
˚^微	}(�Í, 100��ù‚) Àj 57: 4�bDœ ìÜ

單元 57: 冪級數與泰勒定理
({… §10.4)

ø. 4�b

ì2. 型à

∞∑
n=0

anxn = a0 + a1x + a2x2 + a3x3

+ · · ·+ anxn + · · ·
íÌ窮�b, ˚TJ 0 Ñ2-í4�b (power
series); 型à

∞∑
n=0

an(x− c)n = a0 + a1(x− c) + a2(x− c)2

+a3(x− c)3 + · · ·+ an(x− c)n + · · ·
íÌ窮�b, ˚TJ c Ñ2-í4�b.

註. Ê型�,, 4�bÑÌ窮Öáí “Öá�”; —™ n

.øìb* 0 Çá.

Wà, Ì窮�b

∞∑
n=0

xn

n!
= 1 + x +

x2

2!
+

x3

3!
+ · · ·

1 2×bç系:PM
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uø_J 0 Ñ2-í4�b, w2�U¬邊í�øá4;

W

0! = x0 = 1

í�ìF_; ¢Ì窮�b

∞∑
n=1

(x− 1)n

n
= (x− 1) +

(x− 1)2

2

+
(x− 1)3

3
+ · · ·

uø_J 1 Ñ2-í4�b; |(Ì窮�b

∞∑
n=1

(x + 2)n

n
= (x + 2) +

(x + 2)2

2

+
(x + 2)3

3
+ · · ·

uø_J −2 Ñ2-í4�b, ¤4ÄÑ

x + 2 = x− (−2)

1;Wì2F_.

註. ÄÑ4�bíM}ÓO.°í x 7Z‰, ]ªe4

�b

∞∑
n=0

an(x− c)n

2 2×bç系:PM
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Ñø x íƒb f(x), ?¹,

f(x) =
∞∑

n=0

an(x− c)n

† f(x) íì2域

D
def
=

x :
∞∑

n=0

an(x− c)n Y斂í x



½. àS° f(x) íì2域? ?óçkàS° x U)

4�b

∞∑
n=0

an(x− c)n

Y斂?

�. íl, c Ê f(x) íì2域q.

ÑSà¤? ÄÑHp x = c, )

f(c) =
∞∑

n=0

an(c− c)n

= a0 + 0 + 0 + 0 + · · · = a0

Y斂, ] c Ê f(x) íì2域q.

3 2×bç系:PM
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´�w它íõý? àS找ƒ它b?

;W-述í9õ, |ÖÎ7s_端õâÔ�‡ìÕ, ª²

ì| f(x) íì2域.

9õ: úLø4�b

∞∑
n=0

an(x− c)n

-�úá2, cøáA,

(1) 4�bcÊ x = c Y斂, àÇý.

(2) úF�í x, 4�bÌY斂, àÇý.

(3) æÊø_ R > 0, ç

|x− c| < R

v, 4�bY斂; ç

|x− c| > R

v, 4�bê散; ç

x = c±R

4 2×bç系:PM
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v, „ø, Û_�‡i, �vª?óç困Ø, àÇý.

註 1. ˚,述9õ2í R ÑY斂š徑, ÄÑç x D c

í距×Ê R Jq, 4�b

∞∑
n=0

an(x− c)n

Y斂. 針ú�ø�ÉÊ x = c Y斂í8”, ì2Y斂š

徑

R = 0

針úúù�, úF�í x ÌY斂í8”, ì2Y斂š徑

R = ∞

註 2 針ú,述í9õ, ªSàªM�ì¶²ì R, 1Ê

.bJ£ªW-, ‡ì4�bÊ端õu´Y斂, 7üì|

4�bíì2域, à-W.

W 1. t°-�®á4�bíY斂š徑 R.

(a)
∞∑

n=0

xn

n!

5 2×bç系:PM
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(b)
∞∑

n=0

(−1)n(x + 1)n

2n

<j> (a) e x Ñø固ìíõb, 1%â“�cÜ, J

£Hp¶, )(áª‡áí"úM”Ì

lim
n→∞

∣∣∣∣∣ xn+1

(n + 1)!
·

n!

xn

∣∣∣∣∣ = lim
n→∞

∣∣∣∣ x

n + 1

∣∣∣∣
= lim

n→∞
|x|

n + 1
= 0 < 1

úF�固ìíõb x ÌA, ]âªM�ì¶, úF�í

õb x, 4�b

∞∑
n=0

xn

n!

