
bÜ$lø(100,) Àj 31: ‰æbícq�ì

單元 31: 變異數的假設檢定
({… §10.9)

íl, 探n

ø. Àø‰æbí�ì, ¢˚T χ2 �ì

qÓœ‰b

Y1, . . . , Yn
def∼ N(µ, σ2)

w2 µ, σ2 Ì„ø.

(i) �ì

H0 : σ2 = σ2
0 úk Ha : σ2 > σ2

0

,尾�ì.

ÄÑ S2 u σ2 í.偏估l¾/âìÜ 7.3, ç

H0 : σ2 = σ2
0

Ñöv,

χ2 def
=

(n− 1)S2

σ2
0

∼ χ2(n− 1)
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])�ì$l¾

χ2 =
(n− 1)S2

σ2
0

¢ÄÑJ σ2 � σ2
0, † S2 � σ2

0, 即 χ2 óúË×, 7

œ.XM H0, ]拒" H0, ª)拒"域

RR = {χ2 > k}, 某�b k

püí k ÑS? Ê<2®Ä α -, âì2,

α = P (RR êÞ, ç H0 öv)

= P (χ2 > k, ç σ2 = σ2
0)

= P (χ2(n− 1) > k) (1)

¢I χ2
α Å—

P (χ2(n− 1) > χ2
α) = α (2)

]ªœ (1) �D (2) �, ªqì k = χ2
α /)

RR =
{
χ2 > χ2

α

}
àÇý.

éR, )

(ii) �ì

H0 : σ2 = σ2
0 úk Ha : σ2 < σ2

0
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-尾�ì.

�ì$l¾: χ2 =
(n− 1)S2

σ2
0

拒"域: RR =
{
χ2 < χ2

1−α

}
, àÇý.

(iii) �ì

H0 : σ2 = σ2
0 úk Ha : σ2 6= σ2

0

�ì$l¾: χ2 =
(n− 1)S2

σ2
0

拒"域: RR =
{
χ2 > χ2

α/2 C χ2 < χ2
1−α/2

}
, à

Çý.

W 1. 10 _引擎零Kò徑íš…‰æÑ s2 = 0.0003

1qò徑Ñ�態}布. ¢`¨t−宣˚ò徑‰æbükC

�k 0.0002.

(a) t½Ê α = 0.05 -, ’eu´ªk}¥駁t−í

宣˚? (¥駁uû˝ñ™)

3 2×bç系:PM
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(b) D¤’eóÉí p-值ÑS?

<j> Yæ<, Û�ì

H0 : σ2 = 0.0002 úk Ha : σ2 > 0.0002

Ê�態}布-, ª¦�ì$l¾

χ2 =
(n− 1)S2

σ2
0

∼ χ2(n− 1) = χ2(9)

ç H0 Ñöv/ n = 10. ¢Œ[ 6, )

P (χ2(9) > 16.9190) = 0.05

]

RR =
{
χ2 > χ2

0.05

}
=
{
χ2 > 16.9190

}
àÇý. |(, â’e, χ2 íhô值

χ2 =
(n− 1)S2

σ2
0

=
9(0.0003)

0.0002
= 13.5 6∈ RR

].拒" H0, 即Ìk}„W¥駁t−í宣˚.

(b) ÄÑ RR =
{
χ2 > χ2

α

}
, ]D χ2 = 13.5 É©

í

p-值 = P (χ2 > 13.5)
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w2 χ2 ∼ χ2(9). ¢â[ 6, )

P (χ2(9) > 14.6837) = 0.1

] p-值 > 0.1, àÇý, C

R: p-值 = 1-pchisq(13.5, df=9) = 0.1412538

Ä¤, Ê

α ≤ 0.1 (< p-值)

-, Ì¶拒" H0.

W 2. 某õð6¿]w測¾儀Â‰æ4ßÞí™Ä差Ñ

2. ¢ 16 _�¾值í s2 = 6.1.

(a) t½’eu´D宣˚.ø_?

(b) t°¤�ìí p-值.

(c) J¦ α = 0.05, !�ÑS?

