
bÜ$lø(100,) Àj 33: –NªM�ì

單元 33: 概似比值檢定
({… §10.11)

¤¶適àkÀøC複¯cqJ£�C³�Ö干擾¡b

(nuisance parameters) í8況.

qÓœ‰b

Y1, . . . , Yn

ÑøâÖ¡b θ1, . . . , θk í母ñF¦)íÓœš…, w2

k _¡b2, øÑ欲�測í, wìÑ˛øíC干擾í. Ñ

�“–c, �p

Θ = (θ1, . . . , θk)

†¤š…í–Nƒb

L(Θ)
pA
= L(y1, . . . , yn|θ1, . . . , θk)

4ø k _¡bíƒb. Wà,

Y1, . . . , Yn
iid∼ N(µ, σ2)

w2 µ D σ2 Ì„ø, †

Θ = (µ, σ2)

Jc�測 µ, † L(Θ) Ñ µ D干擾¡b σ2 íƒb.
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q Ω0 Ñ虛ÌcqFüìí Θ íª?MÕ¯/ Ωa Ñ

ú
cqFüìí Θ íÇøª?MÕ¯7/

Ω0 ∩Ωa = ∅

¢I Ω = Ω0 ∪Ωa, †�ì

H0 : Θ ∈ Ω0 ú
k Θ ∈ Ωa

v, H0 D Ha ªÑÀøC複¯í, ÄÑª?Ö�欲,l

¡bíÖ_MCw它干擾¡b. Wà,

Y1, . . . , Yn
iid∼ exp(λ)

/�ì

H0 : λ = λ0 (Àø) ú
k Ha : λ 6= λ0 (複¯)

†

Θ = λ, Ω0 = {λ0}, Ωa = {λ > 0 : λ 6= λ0}

J£

Ω = Ω0 ∪Ωa = {λ0} ∪ {λ > 0 : λ 6= λ0}
= {λ : λ > 0}

QO, I

L(Ω̂0) = max
Θ∈Ω0

L(Θ)
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9õ,, Ñ,äM, supremum, [ýúF� Ω0 2í

Θ, úhô’eí|7j釋 (best explanation, J

Ω0 2Fú@í|×œ率zp|ÛCêÞíÜâ), ªâ°

MLE íj¶°).

°Ü, I

L(Ω̂) = max
Θ∈Ω

L(Θ)

[ýúF� Ω 2í Θ, úhô’eí|7j釋.

òh,,

1. J L(Ω̂0) = L(Ω̂), †[ýhô’eí|7j釋ª

Ê Ω0 2°), ].拒" H0.

2. J L(Ω̂0) < L(Ω̂), †[ýhô’eí|7j釋ª

Ê Ωa 2°), ]拒" H0 7XM Ha

â¤, )–NªM�ì (a likelihood ratio test,

LRT): ì2

λ =
L(Ω̂0)

L(Ω̂)
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4ø y1, . . . , yn íƒb, ]Ñø$l¾. †Ê<2®Ä

α -, �ì

H0 : Θ ∈ Ω0 ú
k Ha : Θ ∈ Ωa

í–NªM�ì4uJ λ TÑ�ì$l¾/拒"域

RR = {λ ≤ k}
w2 k â α F²ì.

註. ÄÑ Ω0 ⊂ Ω, ] 0 ≤ λ ≤ 1; λ ↓ 0 [ý

Ê H0 í–NM � Ê Ha í–NM

]’e愈顯ýXM Ha, 7�kXM H0, ]拒" H0.

W 1. qÓœ‰b

Y1, . . . , Yn
iid∼ N(µ, σ2)

w2 µ D σ2 Ì„ø. t°Ê<2®Ä α -, �ì

H0 : µ = µ0 ú
k Ha : µ > µ0

í LRT.

註. òh,, ªSà$l�ì¾

T =
Y − µ0

S/
√

n
∼ t(n− 1)
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ç H0 öv/拒"域

RR = {t > tα}

¤Tø„p¤ t-�ìÿuø LRT.