ÌY斂. Ä¤, ;Wì2, Y斂š徑

R = ∞

/ì2域

D = {x : −∞ < x < ∞}

(b) ° (a), e x Ñø固ìíõb, 1%â“�cÜ, J

£;W�bí”Ìÿu�b…™, )(áª‡áí"úM

6 2×bç系:PM
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”Ì

lim
n→∞

∣∣∣∣∣(−1)n+1(x + 1)n+1

2n+1
·

2n

(−1)n(x + 1)n

∣∣∣∣∣
= lim

n→∞

∣∣∣∣x + 1

2

∣∣∣∣ = |x + 1|
2

]âªM�ì¶ø, ç

|x + 1|
2

< 1

v, 4�bY斂, ?óçk

|x + 1| < 2

C

−3 < x < 1

7)Y斂š徑

R = 2

àÇý.

½. ç x = −3 D x = 1, ?¹, s_端õv, 4�

bY斂Cê散?

Ûbøs_端õ}�Hp, $As_Ì窮�b, y;W‡

i�bY斂Cê散í�ì¶‡ì, à-述.

7 2×bç系:PM
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íl, Hp x = −3, 1%â“�cÜ, )

Ÿ� =
∞∑

n=0

(−1)n(−2)n

2n
=

∞∑
n=0

2n

2n
=

∞∑
n=0

1

QO, 'p顯Ë, ø般áí”Ì

lim
n→∞1 = 1 6= 0

]âø般á�ì¶, �bê散.

H x = 1, 1%â“�cÜ, )

Ÿ� =
∞∑

n=0

(−1)n2n

2n
=

∞∑
n=0

(−1)n

/ø般áí”Ì

lim
n→∞(−1)n =

{
1, J n ÑXb

−1, J n Ñ奇b

4Ê 1 D −1 ,-震盪, ]”Ì.æÊ, çÍ.Ñ 0,
?âø般á�ì¶ø, �bê散.

Ä¤, 綜¯,述í!�, 4�b

∞∑
n=0

(−1)n(x + 1)n

2n

íì2域

D = (−3,1)

8 2×bç系:PM
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.Ös_端õ.

½. #ìøƒb, u´?Jø_4�b[ý? ?¹, u´

ªøø_ƒbZ寫Aø_4�b? àS[ý?

�. -述íœ ìÜ, #8[ýA4�bíj�, 回�7

¶}í½æ.

œ ìÜ (Taylor’s Theorem). Jƒb f(x) ªà

ø_J c Ñ2-í4�b[ýv, †

f(x) =
∞∑

n=0

f(n)(c)

n!
(x− c)n

= f(c) + f ′(c)(x− c) +
f ′′(c)

2!
(x− c)2

+
f(3)(c)

3!
(x− c)3 + · · ·

1˚¤�bÑœ �b (Taylor’s series); ç c = 0

v, ¢˚T Maclaurin series. 6ÿuz, çƒb

f(x) ªJ[ýA4�bv, øìuø_œ �b.

W 2. tøƒb

f(x) = ex

9 2×bç系:PM



˚^微	}(�Í, 100��ù‚) Àj 57: 4�bDœ ìÜ

[AJ 0 Ñ2-í4�b, 1°¤4�bíY斂š徑 R.

<j> ÄÑu[AJ 0 Ñ2-í4�b, âœ ìÜø,
Ûbl°|

f(n)(0), n = 0,1,2, . . .

¬˙à-.

íl,

f(0)(x) = f(x) = ex

]

f(0)(0) = f(0) = e0 = 1

QO, ú x 微}, )

f ′(x) =
d

dx
[ex] = ex

]

f ′(0) = e0 = 1

yú x 微}, )

f ′′(x) =
d

dx
[ex] = ex

J£

f ′′(0) = e0 = 1

10 2×bç系:PM
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°Ü, )

f(3)(x) = ex

/

f(3)(0) = 1

...