<j> Yæ<1Ê�態4cq-, Û�ì

H0 : σ2 = 4 úk Ha : σ2 6= 4

5 2×bç系:PM
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雙尾�ì, 1¦�ì$l¾

χ2 =
(n− 1)S2

σ2
0

∼ χ2(n− 1) = χ2(15)

ç H0 öv/ n = 16. ¢â’e, ) χ2 íhô值

χ2 =
15(6.1)

4
= 22.875

ÄÑ拒"域

RR =
{
χ2 < χ2

1−α/2 C χ2 > χ2
α/2

}
]D χ2 = 22.875 É©í

p-值 = 2P (χ2(15) > 22.875)

¢â[ 6, )

P (χ2(15) > 22.3072) = 0.1

/

P (χ2(15) > 24.9958) = 0.05

àÇý. Ä¤,

2(0.05) < p-值 < 2(0.1)

即

0.1 < p-值 < 0.2
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C

R: 2*(1-pchisq(22.875, df=15)) = 0.1736603

|(, J¦

α = 0.05 < p-值

†.拒" H0, 即Ì¶拒"õð6í宣˚ (¿]í值).

ù. 雙‰æbí�ì, ¢˚T F �ì

qÓœ‰b

Y11, . . . , Y1n1

iid∼ N(µ1, σ2
1)

/

Y21, . . . , Y2n2

iid∼ N(µ2, σ2
2)

J£¤ù š… (Y1i’s D Y2i’s) ó互Ö, w2 µ1,
µ2, σ2

1 D σ2
2 Ì„ø.

(i) �ì

H0 : σ2
1 = σ2

2 úk Ha : σ2
1 > σ2

2

ÄÑJ σ2
1 � σ2

2, †
S2
1

S2
2

óúË×, 7œ.XM

σ2
1 = σ2

2, ]拒" H0. Ä¤, ªSà

RR =

{
S2
1

S2
2

> k

}
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某�b k U)

α = P

(
S2
1

S2
2

> k, ç H0 öv

)

½. $l¾ S2
1

S2
2

í}布ÑS?

�. ÄÑ

(n1 − 1)S2
1

σ2
1

∼ χ2(n1 − 1)

/

(n2 − 1)S2
2

σ2
2

∼ χ2(n2 − 1)

J£ S2
1 D S2

2 ó互Ö, ]â F }布íì2,

(n1 − 1)S2
1

σ2
1(n1 − 1)

/
(n2 − 1)S2

2

σ2
2(n2 − 1)

=
S2
1

S2
2

σ2
2

σ2
1

∼ F (n1 − 1, n2 − 1)

Ä¤, )�ì$l¾

F =
S2
1

S2
2
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ÄÑâ,�, ç H0 : σ2
1 = σ2

2 öv,

F =
S2
1

S2
2

=
S2
1

S2
2

σ2
2

σ2
1

∼ F (n1 − 1, n2 − 1)

/拒"域

RR = {F > Fα}

w2 P (F (n1 − 1, n2 − 1) > Fα) = α, àÇý.

(ii) �ì

H0 : σ2
1 = σ2

2 úk Ha : σ2
1 < σ2

2

>換—™ 1 D—™ 2 1J (i) í¬˙�ì

H0 : σ2
1 = σ2

2 úk Ha : σ2
1 > σ2

2

(iii) �ì

H0 : σ2
1 = σ2

2 úk Ha : σ2
1 6= σ2

2

�ì$l¾Ñ

F =
S2
1

S2
2

∼ F (n1 − 1, n2 − 1)
[A
= F

n1−1
n2−1
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ç H0 : σ2
1 = σ2

2 öv. ÄÑ
S2
1

S2
2

óúË×CóúËü

v, œ.XM σ2
1 = σ2

2, 7拒" H0, ]拒"域ªSÑ

RR =

{
F =

S2
1

S2
2

< k1 C F =
S2
1

S2
2

> k2

}
(3)

某�b k1 D k2. Ê<2®Ä α -, ª¦ k1 D k2 U

)

P
(
F

n1−1
n2−1 < k1

)
= α/2 (4)

/

P
(
F

n1−1
n2−1 > k2

)
= α/2

àÇý, 即

k2 = F
n1−1
n2−1, α/2

w2 P

(
F

n1−1
n2−1 > F

n1−1
n2−1, α/2

)
= α/2. ¢ (4) �

4óçk

P

((
F

n1−1
n2−1

)−1
> k−1

1

)
= α/2

yâ F }布íì2, )(
F

n1−1
n2−1

)−1
= F

n2−1
n1−1

Ä¤, ªœ,ù�, )

k−1
1 = F

n2−1
n1−1, α/2
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即

k1 =
(
F

n2−1
n1−1, α/2

)−1

|(, ø k1 D k2 Hp (3) �, )

