
œ0�(110,) Àj 52: D�G}ÓóÉí‚š}Ó

Àj 52: D�G}ÓóÉí‚š}Ó
({… §7.2)

ìÜ 7.1. JÓœš…

Y1, . . . , Yn
iid∼ N(µ, σ)

†$l¾ (š…‚�M)

Y =
1

n

n∑
i=1

Yi ∼ N(µ, σ/
√

n)

<„> ÄÑ

Y =
1

n
Y1 +

1

n
Y2 + · · · +

1

n
Yn

uÖ�GÓœ‰bí(4 ¯, ] Y u�G}Ó. ¢

E(Y ) =
n∑

i=1

1

n
µ =

1

n
(nµ) = µ

/

VarY =
n∑

i=1

(
1

n

)2
σ2 =

1

n2
(nσ2) =

σ2

n

Ä¤,

Y ∼ N

(
µ,

σ
√

n

)
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)„.

Å. ™Ä“ (�G“, normalizing), )

√
n

(
Y − µ

σ

)
=

Y − µ

σ/
√

n
∼ N(0,1)

W 1. qø_@œ\qìA©@í�Ì·p¾Ñ µ �−

/™ÄÏ σ Ñ 1 �−í�G}Ó. DÓœ²¦_ßí 9
@, wñ¾}�Ñ y1, . . . , y9, 1Iš…‚�M

y =
1

9
(y1 + · · · + y9)

(a) t°š…‚�MDöõ‚�M µ íÏÊ 0.3 �−

qíœ0.

(b) t½Û¦Ö×íš…J_kÏÏÊ 0.3 �−qí

œ0Ñ 0.95?

<j�> íl,

Y =
1

n

n∑
i=1

Yi ∼ N

(
µ,

σ
√

n

)
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] (a) ç n = 9 / σ = 1 1;W Z íú˚4,

P (|Y − µ| ≤ 0.3)

= P (−0.3 ≤ Y − µ ≤ 0.3)

= P

(
−

0.3

σ/
√

n
≤

Y − µ

σ/
√

n
≤

0.3

σ/
√

n

)
= P (−0.9 ≤ Z ≤ 0.9)

= 1 − 2P (Z > 0.9)

= 1 − 2(0.1841) = 0.6318

%âŒ[7), Câ

R : 1− 2 ∗ pnorm(−0.9)

ÄÑ

R : pnorm(y0) = P(Z ≤ y0)

l� Z í cdf.

(b) ç σ = 1, ° n U)

P (|Y − µ| ≤ 0.3)

= P

(
−0.3

√
n ≤

√
n

(
Y − µ

σ

)
≤ 0.3

√
n

)
= P (−0.3

√
n ≤ Z ≤ 0.3

√
n) = 0.95 (1)

â[ 4, )

P (Z > 1.96) = 0.025
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];W Z íú˚4,

P (−1.96 ≤ Z ≤ 1.96) = 1 − 2P (Z > 1.96)

= 1 − 2(0.025)

= 0.95 (2)

¯9 (1) �D (2) �, )

0.3
√

n = 1.96

Ä¤,

n =
(
1.96

0.3

)2
= 42.68

/¦ n = 43 )

P (|Y − µ| ≤ 0.3) ≥ 0.95

I�¬. C

R : 0.3
√

n = qnorm(0.975)

n = (qnorm(0.975)/0.3)ˆ2

ÄÑ p-th quantile

φp = qnorm(p)

<¹

P (Z ≤ φp) = p

l� inverse cdf íM, àÇý.
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ìÜ 7.2. JÓœš…

Y1, . . . , Yn
iid∼ N(µ, σ)

†

n∑
i=1

(
Yi − µ

σ

)2
∼ χ2(n)

˚TAâ�Ñ n íµj}Ó.

<„> ÄÑúk i = 1, · · · , n,(
Yi − µ

σ

)2
∼ χ2(1)

/ó�Ö, ])„.