J£;WéR|íd†,

f(n)(x) = ex

/

f(n)(0) = 1

Ä¤, ;Wœ ìÜJ£œ �bít�, 1Hp,述í

!�, )

ex = f(0) + f ′(0)x +
f ′′(0)

2!
x2 +

f(3)(0)

3!
x3

+ · · ·+
f(n)(0)

n!
xn + · · ·

= 1 + x +
1

2!
x2 +

1

3!
x3 + · · ·+

1

n!
xn + · · ·

=
∞∑

n=0

xn

n!

11 2×bç系:PM
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/âW 1 (a) ø, Y斂š徑

R = ∞

?¹, úF�íõb x,

ex =
∞∑

n=0

xn

n!

Ìª[ýA4�b.

W 3. tøƒb

f(x) =
1

x

[ýAJ 1 Ñ2-í4�b, 1°¤4�bíY斂š徑

R, J£l� f
(
1
2

)
, /D 1

x ªœ.

<jø> à°W 2, ÄÑu[AJ 1 Ñ2-í4�b, â

œ ìÜø, Ûbl°|

f(n)(1), n = 0,1,2, . . .

íl,

f(0)(x) = f(x) =
1

x

]

f(0)(1) = f(1) = 1

12 2×bç系:PM
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QO, ú x 微}, )

f ′(x) =
d

dx

[
1

x

]
=

d

dx
[x−1] = −x−2

]

f ′(1) = −(1)−2 = −1

yú x 微}, )

f ′′(x) =
d

dx
[−x−2]

= (−1)(−2)x−3

= (−1)2(1)(2)x−3 = (−1)22!x−3

w2|(ø_�ä4uq¶\留.bí¬˙, 7?¦納|

ø般áí型�, 1â¤)

f ′′(1) = (−1)22! = 2!

°Ü, )

f(3)(x) =
d

dx
[(−1)22!x−3]

= (−1)22!(−3)x−4 = (−1)33!x−4

J£

f(3)(1) = (−1)33! = −3!

...

13 2×bç系:PM
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|(, ;W,述®�éR|íd†,

f(n)(x) = (−1)nn!x−(n+1)

J£

f(n)(1) = (−1)nn!

Ä¤, ;WJ 1 Ñ2-íœ �bít�, 1Hp,述í

!�J£“�cÜ, )

1

x
= f(1) + f ′(1)(x− 1) +

f ′′(1)

2!
(x− 1)2

f(3)(1)

3!
(x− 1)3 + · · ·

+
f(n)(1)

n!
(x− 1)n + · · ·

= 1 + (−1)(x− 1) +
2!

2!
(x− 1)2

+
−3!

3!
(x− 1)3 + · · ·

+
(−1)nn!

n!
(x− 1)n + · · ·

= 1− (x− 1) + (x− 1)2 − (x− 1)3

+ · · ·+ (−1)n(x− 1)n + · · ·

=
∞∑

n=0

(−1)n(x− 1)n (1)

14 2×bç系:PM
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w2|(ø_�äJø般á[ý, 4ZkJªM�ì¶ü

ìYš徑, à-述.

ø x eÑø固ìí�b, 1%â“�cÜ, J£�bí”

Ìÿu�b…™, )(áª‡áí"úM”Ì

lim
n→∞

∣∣∣∣∣(−1)n+1(x− 1)n+1

(−1)n(x− 1)n

∣∣∣∣∣ = lim
n→∞ |x− 1|

= |x− 1|
]âªM�ì¶ø, ç

|x− 1| < 1

v, (1) ��U˝邊í4�bY斂, )Y斂š徑

R = 1

?¹, ¤4�bÊ

0 < x < 2

qY斂, /ç

x < 0 C x > 2

v, ¤4�bê散.

¢Hp x = 0 B (1) �í4�b, 1“�cÜ, )�b

∞∑
n=0

(−1)n(−1)n =
∞∑

n=0

1

15 2×bç系:PM
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/ø般á”Ì

lim
n→∞1 = 1 6= 0

]ê散. yHp x = 2, 1“�cÜ, )�b

∞∑
n=0

(−1)n(2− 1)n =
∞∑

n=0

(−1)n

/ø般á”Ì

lim
n→∞(−1)n =

{
1, J n ÑXb

−1, J n Ñ奇b

4Ê 1 D −1 ,-震盪, ”Ì.æÊ, çÍ.Ñ 0, ]

âø般á�ì¶, �bê散.

