
˚^�	}(�Í:¯`ç, 101��ø‚) Àj 12: ¶d†DÎ¶d†

單元 12: 乘法規則與除法規則
({… §3.2)

…Àjy«nù_�}d†: ¶d†DÎ¶d†.

d† 5 (¶d†, product rule). q f D g Ñù

ª�ƒb, †

d

dx
[f(x)g(x)] = f(x)g′(x) + g(x)f ′(x)

�pÑ

(fg)′ = fg′+ gf ′

¹ùƒb	íûƒb�k�ø_ƒbJ�ù_ƒbí

ûƒb‹,�ù_ƒbJ�ø_ƒbíûƒb.

註 1. ;W¶D‹¶í>², .°型�í¶d†Ñ

d

dx
[f(x)g(x)] = g(x)f ′(x) + f(x)g′(x)

C

d

dx
[f(x)g(x)] = f ′(x)g(x) + f(x)g′(x)

Cw它.
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註 2. ¶d†ªR�BL<�Ì_ƒbí	, àú_

ƒb	í¶d†Ñ

(fgh)′ = f ′gh + fg′h + fgh′

Cû_ƒb	í¶d†

(fghk)′ = f ′ghk + fg′hk + fgh′k + fghk′

註 3. 	íûƒb.�kûƒbí	, ¹

d

dx
[f(x)g(x)] 6= f ′(x)g′(x)

6ÿuz, .ª逐á�}; É�¸差nª逐á�}.

W 1. t°-�®áƒbíûƒb.

(a) f(x) = (4x2 + 1)(4
√

x− 2)

(b) g(x) = (x2 − 3x + 2)

(
x2 − 2

x

)

(c) h(x) = x5
(

1
√

x
+ 1

)
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<j> (a) ;W¶d†,

f ′(x) =
40x2 − 16x3/2 + 2

√
x

(b) ;W¶d†,

g′(x) =
3x4 − 6x3 + 4

x2

(c) %â�Ç1逐á�}, )

h′(x) =
9

2
x7/2 + 5x4

CòQUà¶d†, O¬˙œyÅ.

註. (a), (b) üæzp, Ûbíu, bø®áZ寫A

cxn í型�, y�}; (c) üæzp, Jª?íu, ª避

ÇòQUàœ繁瑣í¶d†¬˙.

d† 6 (Î¶d†, quotient rule). q f D g Ñù

ª�ƒb/ g(x) 6= 0, †

d

dx

[
f(x)

g(x)

]
=

g(x)f ′(x)− f(x)g′(x)

[g(x)]2
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�pÑ (
f

g

)′
=

gf ′ − fg′

g2

¹ùƒbóÎíûƒb�k}‚�j}5}‚J}äí

ûƒbÁ }äJ}‚íûƒb.

註 1. ;W¶>², .°型�íÎ¶d†Ñ

d

dx

[
f(x)

g(x)

]
=

f ′(x)g(x)− g′(x)f(x)

[g(x)]2

C

d

dx

[
f(x)

g(x)

]
=

f ′(x)g(x)− f(x)g′(x)

[g(x)]2

Cw它; ÄÑÁ¶³�>², }ä¶}.?>², ¹(
f

g

)′
6=

fg′ − f ′g

g2

註 2. óÎíûƒb.�kûƒbíóÎ, ¹

d

dx

[
f(x)

g(x)

]
6=

f ′(x)

g′(x)

6ÿuz, .ª逐á�}; É�¸差nª逐á�}.
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W 2. t°-�®áƒbíûƒb.

(a) f(x) =
x

x2 − 4
−

x− 1

x2 + 4

(b) g(x) =

√
x + 1

x2 + 1

(c) h(x) =
x2 + 1
√

x

<j> (a) ;WÎ¶d†,

f ′(x) =
x2 − 2x− 4

(x2 + 4)2
−

x2 + 4

(x2 − 4)2

(b) ;WÎ¶d†,

g′(x) =
−3x2 − 4x3/2 + 1

2
√

x(x2 + 1)2

(c) ;WÎ¶}ºZ寫1逐á�}, )

h′(x) =
3x2 − 1

2x3/2
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CòQUàÎ¶d†, O¬˙œyÅ.

註. ÛbCª?íu, ø®áZ寫A cxn í型�1避Ç

òQUà繁瑣íÎ¶d†¬˙.

W 3. q/ÏÆÚ	AêWn t �(í銷»çÑ

S(t) =
5t

t2 + 1
(ìNj), t ≥ 0

(a) t° t �(í銷»ç‰“率.

(b) t½�êWv (t = 0) J£ 2 �(í銷»ç‰“

§�}�ÑS?

<j> (a) âûƒbí‰“率°2£Î¶d†,

‰“率 = S′(t) =
5(1− t2)

(t2 + 1)2

(b) Hp t = 0, )

S′(0) =
5(1− 0)

(0 + 1)2
= 5
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[ý銷»çJ©� $5,000,000 í§率AÅ.

Hp t = 2, )

S′(2) =
5(1− 4)

(4 + 1)2
= −

3

5
= −0.6

[ý銷»çJ©� $600,000 í§率衰¢.

W 4. �œ廢JÓ (organic waste) JpŠ塘(, â

k氧“Tà}降QŠ塘qíÖ氧¾. ÓOvÈ, ×AÍ}

UŠ塘qíÖ氧¾回+ƒ它íÙÍ®Ä. qbJ t Ù(,
Š2Ö氧¾DÙÍ®Äíì}ªÑ

f(t) = 100

[
t2 + 10t + 100

t2 + 20t + 100

]
(0 < t < ∞)

(a) t°bJ�œ廢JÓ t Ù(, Ö氧¾ì}ªí‰“

率.

(b) t½bJ�œ廢JÓ 1 Ù, 10 Ù£ 20 Ù(, Ö

氧¾ì}ªàS‰“?

<j> (a) ;Wûƒbí‰“率°2J£Î¶d†, ‰“

率Ñ

f ′(t) =
1000(t2 − 100)

(t2 + 20t + 100)2
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(b) Hp t = 1, )

f ′(1) =
−99,000

(121)2
≈ −6.76

[ýÖ氧¾J©Ù� 6.8% í§率-降.

Hp t = 10, )

f ′(10) =
1000(100− 100)

(400)2
= 0

[ýÖ氧¾.Ó6.Á.

Hp t = 20, )

f ′(20) =
1000(400− 100)

(900)2
≈ 0.37

¹Ö氧¾J©Ù� 0.37% í§率Ó‹, [ýÇá)+í

¬˙.
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