
∫ 4

1

3

112
x1/2x3/4dx =

∫ 4

1

3

112
x5/4dx

=
3

112

(
4

9
x9/4

∣∣∣∣4
1

)
=

1

84
[(22)9/4 − 1]

=
1

84
(29/2 − 1) =

1

84
(16

√
2− 1) ≈ 0.2575

42. qÓœ‰b X D Y Ê–�

D = {(x, y)|0 < x ≤ 1; 0 ≤ y < ∞}

,íœ0ò�函bÑ

f(x, y) =
1
√

x
e−2y
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t°

(a) P (0 < X ≤ 1; 2 ≤ Y < ∞)

(b) P
(
0 < X ≤ 1

2; 0 ≤ Y < ∞
)

<j> (a) ;W雙Óœ‰bíœ0ì2J£逐Ÿ	}¸瑕

	}íì2,

P (0 < X ≤ 1; 2 ≤ Y < ∞)

=
∫ ∞
2

∫ 1

0

e−2y

√
x

dxdy =
∫ ∞
2

e−2y
(
2
√

x
∣∣∣1
0

)
dy

= lim
b→∞

∫ b

2
2e−2ydy = lim

b→∞

(
−e−2y

∣∣∣b
2

)
= − lim

b→∞
(e−2b − e−4) = e−4 ≈ 0.0183

(b) °Ü,

P (0 < X ≤ 1/2; 0 ≤ Y < ∞)

=
∫ ∞
0

∫ 1
2

0

e−2y

√
x

dxdy =
∫ ∞
0

e−2y
(
2
√

x
∣∣∣1/2

0

)
dy

= lim
b→∞

∫ b

0

√
2e−2ydy = lim

b→∞

−√2

2
e−2y

∣∣∣∣∣
b

0


= −

√
2

2
lim

b→∞
(e−2b − 1) =

√
2

2
≈ 0.7071
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53. q/ø�(Úeã估p�Ê A –íhîEb X
(ÀP: —E) D B –íhîEb Y (ÀP: —E) Ê

D = {(x, y)|0 ≤ x ≤ 5; 0 ≤ y ≤ 4}
,íœ0ò�函bÑ

f(x, y) =
9

4000
xy

√
25− x2(4− y)

t°p� A –íhîEb介k 2000 D 2500 J£ B
–íhîEb介k 1000 D 2000 íœ0.

<j> âæ<, 1;W¦

u = 25− x2, du = −2xdx

íHp¶, F°Ñ

P (2 ≤ X ≤ 2.5; 1 ≤ Y ≤ 2)

=
∫ 2.5

2

∫ 2

1

9

4000
xy

√
25− x2(4− y)dydx

=
9

4000

∫ 2.5

2
x

√
25− x2

(
2y2 −

1

3
y3
∣∣∣∣2
1

)
dx

=
9

4000

(
11

3

) ∫ 2.5

2
x

√
25− x2dx

=
33

4000

(
−

1

2

)(
2

3

)
(25− x2)3/2

∣∣∣2.5

2

= −
11

4000

[
(25− (2.5)2)3/2 − (21)3/2

]
=

11

4000
[(21)3/2 − (18.75)3/2] ≈ 0.0413716
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55. F, Û f(x) ≥ 0.

56. F, ª?∫ d

c
f(x)dx <

∫ b

a
f(x)dx = 1
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