Å. â[ 6, )

P (χ2(n) ≥ χ2
α) = α

àÇý. à, n = 10,

P (χ2(10) > 4.86518) = 0.90

Câ

R : pchisq(y0, n) = P (χ2(n) ≤ y0)
pT
= p

l� χ2(n) í cdf, ¹#ì y0, ° p.
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Ç p-th quantile

φp = qchisq(p, n)

àÇý, ¹

P (χ2(n) ≤ φp) = p

l� inverse cdf íM, ¹#ì p, ° φp.

W 2. I

Z1, . . . , Z6
iid∼ N(0,1)

t° b U)

P

 6∑
i=1

Z2
i ≤ b

 = 0.95

<j> íl, ;WìÜ 7.2 £æ<

6∑
i=1

Z2
i ∼ χ2(6)

]

P

 6∑
i=1

Z2
i ≤ b

 = P (χ2(6) ≤ b)

= 0.95
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4óçk

P (χ2(6) > b) = 1 − 0.95 = 0.05

â[ 6, )

P (χ2(6) > 12.5916) = 0.05

FJ, b = 12.5916. C

R : b = qchisq(0.95, 6)

ì2. š…‰æb

S2 =
1

n − 1

n∑
i=1

(Yi − Y )2

ªTÑ‚ñ‰æb σ2 íø_ß,l (ÌHk� 8 ı).

ìÜ 7.3 JÓœš…

Y1, . . . , Yn
iid∼ N(µ, σ)

†

1

σ2

n∑
i=1

(Yi − Y )2 =
(n − 1)S2

σ2
∼ χ2(n − 1)

/ Y D S2 ó�Ö.
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Å. âìÜ 7.2,

1

σ2

n∑
i=1

(Yi − µ)2 ∼ χ2(n)

O

1

σ2

n∑
i=1

(Yi − Y )2 ∼ χ2(n − 1)

Aâ�ý 1, ÄÑ µ \˛øí Y ¦H.

<„> c5? n = 2 í8”. (øOí8”, c*3æ
13.93.)

(i)
(n − 1)S2

σ2
∼ χ2(n − 1): ç n = 2,

Y =
1

2
(Y1 + Y2)

/

S2 =
1

2 − 1

2∑
i=1

(Yi − Y )2

=
[
Y1 −

1

2
(Y1 + Y2)

]2
+

[
Y2 −

1

2
(Y1 + Y2)

]2
=

[
1

2
(Y1 − Y2)

]2
+

[
1

2
(Y2 − Y1)

]2
= 2

[
1

2
(Y1 − Y2)

]2
=

(Y1 − Y2)
2

2
(3)
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¢

(n − 1)S2

σ2
=

S2

σ2
=

(Y1 − Y2)
2

2σ2

=

(
Y1 − Y2√

2σ

)2

(4)

ÄÑ

Y1, Y2
iid∼ N(µ, σ)

]

Y1 − Y2 ∼ N(0,
√

2σ)

Ä¤

Y1 − Y2√
2σ

∼ N(0,1) (5)

/â (4) D (5) �,

(n − 1)S2

σ2
=

(
Y1 − Y2√

2σ

)2

∼ χ2(1)

)„.

(ii) Y D S2 ó�Ö: âÀj 49, W 1 ø,

U1 = Y1 + Y2

D

U2 = Y1 − Y2
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ó�Ö. ¢

Y =
Y1 + Y2

2
=

U1

2

/â (3) �

S2 =
(Y1 − Y2)

2

2
=

U2
2

2

}�cÑùó�Öí U1 D U2 2íø_ƒb, ]

Y D S2

ó�Ö.