Ä¤, 綜¯,述í!�, 4�b

∞∑
n=0

(−1)n(x− 1)n

íì2域

D = (0,2)

.Ös_端õ, àÇý.

Ce x Ñ固ì�b, 1%âZ寫, ) (1) ��U¬邊í

4�bÑ

∞∑
n=0

[−(x− 1)]n

16 2×bç系:PM
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4øtª

r = −(x− 1)

í�ª�b, ];W�ª�b�ì¶, çtªí"úM

|r| = | − (x− 1)| = |x− 1| < 1

v, Y斂; ´†ê散. Ä¤, )Y斂š徑

R = 1

/ì2域

D = {x : |x− 1| < 1} = (0,2)

<jù> ø x eÑtª, â�ª�b�ì¶, çtªí"

úM

|x| < 1

v,
∞∑

n=0

xn = 1 + x + x2 + · · ·+ xn + · · ·

=
1

1− x
(2)

QOø_;W,述t�í�à�Ýj¶Ñ, q¶øŸ�Z

寫Ñ

(�b) ·
1

1− [k(x− c)]
(3)

17 2×bç系:PM
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w2 c Ñ4�bí2-, k ÑÇø適çí�b(, yø

k(x− c)

eÑtª, Hp (2) �, 1%â“�cÜ, ¹)ø_J c

Ñ2-í4�b.

Wà, æñu°J 1 Ñ2-í4�b, ]%âø x Á 1,

y‹ 1, J£Z寫A,述型�í|c, )

1

x
=

1

1 + (x− 1)
=

1

1− [−(x− 1)]

ø_Ê型�,D (2) �êró°í�ä, ]ø

−(x− 1)

eÑtª1Hp, J£“�cÜ, )

1

x
=

∞∑
n=0

[−(x− 1)]n

=
∞∑

n=0

(−1)n(x− 1)n (4)

= 1− (x− 1) + (x− 1)2 − (x− 1)3

+ · · ·+ (−1)n(x− 1)n + · · ·

/çtªí"úM

| − (x− 1)| = |x− 1| < 1

18 2×bç系:PM
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v, Y斂; ´†ê散, ]Y斂š徑

R = 1

/ì2域

D = {x : |x− 1| < 1} = (0,2)

QO, ø x = 1
2 Hp (4) ��Uí¬邊, 1%â“�c

Ü, J£�ª�b�ì¶, )�ª�b

∞∑
n=0

(−1)n
(
1

2
− 1

)n
=

∞∑
n=0

(−1)n
(
−

1

2

)n

=
∞∑

n=0

(−1)2n
(
1

2

)n

=
∞∑

n=0

(
1

2

)n

=
1

1− 1/2
= 2

�ßÿuø 1
2 Hp (4) ��U˝邊

1

x

∣∣∣∣
1/2

= 2

íM, ]

f

(
1

2

)
= 2 =

∞∑
n=0

(
1

2

)n

19 2×bç系:PM



˚^微	}(�Í, 100��ù‚) Àj 57: 4�bDœ ìÜ

àF°.

|(, ;W,述°)í4�bJ£它íì2域, 4�b

∞∑
n=0

(−1)n(x− 1)n

cÊÇ–È (0,2) ,Y斂, /它íMÑ 1
x, 1ª[ýA

1

x
=

∞∑
n=0

(−1)n(x− 1)n, 0 < x < 2

àÇý.

註 1. W 3 4Êzp, øƒbcÊ它í4�bíì2域

q, çÍÊY斂š徑q, \[ý|.

註 2. 4�bÊ它íY斂š徑qx�Öá�íß4”, à

©/, ª逐á微}, ª逐á	}, ªd‹, Á, , Î, ¯

A�«�, à-述W 4 íý範Dzp.