<j> ÄÑ σ2 u干擾¡b, ] Neyman-Pearson 引

Ü.適à. íl,

Θ = (µ, σ2)

/

Ω0 = {(µ0, σ2) : σ2 > 0}

D

Ωa = {(µ, σ2) : µ > µ0, σ2 > 0}

J£

Ω = Ω0 ∪Ωa

QO, â�態}布, )

L(Θ) = L(µ, σ2) =

(
1√
2π

)n ( 1

σ2

)n/2
·

exp

− 1

2σ2

n∑
i=1

(yi − µ)2


/
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1. Ê Ω0 -, µ = µ0, ]|×“

L(Θ) = L(µ0, σ2), σ2 > 0

4óçkj

∂ lnL(µ0, σ2)

∂σ2
=

∂

∂σ2

[
−n ln

√
2π −

n

2
lnσ2

−
1

2σ2

n∑
i=1

(yi − µ0)
2


= −

n

2σ2
+

1

2(σ2)2

n∑
i=1

(yi − µ0)
2 = 0

)|×MêÞÊ

σ̂2
0 =

1

n

n∑
i=1

(yi − µ0)
2

AWð„. ], Hp µ0 D σ̂2
0, )

L(Ω̂0) =

(
1√
2π

)n( 1

σ̂2
0

)n/2

·

exp

− 1

2σ̂2
0

n∑
i=0

(yi − µ0)
2


=

(
1√
2π

)n( 1

σ̂2
0

)n/2

e−n/2
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2. Ê Ω -, |×“

L(Θ) = L(µ, σ2), µ ≥ µ0, σ2 > 0

4óçkj

∂ lnL(µ, σ2)

∂µ
=

∂

∂µ

[
−n ln

√
2π −

n

2
lnσ2

−
1

2σ2

n∑
i=1

(yi − µ)2


=

1

σ2

n∑
i=1

(yi − µ) = 0 (1)

£

∂ lnL(µ, σ2)

∂σ2
=

−
n

2σ2
+

1

2(σ2)2

n∑
i=1

(yi − µ)2 = 0 (2)

/ µ ≥ µ0, σ2 > 0, 1ð„. íl, â (1) �, )

n

σ2
(y − µ) = 0

¹ µ = y /Êùä–È,

(−∞, y):
∂ lnL(µ, σ2)

∂µ
= (+)

(y,∞):
∂ lnL(µ, σ2)

∂µ
= (−)
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FJ, |×MêÞÊ

µ̂ =

{
y, J y > µ0
µ0, J y ≤ µ0

àÇý. Hp (2) �, )|×MêÞÊ

σ̂2 =
1

n

n∑
i=1

(yi − µ̂)2

AWð„.

]Hp µ̂ D σ̂2, )

L(Ω̂) =

(
1√
2π

)n ( 1

σ̂2

)n/2
·

exp

− 1

2σ̂2

n∑
i=1

(yi − µ̂)2


=

(
1√
2π

)n ( 1

σ̂2

)n/2
e−n/2

Ä¤,

λ =
L(Ω̂0)

L(Ω̂)
=

(
σ̂2

σ̂2
0

)n
2

=

[ ∑n
i=1(yi − µ̂)2∑n
i=1(yi − µ0)2

]n/2

=


[ ∑n

i=1(yi−y)2∑n
i=1(yi−µ0)2

]n/2
, y > µ0

1, y ≤ µ0
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/ RR = {λ ≤ k}, 某�b k < 1 (ÄÑJ k = 1, †

RR �kc_ Rn, Ì<2), J£ y > µ0. ÄÑ

n∑
i=1

(yi − µ0)
2

=
n∑

i=1

(yi − y + y − µ0)
2

=
n∑

i=1

(yi − y)2 + 2(y − µ0)
n∑

i=1

(yi − y)

