
˚^�	}(�Í, 100��ø‚) Àj 28: úbƒbíûƒb

單元 28: 對數函數的導函數
({… §4.5)

ø. AÍúbƒbíûƒb

ÄÑ ex D lnx �Ñ¥ƒb, ]úk x > 0,

elnx = x

øs邊ú x �}, )

d

dx
[elnx] =

d

dx
[x] (1)

QO, ;WAÍNbƒbíûƒbt�

d

dx
[eu] = eu ·

du

dx

â (1) �, )

elnx ·
d

dx
[lnx] = 1

?óçk

x ·
d

dx
[lnx] = 1

], s邊°Î x, )

d

dx
[lnx] =

1

x
(2)
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¢q u Ñ x íª�ƒb, †;W©鎖d†£ (2) �, )

d

dx
[lnu] =

d

du
[lnu] ·

du

dx

=
1

u
·
du

dx

=
1

u
· u′

!�: q u Ñ x íª�ƒb. †

(1) úkAÍúbƒb,

d

dx
[lnx] =

1

x

?¹, AÍúbíûƒbÿuA‰bí顛Jb.

(2) úkAÍúbƒbDª�ƒbí¯Aƒb,

d

dx
[lnu] =

1

u
·
du

dx
=

1

u
· u′

?¹, AÍúb¯Aƒbíûƒbÿuq¶ƒbí顛

Jb
Jq¶ƒbíûƒb.

W 1. t°-�®ƒbíûƒb.
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(a) f(x) = ln(2x2 + 4)

(b) g(x) = x lnx

(c) h(x) = ln
√

3x + 1

(d) k(x) = ln

x(x2 + 1)2√
2x3 + 1



<j> (a) ÄÑ f ÑAÍúbƒbí¯Aƒb, ];W

,述!� (2) ít�, )

f ′(x) =
1

2x2 + 4
· (2x2 + 4)′

=
4x

2x2 + 4

(b) ;W
¶d†J£AÍúbƒbíûƒbt�, )

g′(x) = (x)′ lnx + x(lnx)′

= (1) lnx + x

(
1

x

)
= lnx + 1
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(c) íl, ;Wúb
ø h Z寫Ñ

h(x) = ln(3x + 1)1/2 =
1

2
ln(3x + 1)

à¤ª避nòQ�}v, }àƒœ複雜í�2冪Ÿd†J

£“�¬˙.

QO, ;W�b
¶d†J£AÍúb¯Aƒbíûƒb

t�, )

h′(x) =
1

2
·

1

3x + 1
· (3x + 1)′

=
3

2(3x + 1)

(d) íl, ;Wúb
Z寫, )

k(x) = ln[x(x2 + 1)2]− ln(2x3 + 1)1/2

= lnx + 2 ln(x2 + 1)−
1

2
ln(2x3 + 1)

Ä¤, 逐á�}1;WAÍNbƒbíûƒbt�, )

k′(x) =
1

x
+ 2 ·

1

x2 + 1
(x2 + 1)′ −

1

2
·

1

2x3 + 1
· (2x3 + 1)′

=
1

x
+

4x

x2 + 1
−

3x2

2x3 + 1
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註. W 1 (d) üæí“��w.b, ´†òQ�}v}

àƒœ複雜íÎ¶d†, �2冪Ÿd†, 7ßÞ繁瑣J£

ñq錯誤í¬˙, ~AWtt. ;WW 1 (c) D (d) ü

æí%ð, ÊTÜAÍúb¯Aƒbí�}v, JªW, †

�.bl;Wúb
“�, y�}, ~p.

W 2. t繪ƒb

f(x) = x2 − lnx

íÇ$.

<j> íl, ƒb f íì2域Ñ x > 0, ÄÑ f í A

¶} lnx íì2域Ñ x > 0.

(i) ç x â¬L<靠¡ 0 v,

lim
x→0+

f(x) = lim
x→0+

(x2 − lnx)

= 0− ln 0+

= 0− (−∞) =∞

], ;Wì2, )

x = 0

Ñø垂òÚ¡(.
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(ii) °óú”M. ;WAÍúbƒbíûƒbt�, ú x

�}1“�, )

f ′(x) = 2x−
1

x
=

2x2 − 1

x

�øé@äb: f ′ = 0, ?óçk}ä

2x2 − 1 = 0

)

x2 =
1

2

],

x = ±
1√
2

(Š.¯)

ÄÑì2域Ñ x > 0.

Ì�ùé@äb, ÄÑ f ′ Ê f íì2域 x > 0 ,0ì

2.

ð„: ;WF)íø_@äb, )ù_ä–ÈJ£ f ′ Ê

©_ä–Èí符U, à-述£Çý.

(
0, 1√

2

)
: f ′ = (−)

(+) = (−), 遞Á.
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(
1√
2
,∞

)
: f ′ = (+)

(+) = (+), 遞Ó.

], f Ê x = 1√
2

�óú”üM, ?Ñ"ú|üM,

f

(
1√
2

)
=

(
1√
2

)2

− ln

(
1√
2

)

=
1

2
− ln 1 +

1

2
ln 2

=
1

2
+

1

2
ln 2

w2�ú_�UA
4ÄÑ

ln 1 = 0

F_.

(iii) °¥�õ. yú x �}, )

f ′′(x) = 2 +
1

x2

ÄÑÊ f íì2域 x > 0 ,, f ′′ 0ì2/Ñ£, ]Ì

�øé£�ùé¥�`²õ, 7Ì¥�õ. ¢ f ′′ 0Ñ£,
] f 0Ñ,凹.