RR =

{
F > F

n1−1
n2−1, α/2 C F <

(
F

n2−1
n1−1, α/2

)−1
}

註. ,��gk

RR =

{
S2
1

S2
2

> F
n1−1
n2−1, α/2 C

S2
2

S2
1

> F
n2−1
n1−1, α/2

}
]I

S2
L = max(S2

1, S2
2), S2

S = min(S2
1, S2

2)

/

νL = S2
L í df, νS = S2

S í df

ª)

RR =

{
S2

L

S2
S

> F
νL
νS, α/2

}

Ä¤, �gk (iii) í�ìÑ�ì$l¾

F =
S2

L

S2
S
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/拒"域

RR =
{
F > Fα/2

}
w2 Fα/2 U) P

(
F

νL
νS > Fα/2

)
= α/2.

W 3. qsðt−í引擎零K‰æí’eÑ

t− 1 (W 1 í) t− 2 (競爭6)
n1 = 10 n2 = 20
s21 = .0003 s22 = .0002

(a) Ê α = 0.05 -, ’eu´k}XMt− 2 í‰æ

œü?

(b) t°¤’eÉ©í p-值.

<j> (a) Yæ<1Ê�態cq-, Û�ì

H0 : σ2
1 = σ2

2 úk Ha : σ2
1 > σ2

2

1¦$l�ì¾

F =
S2
1

S2
2

∼ F
n1−1
n2−1 = F9

19
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ç H0 öv. ¢â[ 7, )

P (F9
19 > 2.42) = 0.05 = α

]拒"域

RR = {F > 2.42}

|(, 根W’e, ) F íhô值

f =
s21
s22

=
0.0003

0.0001
= 3 ∈ RR

Ä¤, 拒" H0 /’ek}顯ýt− 2 íò徑‰æœü.

(b) ÄÑ RR = {F > Fα}, ]D f = 3 É©í

p-值 = P (F9
19 > 3)

¢â[ 7, )

P (F9
19 > 2.88) = 0.025

/

P (F9
19 > 3.52) = 0.01

]

0.01 < p-值 < 0.025
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C

R: p-值 = 1-pf(3, 9, 19) = 0.02096038

àÇý. Ä¤, Ê

α = 0.025 (> p-值)

-, 拒" H0; OÊ

α = 0.01 (< p-值)

-, .拒" H0.

W 4. ã4DÞ4íÚU疼痛Æ檻’eÑ

ã4 Þ4

n 14 10
y 16.2 14.9
s2 12.7 26.4

(a) Ê α = 0.10 -, ’eu´k}顯ýã4DÞ4疼

痛Æ檻‰æ4í差æ?

(b) D¤’eÉ©í p-值ÑS?

<j> (a) Yæ<1Ê�態cq-, Û�ì

H0 : σ2
1 = σ2

2 úk Ha : σ2
1 6= σ2

2
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1¦�ì¾

F =
S2

L

S2
S

∼ F9
13

ç H0 öv. ¢â[ 7, )

P (F9
13 > 2.71) = 0.05 = α/2

]拒"域

RR = {F > 2.71}

|(, â’e, ) F íhô值

f =
26.4

12.7
= 2.079 6∈ RR

].拒" H0, 即Ìk}„W宣˚ã4DÞ4疼痛Æ檻‰

æ4�差æ.

(b) Ä雙尾�ì/hô值Ñ 2.079, ]É©í

p-值 = 2P (F9
13 > 2.079)

â[ 7, )

P (F9
13 > 2.16) = 0.1

]

p-值 > 2(0.1) = 0.2
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C

R: p-值 = 2*[1-pf(2.079, 9, 13)]

àÇý. C

p-值 = pf(26.4/12.7, 9, 13, lower.tail = F)+

pf(12.7/26.4, 13, 9, lower.tail = T)

= 2 ∗ pf(26.4/12.7, 9, 13, lower.tail = F)

註. χ2 �ìD F �ìÌÝ�敏>k母ñ�態4cqí

偏×, ]ú�態4cq7k, .u穩健í.

16 2×bç系:PM