+n(y − µ0)
2

=
n∑

i=1

(yi − y)2 + n(y − µ0)
2

w2|(ø_�UA
4Ä

n∑
i=1

(yi − y) = ny − ny = 0

F_, J£s邊°¦ 2/n Ÿj, ]) λ ≤ k �gk∑n
i=1(yi − y)2∑n

i=1(yi − y)2 + n(y − µ0)2
≤ k2/n = k1

Çø�b, ?óçk

1

1 + n(y−µ0)
2∑n

i=1(yi−y)2

≤ k1
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顛J, cÜ, )

n(y − µ0)
2∑n

i=1(yi − y)2
≥

1

k1
− 1 = k2

Çø�b. °
 n− 1, )

n(y − µ0)
2

1
n−1

∑n
i=1(yi − y)2

=
n(y − µ0)

2

S2

=
(y − µ0)

2

S2/n
≥ (n− 1)k2

|(, ÄÑ y > µ0, ]s邊Çj, )

y − µ0

S/
√

n
≥
√

(n− 1)k2 = k3

Çø�b. ¢â母ñí�態4cq, Ê H0 : µ = µ0 -,

)

Y − µ0

S/
√

n
∼ t(n− 1)

1â

α = P

(
Y − µ0

S/
√

n
≥ k3, ç µ = µ0

)
= P (t(n− 1) ≥ k3)

J£

α = P (t(n− 1) > tα)
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) k3 = tα. Ä¤, Ê<2®Ä α -, LRT í�ì$

p¾Ñ

T =
Y − µ0

S/
√

n

/ RR = {t > tα}, ¹ t-�ì.

註 1. àW 1, LRT u熟ø型�íÛ象1Ý.尋�; 9

õ,, F� §10.8 D §10.9 í�ìÌªâ–NªM¶°

).

註 2. ú×Öbíõ�½æ, â–NªM¶ª)|ß�ì

‰í�ì.

註 3. .�, –NªM¶F)|í�ì$l¾.��˛ø

íœ率}布, àW 1; Oçš…夠×/母ñ (CÖ_母ñ

b) 符¯£d‘K (regularity condition), 3bà

(1) –Nƒbú¡bíûƒbæÊD (2) –NƒbÑ£

í–域.Ä„ø¡bM7ì, †ª) λ í¡N}布, à-

述íìÜ 2.

ìÜ 2. IÓœ‰b Y1, . . . , Yn í:¯–NƒbÑ

L(Θ) / r0 Ñ H0 : Θ ∈ Ω0 FüìíAâ¡b
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(free parameters) í_bJ£ r Ñ Θ ∈ Ω Füì

íAâ¡bí_b, †úk×í n,

−2 lnλ
D≈ χ2(r0 − r)

註 1. LRT í拒"域

RR = {λ ≤ k} = {−2 lnλ ≥ −2 ln k = k∗}

], ç n 夠×v, â

α = P (−2 lnλ ≥ k∗) ≈ P (χ2(r0 − r) ≥ k∗)

J£

α = P (χ2(r0 − r) ≥ χ2
α(r0 − r))

), Ê<2®Ä α -, ×š…–NªM�ìí拒"域

RR = {−2 lnλ ≥ χ2
α(r0 − r)}

註 2. š…Ö×才) “ßí” ¡NuÓ@à½æ7æí.

W 2. qø	˙�欲ªœù輪Ú	å©週T|í申s�K

b. D®¦ 100 _Ö
申s�Kb, )輪Ú 1 í�ÌM

x = 20, 輪Ú 2 í�ÌM y = 22. ¢cq輪Ú i í申
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s�KbÑ Poisson(θi), i = 1,2. tÊ<2®Ä

