
bÜ$lø(100,) Àj 32: �ì‰D Neyman-Pearson ùÜ

單元 32: 檢定力與
Neyman-Pearson 引理

({… §10.10)

針ú„ø¡b θ í$l�ì˙åíûb素Ñ

1. H0, 虛Ìcq, à H0 : θ = θ0.

2. Ha, ú
cq, à Ha : θ = θa.

3. �ì$l¾ W , ø Y1, . . . , Yn í函b.

4. 拒"� RR, J W ∈ RR, †拒" RR; â α ²ì.

ø�ìíiG4 (goodness) ªâù錯誤œ率判i, 即

(1) � I 錯誤œ率

α = P (拒" H0, ç H0 öv)

= P (W ∈ RR, ç H0 öv)
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(2) � II 錯誤œ率

β = P (Q§ H0, ç θ = θa,

某 Ha 2íÔì值 θa)

= P (W 6∈ RR, ç θ = θa), Ä θa 7ì

註 1. ¦�9l²ì α 1根W¤ α ²ì RR /çš…

×ü	ìv,

α ↑, β ↓ C α ↓, β ↑

即Ì¶°v降Qù�錯誤œ率, àÇý, 針ú,®�ìí

zp.

註 2. ª²¦y×íš…×ü n, JZ°v降Q α D

β, 即透¬Ó× n U‰æb降Qí^@, 讓 W yÕ2y

陡峭, 7)üí α D β, àÇý.

另øy�àí評估�ìíj¶˚Tø�ìí�ì‰

(power of a test), ì2à-.

ì2. �ì‰

power(θ)
def
= P (W ∈ RR, ç¡b值u θ v)
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即öõ¡b值Ñ θ v, 拒" H0 íœ率, 4ø θ í函b.

註 1. âì2,

power(θ0) = P (W ∈ RR, ç θ = θ0) = α

註 2. 針ú θa ∈ Ha,

power(θa) = P (W ∈ RR, ç θ = θa)

= 1− P (W 6∈ RR, ç θ = θa)

= 1− β

即ø�ì?偵測|虛Ìcqu錯誤í?‰.

註 3. �ì

H0 : θ = θ0 ú
k Ha : θ 6= θ0

v, 典�í�ì‰曲(DÜ;í�ì‰àÇý.

½. 針ú	ìíš…×ü, àS°øiGí�ì? ø般7

k, 構;Ñ

(1) 9l²ìøüí α (<2®Ä).
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(2) 針ú Ha 2í θa, ° RR J|ü“ β(θa), ?ó

çk針ú Ha 2í θa, ° RR J|×“

power(θa).

Ê落õ,述ù構;‡, Ûlì2-�®á.

ì2. I Y1, . . . , Yn Ñøâ含¡b θ í母ñF¦)í

Óœš…. øcq H ˚T�Àí (simple) J H ª唯

øËüì母ñí}Ó; ´†, ˚T複¯í (composite).
Wà,

1. qÓœ‰b

Y1, . . . , Yn
iid∼ exp(λ)

即 pdf

f(y) =

{
1
λe−y/λ, y > 0
0, w…

J

H1 : λ = 2

†Ê H1 -, pdf

f(y) =
1

2
e−y/2, y > 0
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ª唯øËüì, ] H1 Ñø�Àcq. J

H2 : λ > 2

†Ê H2 -, pdf

f(y) =
1

λ
e−y/λ, y > 0

某_ λ > 2, Ì¶唯øËüì, ] H2 uø_複¯c

q.

2. qÓœ‰b

Y1, . . . , Yn
iid∼ N(µ, σ2)

J σ2 ˛ø/

H : µ = 1

† pdf

f(y) =
1√
2πσ

e−(y−1)2/2σ2

唯øËüì, ] H u�Àí. J σ2 „ø/

H : µ = 1

† pdf

f(y) =
1√
2πσ

e−(y−1)2/2σ2
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Ì¶üì, ] H u複¯í.