註 3. Jø f(x) = 1
x [AJ 2 Ñ2-í4�b, ª

%âlø x Á 2, y‹ 2, 1}ä}‚°Î 2, U}‚í

�báAÑ 1, 1Z寫A (3) �í型�(, ªe

−
x− 2

2

20 2×bç系:PM
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Ñtª, Hp (2) �J£“�cÜ, )

1

x
=

1

2 + (x− 2)

=
1/2

1− [−(x− 2)/2]

=
1

2

∞∑
n=0

[
−

x− 2

2

]n

=
∞∑

n=0

(−1)n(x− 2)n

2n+1

=
1

2
−

x− 2

22
+

(x− 2)2

23
−

(x− 2)3

24

+ · · ·+
(−1)n(x− 2)n

2n+1
+ · · ·

/çtªí"úM∣∣∣∣−x− 2

2

∣∣∣∣ = ∣∣∣∣x− 2

2

∣∣∣∣ < 1

?óçk

|x− 2| < 2

v, Y斂; ´†ê散, ]Y斂š徑

R = 2

/ì2域

D = {x : |x− 2| < 2} = (0,4)

21 2×bç系:PM
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?¹, [AJ 2 Ñ2íí4�bv,

1

x
=

∞∑
n=0

(−1)n(x− 2)n

2n+1
, 0 < x < 4

cÊÇ–È (0,4) ,, ªøƒb f(x) = 1
x [ýA4�

b, àÇý. ~AWþtJw它MÑ2-í4�b, J£

ú@íY斂š徑D[ý�.

W 4. tø-�®ƒb[ýAJ#ìí c Ñ2-í4�

b.

(a) e−x2
, (c = 0)

(b) e2x+1, (c = 0)

(c)
1

1 + x
, (c = 0)

(d) lnx, (c = 1)

(e) ln(1 + x2), (c = 0)

22 2×bç系:PM
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(f)
ex + e−x

2
, (c = 0)

<j> ÄÑƒbí型�œ複雜, ©/Ë°ûƒb}óçË

yÅ£複雜, ].íJ

f(n)(c), n = 0,1,2, . . .

1;Wœ �bíj�°4�b, 7@q¶;W˛øí4

�b, %â註 2 T£í4”, J�Ý, �üËj�°|ú

@í4�b.

(a) ÄÑŸ�Ñ −x2 DNbƒb ex í¯Aƒb, ¢˛

ø ex íJ 0 Ñ2-í4�b[ý�Ñ

ex =
∞∑

n=0

xn

n!

= 1 + x +
x2

2!
+

x3

3!
+ · · · , −∞ < x < ∞

]ø −x2 Hp, 1%â“�cÜ, )

e−x2
=

∞∑
n=0

(−x2)n

n!

=
∞∑

n=0

(−1)nx2n

n!

= 1− x2 +
x4

2!
−

x6

3!
+ · · ·

23 2×bç系:PM



˚^微	}(�Í, 100��ù‚) Àj 57: 4�bDœ ìÜ

/ç

−∞ < −x2 < ∞

?óçk

−∞ < x < ∞

v, ¤4�bY斂, Ä7Y斂š徑

R = ∞
J£ì2域

D = (−∞,∞)

?¹, [AJ 0 Ñ2-í羃�bv,

e−x2
=

∞∑
n=0

(−1)nx2n

n!
, −∞ < x < ∞

(b) ÄÑu°J 0 Ñ2-í4�b, ]Û%âZ寫, 1;

W (a) üæíÜâ, Hp 2x, J£“�cÜ, )

e2x+1 = e · e2x

= e ·
∞∑

n=0

(2x)n

n!

=
∞∑

n=0

e2nxn

n!