W 3. /W 1 í_@œ½æ. DÓœ²¦ 10 @, 1l

� S2. t° b1 D b2 U)

P (b1 ≤ S2 ≤ b2) = 0.90

<j> íl, b1 D b2 ÛÅ—

P (b1 ≤ S2 ≤ b2)

= P

(
(n − 1)b1

σ2
≤

(n − 1)S2

σ2
≤

(n − 1)b2
σ2

)

= P

(
(n − 1)b1

σ2
≤ χ2(n − 1) ≤

(n − 1)b2
σ2

)
= 0.90
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¢â[ 6, ç n = 10, )

χ2
0.95 = 3.32511 D χ2

0.05 = 16.9196

àÇý. ], ç σ = 1, )

b1 =
3.3251

9
≈ 0.369

/

b2 =
16.9196

9
≈ 1.880

C

R : b1 = qchisq(0.05, 9)/9

D

b2 = qchisq(0.95, 9)/9

Ä¤, –È (0.369,1.880) °Q S2 íœ0Ñ 0.90,

øóç í–È.

ì2. I Z ∼ N(0,1) /5?Aâ�Ñ ν íµj}Ó

Óœ‰b χ2(ν). J Z D χ2(ν) ó�Ö, †ì2

T (ν) =
Z√

χ2(ν)/ν

1˚w}ÓÑAâ�Ñ ν í t }Ó.
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Å 1. J

Y1, . . . , Yn
iid∼ N(µ, σ)

†

√
n

(
Y − µ

S

)
∼ T (n − 1)

w2

S2 =
1

n − 1

n∑
i=1

(Yi − Y )2

<„> ÄÑ

Y ∼ N

(
µ,

σ
√

n

)
]

√
n

(
Y − µ

σ

)
∼ N(0,1)

¢âìÜ 7.3 ø,

(n − 1)
S2

σ2
∼ χ2(n − 1)

/

√
n

(
Y − µ

σ

)
D (n − 1)

S2

σ2
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ó�Ö, ¤4ÄÑ Y D S2 ó�Ö. Ä¤, â t }

Óíì2,
√

n(Y − µ)/σ√
(n − 1)S2/(σ2(n − 1))

=
√

n

(
Y − µ

S

)
∼ T (n − 1)

Å 2. N(0,1) D T (ν) íªœ:

(1) T (ν) í pdf

f(t) =

Γ(ν + 1)/2√
πνΓ(ν/2)


(
1 +

t2

ν

)−(ν+1)/2

w2 −∞ < t < ∞ (¡õ*3æ 7.98).

(2) ç ν > 1 v,

E(T ) = 0

/ç ν > 2 v,

Var(T ) =
ν

ν − 2
= 1 +

2

ν − 2

0×k 1, /Ñ ν í]Áƒb (¡õ*3æ 7.30).
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(3) âÇ$, N(0,1) œÕ2, T (ν) �œÖíœ0”¾

Ê®¶ (C˚�%×í®¶, fat tails).

Å 3. â[ 5,

P (T (ν) > tα) = α

àÇý.

Å 4. (i) J σ ˛ø, †Sà

√
n

(
Y − µ

σ

)
∼ N(0,1)

ú µ R�.

(ii) J σ „ø, †Sà

√
n

(
Y − µ

S

)
∼ T (n − 1)

ú µ R�.

W 4. J/À˘(í

…"#� (tensile strength) ∼ N(µ, σ)
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w2 µ D σ Ì„ø. Óœ²¦ 6 ¨À˘(1I Yi Ñ

� i ¨í…"#�, i = 1, . . . ,6. †

µ ≈ Y , σ2 ≈ S2

/

σ2
Y

=
σ2

n
≈

S2

n

t° Y Dö£‚ñ‚�M µ íÏÊ 2 S√
n

_ÀPqíœ

0.