ì2. �ì

H0 : θ = θ0 ú
k Ha : θ = θa

即�Àú�Àv, Jø	ìí拒"� RR Å—

α = power(θ0)

/針úF�<2®ÄÑ α í拒"�,

power(θa) = P (RR, ç θ = θa)

u|×í, †J RR TÑ拒"�í�ì˚T α ®Ä|‰

�ì (most powerful α-level test), �pT α-®

Ä MPT.

½. àS° MPT?

�. ª根W-述í Neyman-Pearson ùÜ°).

ìÜ 10.1 Neyman-Pearson ùÜ. cqâ含 θ í

母ñF¦)íÓœš…

Y1, . . . , Yn
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�ì

H0 : θ = θ0 ú
k Ha : θ = θa

即�Àú�À. I

L(θ) = L(y1, . . . , yn|θ)

Ñ¡b值u θ vš…í–N值 (likelihood). †úk#

ìí α, |×“ power(θa) í�ìí拒"�

RR =

{
L(θ0)

L(θa)
< k

}
w2 k Å—

P

(
L(θ0)

L(θa)
< k, ç θ = θ0 v

)
= α

1˚J¤ RR Ñ拒"�í�ìÑ α-®Ä|‰�ì

(most powerful α-level test).

W 1. qÀøhô值

Y ∼ f(y) =

{
θyθ−1, 0 < y < 1
0, w…

tÊ<2®Ä α -, °�ì

H0 : θ = 2 ú
k Ha : θ = 1

í MPT.
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<j> ÄÑ H0 D Ha Ìu�Àí, ]â

Neyman-Pearson ùÜ, α = 0.05 í MPT í

RR =

{
0 < y < 1 :

L(θ0)

L(θa)
=

f(y|θ0)
f(y|θa)

=
2y

1y0
= 2y < k

}
cÜ, ?óçk

RR = {0 < y < 1 : y < k′}
w2 k′ U)

α = 0.05 = P (RR, ç θ = θ0)

= P (Y < k′, ç θ = 2)

=
∫ k′

0
f(y|θ = 2)dy =

∫ k′

0
2ydy = (k′)2

即

k′ =
√

0.05 = 0.2236

Ä¤, MPT í

RR = {y < 0.2236}
<即ÊF� α = 0.05 í�ì2, ¤ RR í

power(1) = P (Y ∈ RR, ç θ = 1)

= P (Y < 0.2236, ç θ = 1)

=
∫ 0.2236

0
1dy = 0.2236
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u|×í, O

β(1) = 1− 0.2236 = 0.7764

´uØ×. çÍw…í�ì}�y×í β 值.

註 1. �ì$l¾D RR í��Ä H0 D Ha 7ì,

à�ì

H0 : θ = 2 ú
k Ha : θ = 4

v, 拒"�

RR =

{
0 < y < 1 :

f(y|θ = 2)

f(y|θ = 4)
=

2y

4y3
< k

}
= {0 < y < 1 : y2 > k′}

w2 k′ Å—

α = 0.05 =
∫ 1
√

k′
2ydy = 1− k′

] k′ = 0.95 /拒"�

RR = {y2 > 0.95}

J£�ì$l¾Ñ Y 2.

註 2. úk×散母ñ, J P (RR, ç H0 öv) .超¬

/|靠¡9l#ìí α 值í RR TÑ MPT.
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註 3. �ì

H0 : θ = θ0 (�À) ú
k Ha : θ > θ0 (複¯)

v, Jø	ìí RR U) α = power(θ0) /ú©ø_

θa > θ0, ÊF�<2®ÄÑ α í�ì2,

power(θa) = P (RR, ç θ = θa)

·u|×í, †˚J RR Ñ拒"�í�ìÑ α-®Äø_

|‰�ì (uniformly most powerful α-level

test), �pT UMPT. °Ü, ªì2�ì

H0 : θ = θ0 ú
k Ha : θ < θ0

í UMPT.