= e

(
1 + 2x +

22x2

2!
+

23x3

3!
+ · · ·

)
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/ç

−∞ < 2x < ∞

?óçk

−∞ < x < ∞

v, ¤4�bY斂, â¤)Y斂š徑

R = ∞

J£ì2域

D = (−∞,∞)

?¹, [AJ 0 Ñ2-í4�bv,

e2x+1 =
∞∑

n=0

e2nxn

n!
, −∞ < x < ∞

(c) ÄÑu°J 0 Ñ2-í4�b, 'p顯Ë, ªøŸ�

Z寫A (3) �í型�, 1e −x Ñtª, Hp (2) �,
J£“�cÜ, )

1

1 + x
=

1

1− (−x)
=

∞∑
n=0

(−x)n

=
∞∑

n=0

(−1)nxn

= 1− x + x2 − x3 + · · ·
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/çtªí"úM

| − x| = |x| < 1

?óçk

−1 < x < 1

v, ¤4�bY斂; ´†ê散, ]Y斂š徑

R = 1

/ì2域

D = (−1,1)

?¹, [AJ 0 Ñ2-í4�bv,

1

1 + x
=

∞∑
n=0

(−1)nxn, −1 < x < 1

(d) ÄÑu°J 1 Ñ2-í4�b, /ç x > 0 v,

lnx =
∫ 1

x
dx

ø_ªWíj¶u, ø 1
x [AJ 1 Ñ2-í4�b, y

;W4�bª逐á	}í4”, ú 1
x í4�b逐á	},

7°) lnx í4�b[ý�, ?¹, íl, ø 1
x í}‚

Á 1, y‹ 1, 1cÜA (3) �í型�, /e

−(x− 1)
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Ñtª, Hp (2) �, J£“�cÜ, )

1

x
=

1

1− [−(x− 1)]
=

∞∑
n=0

[−(x− 1)]n

=
∞∑

n=0

(−1)n(x− 1)n (5)

/çtªí"úM

| − (x− 1)| = |x− 1| < 1

?óçk

0 < x < 2

v, ¤4�bY斂; ´†ê散.

QO, ø (5) �s邊	}, 1;Wª逐á	}í4”, J

£	}í4Ÿd†, )

lnx =
∫ 1

x
dx

=
∫ ∞∑

n=0

(−1)n(x− 1)ndx

=
∞∑

n=0

∫
(−1)n(x− 1)ndx

=
∞∑

n=0

(−1)n(x− 1)n+1

n + 1
+ C
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w2 C ÑÛüìí	}�b.

ø x = 1 Hp,�, )

ln 1 =
∞∑

n=0

(−1)n(1− 1)n+1

n + 1
+ C

?óçk

0 = 0 + C

?¹,

C = 0

Ä¤, ç 0 < x < 2 v, J 1 Ñ2-í4�bÑ

lnx =
∞∑

n=0

(−1)n(x− 1)n+1

n + 1

= (x− 1)−
(x− 1)2

2
+

(x− 1)3

3

−
(x− 1)4

4
+ · · ·

註. %â逐á	}F)ƒí4�bíì2域�ª?}DŸ

V\	}í4�bíì2域.°, .°íËjuÊs_端

õ, J�íu, ]Ûbüw(, 才?£üË)ƒì2域, 7
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¥áüwí¬˙¦�}Sàø<超|…z範圍í�ì¶,
]cT£¥_9õ, .b°püË寫|ì2域, ?zpÊ

Y斂š徑qí!‹¹ª, Wà, (d) üæí4�b[ý�

1

x
=

∞∑
n=0

(−1)n(x− 1)n

íì2域Ñ

D = (0,2)

O%â逐á	}(í4�b[ý�

lnx =
∞∑

n=0

(−1)n(x− 1)n+1

n + 1

íì2域Ñ

D = (0,2]

Ö7¬端õ x = 2, ¤4ÄÑHp x = 2, %â“�c

Ü, )>��b

∞∑
n=0

(−1)n

n + 1

1;Wø_超|…z範圍í>��b�ì¶‡iÑY斂F

_; ÇHp x = 0, 1%â“�cÜ, )�b

∞∑
n=0

−1

n + 1
= −

∞∑
n=1

1

n
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4 −1 ,|¸�b, C

p = 1 ≤ 1

í p-�b, ];W p-�b�ì¶, ê散, ˝端õ x = 0
.Êì2域q.