<j> âæ<DÅ 1, Ê n = 6 v, Û°

P

(
|Y − µ| ≤ 2

S
√

n

)

= P

(
−2 ≤

√
n

(
Y − µ

S

)
≤ 2

)
= P (−2 ≤ T (n − 1) ≤ 2)

= P (−2 ≤ T (5) ≤ 2)

â[ 5, )

P (T (5) > 2.015) = 0.05

]

P (−2.015 ≤ T (5) ≤ 2.015) = 1 − 2(0.05)

= 0.90
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Ä¤,

P

(
|Y − µ| ≤ 2

S
√

n

)
= P (−2 ≤ T (5) ≤ 2)

≤ 0.90

Iü. C

R : pt(2, 5) − pt(−2, 5)

C

1− 2 ∗ pt(−2, 5)

Å. J σ ˛ø,

P

(
|Y − µ| ≤ 2

σ
√

n

)

= P

(
−2 ≤

√
n

(
Y − µ

σ

)
≤ 2

)
= P (−2 ≤ Z ≤ 2)

= 1 − 2P (Z > 2)

= 1 − 2(0.0228)

= 0.9544 > P

(
|Y − µ| ≤ 2

S
√

n

)
= P (−2 ≤ T (5) ≤ 2)

DÅ 2 ø_, ÄÑ Z œÕ2.
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I

X1, . . . , Xn1
iid∼ N(µ1, σ1)

¹â‚ñ 1 F)íÓœš…, /

Y1, . . . , Yn2
iid∼ N(µ2, σ2)

¹â‚ñ 2 F)íÓœš….

½. àSªœ σ2
1 D σ2

2?

�. ø_òhíT¶Ñ, â X1, . . . , Xn1 )

S2
1 ≈ σ2

1

/â Y1, . . . , Yn2 )

S2
2 ≈ σ2

2

15? S2
1/S2

2. OyßíT¶Ñ5?

S2
1/σ2

1

S2
2/σ2

2

=

(
σ2
2

σ2
1

) (
S2
1

S2
2

)
¹D®A‰æbóª(íªM, /w}ÓÑAâ�Ñ

(n1 − 1) D (n2 − 1) í F -}Ó, 1pT(
σ2
2

σ2
1

) (
S2
1

S2
2

)
∼ F (n1 − 1, n2 − 1)
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ì2. 5?Óœ‰b χ2
1(ν1) D χ2

2(ν2). J χ2
1(ν1)

D χ2
2(ν2) ó�Ö, †ì2

F (ν1, ν2) =
χ2
1(ν1)/ν1

χ2
2(ν2)/ν2

1˚w}ÓÑ (}ä) Aâ�Ñ ν1 / (}‚) Aâ�Ñ

ν2 í F -}Ó.

Å 1. J

X1, . . . , Xn1
iid∼ N(µ1, σ1)

J£

Y1, . . . , Yn2
iid∼ N(µ2, σ2)

/…bó�Ö, †

(n1 − 1)S2
1/σ2

1 ∼ χ2
1(n1 − 1)

/

(n2 − 1)S2
2/σ2

2 ∼ χ2
2(n2 − 1)

J£ S2
1 D S2

2 ó�Ö. ]â F }Óíì2,

(n1 − 1)S2
1/[σ2

1(n1 − 1)]

(n2 − 1)S2
2/[σ2

2(n2 − 1)]

=
S2
1/σ2

1

S2
2/σ2

2

∼ F (n1 − 1, n2 − 1)
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w2 n1 − 1 ˚T}äAâ�, n2 − 1 ˚T}‚Aâ�.

Å 2. â[ 7,

P (F (ν1, ν2) > Fα) = α

àÇý.

W 5. qâs_�ó°‚ñ‰æbí�G‚ñ2, }�¦

|×üÑ n1 = 6 D n2 = 10 íÓœš…. t° b U

)

P (S2
1/S2

2 ≤ b) = 0.95

<j> ÄÑ

σ2
1 = σ2

2

]

S2
1/σ2

1

S2
2/σ2

2

=
S2
1

S2
2

∼ F (5,9)

¢

P (S2
1/S2

2 ≤ b) = 0.95

óçk

P (S2
1/S2

2 > b) = 1 − 0.95 = 0.05
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Ä¤, â[ 7, )

P (F (5,9) > 3.48) = 0.05

/ b = 3.48. C

R : b = qf(0.95, 5, 9)
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