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單元 28: Gamma 機率分布
({… §4.6)

¬偏斜 (right-skewed) œ0}Óí pdf íÇ$à-,

Ô徵Ñ: ×¶}Þ	PkŸõË¡, ÓO

y ↑

ú@í

pdf 漸漸 ↓

w2øéªàk模�“: 飛œù擎í]障È隔vÈ, 顧î

íÈ隔vÈ, 汽š�^vÈ, . . . �, ˚T gamma œ0

}Ó, £�ì2à-:

ì2 1. Y ∼ gamma(α, β), α > 0, β > 0, J/

ÑJ Y í pdf

f(y) =

 yα−1e−y/β

βαΓ(α) , 0 ≤ y < ∞
0, w…

w2

Γ(α) =
∫ ∞
0

yα−1e−y dy

註 1. Γ(α) Ñ�øí gamma 函b, 4”à-:
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(1) Γ(1) = 1, ÄÑ根W gamma 函bíì2,

Γ(1) =
∫ ∞
0

e−y dy

= −e−y
∣∣∣∞
0

= 1− e−∞ = 1

(2) 針ú α > 1, Γ(α) = (α− 1)Γ(α− 1), ÄÑ根

W gamma 函bíì2,

Γ(α) =
∫ ∞
0

yα−1e−y dy (1)

QO根W}¶	}, I

u = yα−1 ⇒ du = (α− 1)yα−2dy

dv = e−ydy ⇒ v = −e−y

â (1) �ª)

Γ(α) = uv −
∫

vdu

= −yα−1e−y
∣∣∣∞
0

+
∫ ∞
0

(α− 1)yα−2e−y dy

= − lim
y→∞

yα−1

ey
+

(α− 1)
∫ ∞
0

y(α−1)−1e−y dy

= 0 + (α− 1)Γ(α− 1) (ÄÑ α− 1 > 0)

= (α− 1)Γ(α− 1)
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(3) 針ú£cb n, Γ(n) = (n− 1)!, ÄÑ根W (1)
D (2),

Γ(n) = (n− 1)Γ(n− 1)

= (n− 1)(n− 2)Γ(n− 2)
...

= (n− 1)(n− 2) · · · (1)Γ(1)

= (n− 1)!

註 2. α =1, 2, 4 / β = 1 í gamma pdf íÇ

$à-.

.°í α }ßÞ.°í�態 (shape), ]˚¡b α Ñ

�態¡b (shpae parameter).

q Y ∼ gamma(α, β), † cY , c > 0 (�b), uø

�¾值í�� (scale) [× c 倍, 7¤v cY YÍÑø

gamma }Ó, w�態¡bYÍÑ α („‰), O卻�.

°í β 值 (¤!‹&„), ]˚¡b β Ñ��¡b

(scale parameter), ?即, β íZ‰}�ú@��í

Z‰.

註 3. J α Ñcb, Y ∼ gamma(α, β) í cdf (}

Ó函b) ª[A某Ôìí卜松œ0í¸ (¡õ3æ
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4.99), ]ª°|öü值 (closed-form). J α .Ñ

cb, / 0 < a < b < ∞ v,

P (a ≤ Y ≤ b) =
∫ b

a

yα−1e−y/β

βαΓ(α)
dy

íêc� (closed-form) .ª?°), Ä¤ÛŒ[°w

¡N值.

ìÜ 4.8. q Y ∼ gamma(α, β), †‚�值

µ = E(Y ) = αβ

/‰æb

σ2 = Var(Y ) = αβ2

<„> 根W‚�值íì2,

E(Y ) =
∫ ∞
−∞

yf(y) dy

=
∫ ∞
0

y

(
yα−1e−y/β

βαΓ(α)

)
dy

=
1

βαΓ(α)

∫ ∞
0

yαe−y/β dy

=
1

βαΓ(α)
· βα+1Γ(α + 1)

= β ·
αΓ(α)

Γ(α)
= αβ
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,�2�û_�UA
4ÄÑ gamma(α, β) í pdf

íêc	}Ñ 1, ?即∫ ∞
0

yα−1e−y/β

βαΓ(α)
dy = 1

/ªâ¤û|∫ ∞
0

yα−1e−y/β dy = βαΓ(α) (2)

|(, y根W (2) �ªû|∫ ∞
0

yαe−y/β dy =
∫ ∞
0

y(α+1)−1e−y/β dy

= βα+1Γ(α + 1)

¢根WÓœ‰b函bí‚�值t�J£ (2) �,

E(Y 2) =
∫ ∞
0

y2yα−1e−y/β

βαΓ(α)
dy

=
1

βαΓ(α)

∫ ∞
0

yα+1e−y/β dy

=
1

βαΓ(α)
· βα+2Γ(α + 2)

= β2 ·
(α + 1)αΓ(α)

Γ(α)

= α(α + 1)β2
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Ä¤,

Var(Y ) = E(Y 2)− [E(Y )]2

= α(α + 1)β2 − α2β2

= β2(α2 + α− α2)

= αβ2

Gamma }ÓÓœ‰bí 2 ÔW:

ÔWø.