(iv) ·õD©!. ·|F°)í"ú|üM, 繪|垂òÚ

¡( x = 0, 1ø f ′ D f ′′ í符U}�™pÊ x 軸í
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,jD-j, y逐ŸËâ˝B¬, Ê©_ä–È,, ;W遞

Ó遞Á4J£凹4, 繪|ú@í�(, 1©!F·|íõ,

à-述£Çý.(
0, 1√

2

)
: f ′ = (−), f ′′ = (+), 遞Á/,凹.

(
1√
2
,∞

)
: f ′ = (+), f ′′ = (+), 遞Ó/,凹.

Ä¤, ) f íÇ$, àÇý.

ù. w它�bíNbDúbƒb

q a > 0 / a 6= 1.

Nbƒb

ax

Ñøúøƒb, ]�¥ƒb, 1˚¤¥ƒbÑ, J a Ñ�

bíúbƒb, /[ýA

loga x

?¹,

loga x = b ⇔ ab = x
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àÇý.

(i) 4”. ;W ax D loga x �Ñ¥ƒb, )

(1) úk x > 0,

aloga x = x

(2) úk −∞ < x < ∞,

loga ax = x

Wà,

log2 8 = log2 23 = 3

/

log10

(
1

10

)
= log10 10−1

= −1

J£

log3 81 = log3 34 = 4

(ii) ²�t�. ø�b a ²A�b e ít�Ñ
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(1) Nbƒb:

ax = e(ln a)x

(2) úbƒb:

loga x =
lnx

ln a

ÑSà¤? ;W ex D lnx �Ñ¥ƒb, ]l¦úby

¦Nb, ªó�J銷, )

ax = eln ax

y;Wúb
“�,�í�U¬邊, )

ax = ex ln a = e(ln a)x

àF°.

;W ax D loga x �Ñ¥ƒb, )

aloga x = x

ø,�s邊°¦ ln, 1;Wúb
“�, )

lnx = ln aloga x

= (loga x) ln a
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|(, ø,�s邊°Î ln a, )

loga x =
lnx

ln a

àF°.

Wà,

log2 3 =
ln3

ln 2
≈ 1.585

/

log3 6 =
ln6

ln 3
≈ 1.631

J£

log16 0.25 =
ln0.25

ln 16

=
ln2−2

ln 24
=
−2 ln 2

4 ln 2
= −

1

2

ú. ø般NbDúbƒbíûƒb

q u Ñ x íª�ƒb, J£ a > 0 / a 6= 1, †

(1) �bÑ a íNbƒb:

d

dx
[ax] = (ln a)ax
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/

d

dx
[au] = (ln a)au ·

du

dx

?¹, Nbƒbíûƒb´u�øáÑƒb…™, O

b
, ln a; JÑ¯Aƒb, †Ûy
,q¶ƒbí

ûƒb u′.

(2) �bÑ a íúbƒb:

d

dx
[loga x] =

(
1

ln a

)
1

x

/

d

dx
[loga u] =

(
1

ln a

)
1

u
·
du

dx

?¹, úbƒbíûƒb´u�øáÑ顛Jb, Ob

Î, ln a; JÑ¯Aƒb, †Ûy
,q¶ƒbíû

ƒb u′.

ÑSà¤?

(1) íl, ;WNbƒbí²�t�,

ax = e(ln a)x
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y;WAÍNb¯Aƒbíûƒbt�J£²�t�, ø

,�s邊ú x �}, )

d

dx
[ax] =

d

dx
[e(ln a)x]

= e(ln a)x ·
d

dx
[(ln a)x]

= ax · ln a = (ln a)ax

)„.

|(, ;W©鎖d†J£,�, )

d

dx
[au] =

d

du
[au] ·

du

dx

= (ln a)au ·
du

dx

àF°.

(2) íl, ;Wúbƒbí²�t�,

loga x =
lnx

ln a

y;W�b
¶d†J£AÍúbƒbíûƒbt�, ø

,�s邊ú x �}, )

d

dx
[loga x] =

d

dx

[
lnx

ln a

]
=

1

ln a
·

d

dx
[lnx] =

(
1

ln a

)
1

x
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)„.

|(, ;W©鎖d†J£,�, )

d

dx
[loga u] =

d

du
[loga u] ·

du

dx

=
(

1

ln a

)
1

u
·
du

dx

àF°.

W 3. t°-�®ƒbíûƒb.

(a) f(x) = log5(x
2 + 6x)

(b) g(x) = 65x2+2x

(c) h(x) = x31−x

<j> (a) ÄÑ f u�bÑ 5 íúb¯Aƒb, ];W

ø般úbƒbíûƒbt�,

f ′(x) =
(

1

ln 5

)
1

x2 + 6x
· (x2 + 6x)′

=
(

1

ln 5

)
2x + 6

x2 + 6x
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(b) ÄÑ g u�bÑ 6 íNb¯Aƒb, ];Wø般N

bƒbíûƒbt�,

g′(x) = (ln 6)65x2+2x · (5x2 + 2x)′

= (ln6)65x2+2x · (10x + 2)

= 2(ln 6)(5x + 1)65x2+2x

(c) ;W
¶d†J£ø般Nbƒbíûƒbt�, )

h′(x) = (x)′31−x + x(31−x)′

= (1)31−x + x · (ln 3)31−x(1− x)′

= 31−x + x · (ln 3)31−x(−1)

= [1− (ln 3)x]31−x
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