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單元 45: 偏導函數
({… §7.4)

ø. ì2

IÂ‰bƒb z = f(x, y), †

(1) ú x íø階Rûƒb

∂z

∂x

def
= lim

∆x→0

f(x + ∆x, y)− f(x, y)

∆x

?¹, Ê x Z‰, /固ì y, eÑ�b-, z ú x í

瞬È‰“率.

(2) ú y íø階Rûƒb

∂z

∂y

def
= lim

∆y→0

f(x, y + ∆y)− f(x, y)

∆y

?¹, Ê y Z‰, /固ì x, eÑ�b-, z ú y í

瞬È‰“率.

ù. 符U
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UàíRûƒb符UÑ

(1) z ú x íø階RûƒbÑ

∂z

∂x
= fx(x, y) = zx =

∂

∂x
[f(x, y)]

(2) z ú y íø階RûƒbÑ

∂z

∂y
= fy(x, y) = zy =

∂

∂y
[f(x, y)]

(3) Ê (a, b) íMÑ

∂z

∂x

∣∣∣∣
(a,b)

= fx(a, b)

J£

∂z

∂y

∣∣∣∣∣
(a,b)

= fy(a, b)

ú. Ç$,í<2

éNkÀ‰bíûƒb, Rûƒb?Ö�~(é率í<2,

à-述.
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(1) ú x íRûƒb

fx(x, y0) = lim
∆x→0

f(x + ∆x, y0)− f(x, y0)

∆x

4[ýø y = y0 固ì, 1Ê z = f(x, y) íÇ$

D鉛垂�Þ y = y0 F>Õ|í曲Þi(,, °’(

é率í”Ì, àÇý. Ä¤, Ê�S<2,, ú x í

Rûƒb fx(x, y0) 4[ý¬õ (x, y0, f(x, y0)),

Ê x-j²í~(é率.

(2) 根Wì2, ú y íRûƒb

fy(x0, y) = lim
∆y→0

f(x0, y + ∆y)− f(x0, y)

∆y

4[ýø x = x0 固ì, 1Ê z = f(x, y) íÇ$

D鉛垂�Þ x = x0 F>Õ|í曲Þi(,, °’(

é率í”Ì, àÇý. Ä¤, Ê�S<2,, ú y í

Rûƒb fy(x0, y) 4[ý¬õ (x0, y, f(x0, y)),

Ê y-j²í~(é率.

W 1. t°

f(x, y) = xex2y + ln(2x + y)

íø階Rûƒb, 1°Êõ (1, ln 2) íM.
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<j> (a) e y Ñ�b, ú x �}, 1根W�}í
¶

d†, NbƒbDúbƒbí�}t�, ) f ú x íø

階Rûƒb

fx(x, y)

= x
∂

∂x

[
ex2y

]
+ ex2y ∂

∂x
[x] +

∂

∂x
[ln(2x + y)]

= x · ex2y · 2xy + ex2y · 1 +
1

2x + y
· 2

= (2x2y + 1)ex2y +
2

2x + y

(b) e x Ñ�b, ú y �}, 1根WNbƒbDúbƒ

bí�}t�, ) f ú y íø階Rûƒb

fy(x, y) = x
∂

∂y

[
ex2y

]
+

∂

∂y
[ln(2x + y)]

= x · ex2y · x2 +
1

2x + y
· 1

= x3ex2y +
1

2x + y

(c) ø (1, ln 2) }�Hp,述°)ís_Rûƒb, )

fx(1, ln 2) = (2 ln 2 + 1)eln 2 +
2

2 + ln2

= 2(2 ln 2 + 1) +
2

2 + ln2
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J£

fy(1, ln 2) = eln 2 +
1

2 + ln2
= 2 +

1

2 + ln2

W 2. t°曲Þ

z = f(x, y) = −
x2

2
− y2 +

25

8

,, ¬õ (1/2,1,2), Ê x-j²D y-j²íé率.

<j> 根WRûƒbí�S<2, ¬õ (1/2,1,2), Ê

x-j²D y-j²íé率}�Ñø階RûƒbÊ (1/2,1)

íM. íl, e y Ñ�b, ú x �}, )

fx(x, y) = −x

], Ê x-j²íé率Ñ

fx

(
1

2
,1

)
= −x

∣∣∣
(1/2,1)

= −
1

2

QO, e x Ñ�b, ú y �}, )

fy(x, y) = −2y

], Ê y-j²íé率Ñ

fy

(
1

2
,1

)
= −2y

∣∣∣
(1/2,1)

= −2
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W 3. Iß¹ 1 í銷»¾Ñ x1, »gÑ p1, /ß¹ 2
í銷»¾Ñ x2, »gÑ p2, ˚¤ùß¹Ñ

(1) �^型ß¹ (complementary products), J

x1 ↑ 4óçk x2 ↑, C x2 ↓ 4óçk x1 ↓, à

錄	œD錄	�.

(2) 替H型ß¹ (substitute products), J x1 ↑ 4

óçk x2 ↓, C x2 ↑ 4óçk x1 ↓, à錄	œD

m碟œ.

q

x1 = 150− 2p1 −
5

2
p2

/

x2 = 350−
3

2
p1 − 3p2

t‡i¤ùß¹íÉ[, ?¹, Ñ�^型ß¹C替H型ß

¹.