(e) ÄÑu°J 0 Ñ2-í4�b, /

d

dx
[ln(1 + x2)] =

2x

1 + x2
= 2x ·

1

1 + x2

4 2x ,ø_Ê型�,D�ª�bít�, ¹ (2) �,
óNí�ä, ]ª%âZ寫A (3) �í型�(, [AJ 0
Ñ2-í4�b, y逐á	}, ?¹, e

−x2

Ñtª, Hp (2) �, J£“�cÜ, )

2x

1 + x2
= 2x ·

1

1− (−x2)
= 2x ·

∞∑
n=0

(−x2)n

= 2x ·
∞∑

n=0

(−1)nx2n

= 2 ·
∞∑

n=0

(−1)nx2n+1 (6)

/çtªí"úM

| − x2| = x2 < 1
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?óçk

−1 < x < 1

v, ¤4�bY斂; ´†ê散.

QO, ø (6) �s邊	}, 1;W微}D	}í�逆4,
4�bÊY斂š徑qª逐á	}í4”, 	}í4Ÿd†,
J£“�cÜ, )

ln(1 + x2) =
∫ 2x

1 + x2
dx

=
∫

2 ·
∞∑

n=0

(−1)nx2n+1dx

= 2
∞∑

n=0

∫
(−1)nx2n+1dx

= 2
∞∑

n=0

(−1)nx2n+2

2n + 2
+ C

=
∞∑

n=0

(−1)nx2(n+1)

n + 1
+ C

w2 C ÑÛbüìí	}�b.

ø x = 0 Hp,�, )

ln 1 =
∞∑

n=0

(−1)n02(n+1)

n + 1
+ C
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?óçk

0 = 0 + C

]

C = 0

Ä¤, ç −1 < x < 1 v, J 0 Ñ2-í4�bÑ

ln(1 + x2) =
∞∑

n=0

(−1)nx2(n+1)

n + 1

= x2 −
x4

2
+

x6

3
−

x8

4
+ · · ·

9õ,, Hp x = 1 D x = −1, Ì)>��b

∞∑
n=0

(−1)n

n + 1

1;W>��b�ì¶, ÑY斂, ]ì2域

D = [−1,1]

ªŸl\	}í4�bÖ|s_端õ.

(f) ÄÑu°J 0 Ñ2-í4�b, /Ÿ�

ex + e−x

2
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uNbƒbí¯ADû†«�í[ý�, ];W4�b?

ªd¯ADû†«�í4”, %âNbƒbí4�b[ý

�, dú@í«�¹ª, ?¹, íl, ø −x Hp

ex =
∞∑

n=0

xn

n!

= 1 + x +
x2

2!
+

x3

3!
+

x4

4!
+ · · ·

1“�cÜ, )

e−x =
∞∑

n=0

(−1)nxn

n!

= 1− x +
x2

2!
−

x3

3!
+

x4

4!
− · · ·

QO, ø,ù�ó‹1ÎJ 2, Ê奇ŸjáÑæU, ó�

J¾-, }äÑsIíXŸjá, 1%â“�cÜ, )

ex + e−x

2
=

1

2

(
2 · 1 + 2 ·

x2

2!
+ 2 ·

x4

4!

+2 ·
x6

6!
+ · · ·

)

= 1 +
x2

2!
+

x4

4!
+

x6

6!
+ · · ·

=
∞∑

n=0

x2n

(2n)!
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ÄÑ ex í4�b[ý�íì2域

D = (−∞,∞)

]%â¯A«�J£û†«�í4�b[ý�íì2域?

Ñ

D = (−∞,∞)

Ä¤, [AJ 0 Ñ2-í4�bv,

ex + e−x

2
=

∞∑
n=0

x2n

(2n)!
, −∞ < x < ∞

*3æ 1. t„ùá�b

(1 + x)k = 1 +
∞∑

n=1

(
k

n

)
xn, −1 < x < 1

w2 k ÑL<õb, /(
k

n

)
=

k(k − 1)(k − 2) · · · (k − n + 1)

n!

Ñ�2íùá[b.

*3æ 2. tø-�®ƒb[ýAJ#ìí c Ñ2-í

4�b.
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(a)
1√

1 + x
, (c = 0)

(b)
1

3√1 + x
, (c = 0)

(c) 3
√

1 + x, (c = 0)

(d)
√

1− x2, (c = 0)

(e)
1

x + 2
, (c = 1)

(f)
1

1 + x
, (c = 2)
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