註 4. cq母ñÎ7Àø¡b θ Õ, ª\êrËüì,
½�ì

H0 : θ = θ0 (�À) ú
k Ha : θ > θ0 (複¯)

v, àS° UMPT?

�. ³�à° Neyman-Pearson ù裡í�2ìÜª

à, OJúk©ø_ θa > θ0, â Neyman-Pearson
ùÜFû|, àV�ì

H0 : θ = θ0 ú
k Ha : θ = θa
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í MPT í RR Ì�ó°í��, 即.Ä θa 7ì, †

¤ RR Fú@í�ì即uø�ì

H0 : θ = θ0 ú
k Ha : θ > θ0

í UMPT.

ÑSà¤? JúF�í θa > θ0,

RR =

{
L(θ0)

L(θa)
< k(θa)

}
即��ó°, †â

α = P

(
L(θ0)

L(θa)
< k(θa), ç θ = θ0 v

)
ªû|Àøí RR, /¤ RR úF�í θa > θ0, ÊF

�<2®ÄÑ α í�ì2, ·�|×í power(θa), ]

RR u UMPT.

W 2. qÓœ‰b

Y1, . . . , Yn
iid∼ N(µ, σ2)

w2 µ „ø, σ2 ˛ø. t°Ê<2®Ä α -, �ì

H0 : µ = µ0 ú
k Ha : µ > µ0

í UMPT.
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註. â¬ %ð, 針ú,®�ì, ªSà�ì$l¾

Z =
Y − µ0

σ/
√

n

J£

RR = {z > zα}

w2 P (N(0,1) > zα) = α. ¤Tø„p¤ Z-�ì

ÿuø UMPT.

<j> íl, °

H0 : θ = µ0 ú
k Ha : θ = µa

某	ìí µa > µ0 í MPT. ÄÑ σ ˛ø, ] Yi íu

° pdf

f(y|µ) =
1

σ
√

2π
e−(y−µ)2/2σ2

, −∞ < y < ∞

/)

L(µ) = f(y1|µ) · · · f(yn|µ)

=
n∏

i=1

1

σ
√

2π
exp

[
−

(yi − µ)2

2σ2

]

=

(
1

σ
√

2π

)n

exp

− 1

2σ2

n∑
i=1

(yi − µ)2


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]â Neyman-Pearson ùÜ, MPT í

RR =

{
L(µ0)

L(µa)
< k

}
w2 k Ñâ α &ìí�b. ø µ0 D µa Hp L(µ),
)

L(µ0)

L(µa)
< k

�gk(
1

σ
√

2π

)n
exp

[
− 1

2σ2

∑n
i=1(yi − µ0)

2
]

(
1

σ
√

2π

)n
exp

[
− 1

2σ2

∑n
i=1(yi − µa)2

] < k

cÜ“�, )

exp

− 1

2σ2

 n∑
i=1

(yi − µ0)
2

−
n∑

i=1

(yi − µa)
2

 < k

¦ ln 1cÜ, )

n∑
i=1

(yi − µ0)
2 −

n∑
i=1

(yi − µa)
2 > −2σ2 ln k
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�Ç“�, )

n∑
i=1

y2
i − 2µ0ny + nµ2

0

−
n∑

i=1

y2
i + 2µany − nµ2

a > −2σ2 ln k

cÜ, )

y(µa − µ0) >
1

2n
(−2σ2 ln k − nµ2

0 + nµ2
a)

ÄÑ µa > µ0, ,�?�gk

y >
1

2n(µa − µ0)
(−2σ2 ln k − nµ2

0 + nµ2
a)

def
= k′(µa) (1)

某_Ä µa 7ìí�b, ÄÑ σ2, n, µ0 D µa ÌÑ˛

ø�b.