<j> ø p1 固ì, ú p2 �}, )ß¹ 1 í銷»¾ x1
úß¹ 2 í»g p2 í‰“率

∂x1

∂p2
= −

5

2
< 0
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QO, 根W‰“率í<2, â¤û|, ç p2 ↑ v, x1 ↓.
¢根W�…, ç p2 ↑ v, ?}û_ x2 ↓. Ä¤, )

x1 ↓ ⇔ x2 ↓

?¹, �Ñ�^型ß¹.

Cø p2 固ì, ú p1 �}, )ß¹ 2 í銷»¾ x2 úß

¹ 1 í»g p1 í‰“率

∂x2

∂p1
= −

3

2
< 0

1â¤û|, ç p1 ↑ v, x2 ↓. ¢ç p1 ↑ v, ?}û

_ x1 ↓. Ä¤, )

x2 ↓ ⇔ x1 ↓

], ¤ùß¹Ñ�^型ß¹.

û. Ö‰bƒbíø階Rûƒb

Iú‰bƒb w = f(x, y, z), † w ú x íø階Rû

ƒb

∂w

∂x

def
= lim

∆x→0

f(x + ∆x, y, z)− f(x, y, z)

∆x

?¹, Ê x Z‰, 固ì y D z, eÑ�b-, w ú x í

瞬È‰“率.
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°Ü, ªì2 w ú y íø階Rûƒb

∂w

∂y

def
= lim

∆y→0

f(x, y + ∆y, z)− f(x, y, z)

∆y

?¹, Ê y Z‰, 固ì x D z, eÑ�b-, w ú y í

瞬È‰“率, J£ w ú z íø階Rûƒb

∂w

∂z

def
= lim

∆z→0

f(x, y, z + ∆z)− f(x, y, z)

∆z

?¹, Ê z Z‰, 固ì x D y, eÑ�b-, w ú z í

瞬È‰“率.

°Ü, ?ªì2ú_‰bJ,íÖ‰bƒbíø階Rûƒ

b.

W 4. t°

w = xexy+2z

íø階Rûƒb.

<j> ú x �}, e y D z Ñ�b, 1根W�}í
¶

d†J£Nbƒbí�}t�, ) w ú x íø階Rûƒ

b

∂w

∂x
= x ·

∂

∂x

[
exy+2z

]
+ exy+2z ·

∂

∂x
[x]

= x · exy+2z · y + exy+2z · 1
= (xy + 1)exy+2z
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QO, ú y �}, e x D z Ñ�b, 1根WNbƒbí

�}t�, ) w ú y íø階Rûƒb

∂w

∂y
= x ·

∂

∂y

[
exy+2z

]
= x · exy+2z · x = x2exy+2z

|(, ú z �}, e x D y Ñ�b, 1根WNbƒbí

�}t�, ) w ú z íø階Rûƒb

∂w

∂z
= x ·

∂

∂z

[
exy+2z

]
= x · exy+2z · 2 = 2xexy+2z

ü. ò階Rûƒb

q z = f(x, y), †Â‰bƒb f(x, y) íù階Rûƒb

ì2Ñø階Rûƒb}�yú x D y °ø階Rûƒb,

?¹, f ú x D x íù階RûƒbÑ

∂

∂x

[
∂f

∂x

]
pA
=

∂2f

∂x2
C
= fxx

J£ f ú x D y íù階RûƒbÑ

∂

∂y

[
∂f

∂x

]
pA
=

∂2f

∂y∂x

C
= fxy
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°Ü, f ú y D x íù階RûƒbÑ

∂

∂x

[
∂f

∂y

]
pA
=

∂2f

∂x∂y

C
= fyx

J£ f ú y D y íù階RûƒbÑ

∂

∂y

[
∂f

∂y

]
pA
=

∂2f

∂y2
C
= fyy

°Ü, ªì2ú階, û階, . . . �ò階íRûƒb.

註. ù階Rûƒbí符UFH[í�}Ÿ序, 4uâ|靠

¡ f í‰bÇá, 逐ŸË�}.

W 5. t°

f(x, y, z) = yex + x ln z

íù階Rûƒb.

<j> 根Wù階Rûƒbíì2, Ûl°|ø階Rûƒb,
yúø階Rûƒb�}, nª)|ù階Rûƒb. ], í

lú x �}, e y D z Ñ�b, 1根WNbƒbDúb

ƒbí�}t�, )

fx = y ·
∂

∂x
[ex] + ln z ·

∂

∂x
[x] = yex + ln z
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°Ü, ú y �}, e x D z Ñ�b, )

fy = ex ·
∂

∂y
[y] + x ln z ·

∂

∂y
[1] = ex

/ú z �}, e x D y Ñ�b, 1根Wúbƒbí�}

t�, )

fz = yex ·
∂

∂z
[1] + x ·

∂

∂z
[ln z] =

x

z

QO, ø fx y}�ú x, y, D z �}, )ù階Rûƒb

fxx =
∂

∂x
[yex + ln z] = yex

/

fxy =
∂

∂y
[yex + ln z] = ex

J£

fxz =
∂

∂z
[yex + ln z] =

1

z

°Ü, ø fy }�ú x, y, D z �}, )ù階Rûƒb

fyx =
∂

∂x
[ex] = ex

/

fyy =
∂

∂y
[ex] = 0
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J£

fyz =
∂

∂z
[ex] = 0

|(, ø fz }�ú x, y, D z �}, )ù階Rûƒb

fzx =
∂

∂x

[
x

z

]
=

1

z

/

fzy =
∂

∂y

[
x

z

]
= 0

J£

fzz =
∂

∂z

[
x

z

]
= −

x

z2

Ä¤, u) 32 = 9 _ù階Rûƒb.
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