α ≈ 0.01 -, J–NªM¶�ì

H0 : θ1 = θ2 ú
k Ha : θ1 6= θ2

<j> ÄÑúk i = 1, . . . ,100,

f(xi|θ1) =
θ
xi
1

xi!
e−θ1

/

f(yi|θ2) =
θ
yi
2

yi!
e−θ2

J£Ö
4, ) x1, . . . , x100 D y1, . . . , y100 í:¯

–Nƒb

L(θ1, θ2) =
1

k
θ
∑

xi
1 θ

∑
yi

2 e−n(θ1+θ2)

w2

k = x1! · · ·xn!y1! · · · yn!, n = 100

¢

Θ = (θ1, θ2)

/

Ω0 = {(θ1, θ2) : θ1 = θ2 = θ}
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θ „ø, D

Ωa = {(θ1, θ2) : θ1 6= θ2}
J£

Ω = Ω0 ∪Ωa = {(θ1, θ2) : θ1 > 0, θ2 > 0}
QO,

1. Ê Ω0 -, |×“

L(Θ) = L(θ) =
1

k
θ
∑

xi+
∑

yie−2nθ

4óçkj

∂ lnL(θ)

∂θ

=
∂

∂θ

[
− ln k +

(∑
xi +

∑
yi

)
ln θ − 2nθ

]
=

∑
xi +

∑
yi

θ
− 2n = 0

)|×MêÞÊ

θ̂ =
1

2n

(∑
xi +

∑
yi

)
=

1

2
(x + y)

AWð„. Hp θ̂, )

L(Ω̂0) =
1

k
(θ̂)nx+nye−2nθ̂

=
1

k
(θ̂)nx+nye−n(x+y)
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2. Ê Ω -, |×“

L(Θ) = L(θ1, θ2) =
1

k
θ
∑

xi
1 θ

∑
yi

2 e−n(θ1+θ2)

4óçkj

∂ lnL(θ1, θ2)

∂θ1

=
∂

∂θ1

[
− ln k +

(∑
xi

)
ln θ1

+
(∑

yi

)
ln θ2 − n(θ1 + θ2)

]
=

∑
xi

θ1
− n = 0

D

∂ lnL(θ1, θ2)

∂θ2
=

∑
yi

θ2
− n = 0

1ð„. )|×MêÞÊ

θ̂1 =

∑
xi

n
= x

D

θ̂2 =

∑
yi

n
= y

Hp, )

L(Ω̂) =
1

k
(θ̂1)

nx(θ̂2)
nye−n(θ̂1+θ̂2)
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Ä¤,

λ =
L(Ω̂0)

L(Ω̂)
=

(θ̂)nx+nye−2nθ̂

(θ̂1)nx(θ̂2)nye−n(θ̂1+θ̂2)

=
(θ̂)nx+nye−n(x+y)

(θ̂1)nx(θ̂2)nye−n(x+y)
=

(θ̂)nx+ny

(θ̂1)nx(θ̂2)ny

/拒"域

RR = {λ ≤ k}, k < 1

= {−2 lnλ ≥ −2 ln k = k∗}
¢

Ω = {(θ1, θ2) : θ1 > 0, θ2 > 0}

�ù_Aâ¡b, )

Ω0 = {(θ1, θ2) : θ1 = θ2 = θ}
� r0 = 1 _\üì/ Ω � r = 0 _\üì, ]Ê

α ≈ 0.01 / n = 100 í×š…-, â[ 6,

RR = {−2 lnλ ≥ χ2
0.01(1)}

= {−2 lnλ > 6.635}
C

R: χ2
0.01(1) = qchisq(0.99, 1)

|(, â’e, )hôM

θ̂ =
1

2
(x + y) =

1

2
(20 + 22) = 21
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D

λ =
(21)100(20)+100(22)

(20)100(20)(22)100(22)

J£

−2 lnλ

= −2(4200 ln 21− 2000 ln 20− 2200 ln 22)

= 9.53 ∈ RR

Ä¤, Ê<2®Ä α ≈ 0.01 -, 拒" H0, ¹ù輪Ú	

åT|í�Ì申s�Kbüõ�差æ.
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