QO, â α ²ìpüí k′(µa). â α íì2, )

α = P (RR, ç H0 öv)

= P (Y > k′(µa), ç µ = µ0)

= P

(
Y − µ0

σ/
√

n
>

k′(µa)− µ0

σ/
√

n
, ç µ = µ0

)

= P

(
N(0,1) >

k′(µa)− µ0

σ/
√

n

)
(2)
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¤4ÄÑç µ = µ0 v, Y−µ0
σ/
√

n
∼ N(0,1) F_.

註. â (1) �ø, úF�í µa > µ0, RR í��Ìó

°, .Ä µa 7ì.

¢

P (N(0,1) > zα) = α (3)

]ªœ (2) �D (3) �, ªqì

k′(µa)− µ0

σ/
√

n
= zα

即

k′(µa) = µ0 + zα
σ
√

n
(4)

.Ä µa 7ì.

Ä¤,

RR =

{
y > µ0 + zα

σ
√

n

}
#|�ì

H0 : µ = µ0 ú
k Ha : µ = µa

某	ìí µa > µ0 í MPT.
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|(, â (4) �, )úF�í µa > µ0, 只�Àøí

RR, ]

RR =

{
y > µ0 + zα

σ
√

n

}
�gk

RR =

{
z =

y − µ0

σ/
√

n
> zα

}
ø Z-�ì, #|�ì

H0 : µ = µ0 ú
k Ha : µa > µ0

í UMPT, àÇý.

註 1. éR, Ê<2®Ä α -, �ì

H0 : µ = µ0 ú
k Ha : µa < µ0

ví UMPT í拒"�

RR =

{
y < µ0 − zα

σ
√

n

}
àÇý.

註 2. �ì

H0 : µ = µ0 ú
k Ha : µ 6= µ0
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雙®�ìv, Ì UMPT, ÄÑâW 2 D註 1, )ù_.

°í RR, 7.uÀøí RR. Ä¤, 雙® Z-�ì.u

�ì

H0 : µ = µ0 ú
k Ha : µ 6= µ0

í UMPT.

註 3. ½. àS根Wâ僅含ø„ì¡b θ 值í母ñF)

íš…, °

H0 : θ ≤ θ0 (複¯) ú
k Ha : θ > θ0 (複¯)

í�ì?

�. cq˛°)�ì�

H ′
0 : θ = θ0 ú
k Ha : θ > θ0

í UMPT Fú@í RR.

úk θ1 < θ0, JSà¤ RR (即,述í UMPT) �ì

H ′′
0 : θ = θ1 ú
k Ha : θ > θ0

†ø般7k,

α1
def
= P (RR, ç θ = θ1)

≤ α = P (RR, ç θ = θ0)
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/úF�í θa > θ0,

β1(θa) = P (RRc, ç θ = θa) = β(θa)

即 power(θa) .‰, àÇý. 6ÿuz, J°ší�ì

(即 RR) ú H ′′
0 £ Ha �ìv, ÝB}yß. Ä¤, ì

2�ì

H0 : θ ≤ θ0 ú
k Ha : θ > θ0

í<2®Ä α Ñ power(θ0) (即 H ′
0 : θ = θ0 í α)

/ UMPT Ñ H ′
0 : θ = θ0 í RR.

註 4. J母ñÎ7欲�ìí¡b θ Õ, ?含�w…„ü

ìí¡b, ˚Tß擾 (nusiance) ¡b, †.ªUà

Neyman-Pearson ùÜ�ì θ, à

Y1, . . . , Yn
iid∼ N(µ, σ2)

w2 σ2 „ø, 即ß擾¡b, † H0 : µ = µ0 Ì¶唯ø

Ëüì}Ó, 即.Ñ�Àí, Ä7.ªUà

Neyman-Pearson ùÜ. F�, Ê §10.11 }探nø

_yø般/\�泛Sà, Ô�u含ß擾¡bvyÑ�àí

�ì¶, ˚T–Nª值�ì (likelihood ratio test).

18 2×bç系:PM


