
bÜ$lø(100,) Àj 8: ø<�cí.R,l¾

單元 8: 一些常見的不偏估計量
({… §8.3)

£�°)ñ™¡bíõ,l¾íj¶詳述k��ı, ¤T

cJòh¶×Û某<,l¾à-.

1. q Y1, . . . , Yn Ñø×üÑ n íÓœš…/u°í‚

�M

E(Yi) = µ

J£‰æb

Var(Yi) = σ2

w2 i = 1, . . . , n, †ø_母ñ‚�M µ í,l¾ª²

Ñ

µ̂ = Y
def
=

1

n

n∑
i=1

Yi

/

E(µ̂) = µ

] µ̂ = Y u.Rí (unbiased). ¢,l¾í‰æb

σ2
µ̂

def
= Var(µ̂) =

σ2

n

) n 愈×, ,l¾‰æb σ2
µ̂ 愈ü.
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2. q X1, . . . , Xn Ñ n Ÿ Bernoulli tð/AŠœ

0Ñ p, †

Y
def
=

n∑
i=1

Xi ∼ binomial(n, p)

/ø_母ñª0 (proportion) p í,l¾ª²Ñ

p̂
def
=

Y

n
=

1

n

n∑
i=1

Xi

â¤)

E(p̂) = p

] p̂ = Y
n u.Rí (unbiased). ¢,l¾ p̂ í‰æ

b

σ2
p̂ =

pq

n

?u n 愈×, σ2
p̂ 愈ü.

3. q Y11, . . . , Y1n1
Ñø×üu n1 íÓœš…/u

°‚�M

E(Y1i) = µ1

J£‰æb

Var(Y1i) = σ2
1
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w2 i = 1, . . . , n1. ¢ Y21, . . . , Y2n2
Ñ×üu n2

íÓœš…/u°‚�M

E(Y2i) = µ2

J£‰æb

Var(Y2i) = σ2
2

w2 i = 1, . . . , n2. ¤Õ, ¤ùš…?ó�Ö
, †ø

_母ñ‚�Mí差

θ
def
= µ1 − µ2

í,l¾ª²Ñ

θ̂
def
= Y 1 − Y 2

w2 Y 1 = 1
n1

∑n1
i=1 Y1i / Y 2 = 1

n2

∑n2
i=1 Y2i. â

¤)

E(θ̂) = µ1 − µ2 = θ

] θ̂ = Y 1 − Y 2 u.Rí. ¢,l¾ θ̂ í‰æb

σ2
θ̂

=
σ2
1

n1
+

σ2
2

n2

?) n1 D n2 愈×, σ2
θ̂

愈ü.

4. q X11, . . . , X1n1
Ñ n1 Ÿí Bernoulli tð,

wAŠœ0Ñ p1. ¢ X21, . . . , X2n2
ÑÇø n2 Ÿí
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Bernoulli tð, wAŠœ0Ñ p2. ¤Õ, 它b5Èó

�Ö
, †

Y1
def
=

n1∑
i=1

X1i ∼ binomial(n1, p1)

/

Y2
def
=

n2∑
i=1

X2i ∼ binomial(n2, p2)

¢ø母ñª0í差

θ
def
= p1 − p2

í,l¾ª²Ñ

θ̂
def
=

Y1

n1
−

Y2

n2
= p̂1 − p̂2

†

E(θ̂) = p1 − p2 = θ

] θ̂ = p̂1 − p̂2 u.Rí, /,l¾í‰æb

σ2
θ̂

=
p1q1
n1

+
p2q2
n2

?u n1 D n2 愈×, σ2
θ̂

愈ü.

註. ,述,l¾ θ̂ í E(θ̂) D Var(θ̂) ÌA
, Ì�

母ñœ0ò�ƒbí型�ÑS.
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5. q Y1, . . . , Yn Ö
°}布/

E(Yi) = µ

J£

Var(Yi) = σ2

w2 i = 1, . . . , n. ø_母ñ‰æb

σ2 = E[(Y − E(Y ))2]

í,l¾ª²Ñ

σ̂2 =
1

n

n∑
i=1

(Yi − Y )2
def
= S′2

†

E(σ̂2) = E(S′2) =
n− 1

n
σ2

] σ̂2 = S′2 uR差í. OJø,l¾²Ñ

σ̂2 = S2 def
=

1

n− 1

n∑
i=1

(Yi − Y )2

†

E(σ̂2) = E(S2) = σ2

7) σ̂2 = S2 u.Rí.

註 1. ‡û_,l¾Ê×š…-Ìª\�態}布¡N.
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註 2. Ö×才�×? (1) ú×Öbí母ñ, çüƒ

n = 5 v, Y í}布×Û丘Õ (mound-shaped, É

墩型, IG板型) /ç n = 30 Cy×v, †}迅§Ë×

Û|�態型, àÇý.

(2) úkùá}布, ×ü n Ä p 7ì, ÄÑç p 愈靠¡

0 C 1, p̂ í}布愈.ú˚ (asymmetric), àÇý.

Ä¤, ø般íŸ†u²擇 n U)

p± 3
√

pq/n ∈ (0,1)

† p̂ í}布øÑ丘Õ/趨¡k�態}布, àÇý.
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