ì2 2. I ν Ñø£cb.

Y ∼ χ2(ν)

˚TAâ�Ñ ν í卡j}Ó (Chi-square

distribution with ν degree of freedom), J/Ñ

J

Y ∼ gamma(ν/2, 2)

?即,

α = ν/2, β = 2

í gamma }ÓÿuAâ�Ñ ν í卡j}Ó.
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ìÜ 4.9. J Y ∼ χ2(ν), †‚�值

µ = E(Y ) = ν

/‰æb

σ2 = Var(Y ) = 2ν

<„> íl, 根W卡j}Óíì2,

Y ∼ χ2(ν)

∼ gamma(ν/2, 2)

Ä¤, âìÜ 4.8 )‚�值

E(Y ) =
ν

2
· 2 = ν

J£‰æb

Var(Y ) =
ν

2
· 22 = 2ν

ÔWù.

ì2 3. I β > 0.

Y ∼ exp(β)
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˚T¡bÑ β íNb}Ó, J/ÑJ

Y ∼ gamma(1, β)

?即, α = 1 í gamma }Óÿu¡bÑ β íNb}

Ó, w pdf

f(y) =

{
1
βe−y/β, y ≥ 0

0, w…

ìÜ 4.10. q Y ∼ exp(β), †‚�值

µ = E(Y ) = β

/‰æb

σ2 = Var(Y ) = β2

<„> 根WNb}Óíì2,

Y ∼ exp(β) ∼ gamma(1, β)

Ä¤, âìÜ 4.8 )

E(Y ) = 1 · β = β

/

Var(Y ) = 1 · β2 = β2
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註 1. Nb}Óí “Ìp憶4”” (memoryless
property): q Y ∼ exp(β). †úL<í a > 0,
b > 0,

P (Y > a + b|Y > a) = P (Y > b)

?即, “某零K˛à7 a _ÀPvÈ, ªyàBý b _À

PvÈíœ}” D “øh零KªàBý b _ÀPvÈí

œ}” øš, à°ª忽I˛%¬59, 像Ìp憶ø般, à

ÇFý. ]�¤�Ìp憶4”í零K, à\Ôá, í?·

ÿªàNbÓœ‰模�“.

<„> íl根W‘Kœ0íì2,

P (Y > a + b|Y > a)

=
P ((Y > a + b) ∩ (Y > a))

P (Y > a)
(3)

ÄÑ

Y > a + b ⇒ Y > a

]

(Y > a + b) ⊆ (Y > a)

Ä¤, â (3) �, )

P (Y > a + b|Y > a) =
P (Y > a + b)

P (Y > a)
(4)
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¢úL<í c > 0,

P (Y > c) =
∫ ∞
c

1

β
e−y/β dy

= −e−y/β
∣∣∣∞
c

= e−c/β − e−∞

= e−c/β (5)

|(, â (4) �D (5) �, )

P (Y > a + b|Y > a) =
e−(a+b)/β

e−a/β

= e−b/β

= P (Y > b)

註 2. Ê×散}Ó2, �Ìp憶4”íÑ�S}Ó

(geometric distribution), ?即, q

Y ∼ geometric(p), †úL<ícb m > 0, n > 0,

P (Y > m + n|Y > m) = P (Y > n)

<„> íl, 根W‘Kœ0íì2J£ Y > m + n ⇒
Y > m, ª)

P (Y > m + n|Y > m) =
P (Y > m + n)

P (Y > m)
(6)
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¢úLøcb k ≥ 1,

P (Y > k) = P (‡Þ k ŸtðÌÜ敗)

= qk (7)

Ä¤, â (6) �D (7) �, )

P (Y > m + n|Y > m) =
qm+n

qm

= qn

= P (Y > n)

註 3. Nb}ÓD�S}Ó5Èíø�趣É[ (3æ

4.75): q Y ∼ exp(β). ì2

X
def
= k, J k − 1 ≤ Y < k, k = 1,2,3, . . .

†

P (X = k) = P (k − 1 ≤ Y < k)

=
∫ k

k−1

1

β
e−y/β dy

= −e−y/β
∣∣∣k
k−1

= e−(k−1)/β − e−k/β

=
(
e−1/β

)k−1 (
1− e−1/β

)
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k = 1,2,3, . . . ],

X ∼ geometric(1− e−1/β)

Dògó¯. ¤4ÄÑ根W X íì2,

X = ƒ零K;掉F%¬íÀPvÈb

¢根W Y íÌp憶4”,

ÊLøÀPvÈq零K;掉íœ0

=
∫ 1

0

1

β
e−y/β dy

(根WÌp憶4”)

= −e−y/β
∣∣∣1
0

= 1− e−1/β

], òg,

X ∼ geometric(1− e−1/β)
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