
bÜ$lø(100,) Àj 30: µ D µ1 − µ2 íüš…cq�ì

單元 30: µ 與 µ1 − µ2 的

小樣本假設檢定
({… §10.8)

íl, 探n

ø. �態母ñ‚�值 µ íüš…�ì

qÓœ‰b

Y1, . . . , Yn

Ñøâ N(µ, σ2), µ D σ2 Ì„øí母ñF²¦í×ü

Ñ n íÓœš…. J

H0 : µ = µ0 Ñöv

†â §8.8 ø,

T
def
=

Y − µ0

S/
√

n
∼ t(n− 1)

Aâ�Ñ n− 1 í t }布, àÇý. ]éNk×š… Z

�ìíRû, Ê<2®Ä α -, )ú
cq

Ha :


µ > µ0 (,尾ú
cq)
µ < µ0 (-尾ú
cq)
µ 6= µ0 (雙尾ú
cq)
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�ì$l¾: T =
Y − µ0

S/
√

n

拒"域

RR :


t > tα (,尾 RR)
t < −tα (-尾 RR)
|t| > tα/2 (雙尾 RR)

w2 P (T > tα) = α / T ∼ t(n− 1).

ù. ùÖ
, °‰æb�態母ñ‚�值差

µ1 − µ2 íüš…�ì

qÓœ‰b

Y11, . . . , Y1n1
∼ N(µ1, σ2)

J£Óœ‰b

Y21, . . . , Y2n2
∼ N(µ2, σ2)

w2 µ1, µ2 D σ2 Ì„ø, /¤ùÓœš…È?ó互Ö


. â §8.8 ø, I σ2 íuà估l¾ (pooled

estimator)

S2
p

def
=

(n1 − 1)S2
1 + (n2 − 1)S2

2

n1 + n2 − 2
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w2úk i = 1,2,

S2
i =

1

ni − 1

ni∑
j=1

(Yij − Y i), Y i =
1

ni

ni∑
j=1

Yij

†Ê虛Ìcq

H0 = µ1 − µ2 = d0

Ñöv,

T
def
=

Y 1 − Y 2 − d0

Sp

√
1
n1

+ 1
n2

∼ t(n1 + n2 − 2)

Aâ�Ñ n1 + n2 − 2 í t }布, àÇý.

]éNk×š… Z �ìíRû, Ê<2®Ä α -, )ú


cq

Ha :


µ1 − µ2 > d0 (,尾ú
cq)
µ1 − µ2 < d0 (-尾ú
cq)
µ1 − µ2 6= d0 (雙尾ú
cq)

�ì$l¾

T =
Y 1 − Y 2 − d0

Sp

√
1
n1

+ 1
n2

w2 Sp =

√√√√(n1 − 1)S2
1 + (n2 − 1)S2

2

n1 + n2 − 2
.
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bÜ$lø(100,) Àj 30: µ D µ1 − µ2 íüš…cq�ì

拒"域

RR :


t > tα (,尾 RR)
t < −tα (-尾 RR)
|t| > tα/2 (雙尾 RR)

w2 P (T > tα) = α / T ∼ t(n1 + n2 − 2).

W 1. 某 8 êhÊ藥ä彈í槍¨§�’eÑ

y = 2959, s = 39.1

/`¨¼宣˚�Ì§�Bý 3000.

(a) t½Ê<2®Ä 0.025 -, š…’eu´TXk}

„W¥駁`¨¼í宣˚? (¥駁uBbíû˝ñ™)

(b) D¤�ìÉ©í p-值ÑS?

<j> Êcqš…u¡N�態}布-, ªSàüš…�ì

H0 : µ = 3000 ú
k Ha : µ < 3000

]Êš…×ü n = 8 -, �ì$l¾

T =
Y − µ0

S/
√

n
∼ t(7)
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¢Œ[ 5, )

P (t(7) > 2.365) = 0.025 = α

C

R: t0.025 = qt(0.975, df=7)

]拒"域

RR = {t < −tα} = {t < −2.365}

àÇý. |(, â’e, T íhô值

t =
y − µ0

s/
√

n
=

2959− 3000

39.1/
√

8
= −2.966 ∈ RR

]Ê α = 0.025 -, ’e顯ýk}„W¥駁`¨¼í宣

˚, 1)�Ì§�ük 3000.

(b) ÄÑ RR = {t < −tα}, ]

p-值 = P (T < −2.966)

w2 T ∼ t(7), àÇý. ¢â[ 5, )

P (t(7) > 2.365) = 0.025

即

P (t(7) < −2.365) = 0.025

/

P (t(7) > 2.998) = 0.01
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即

P (t(7) < −2.998) = 0.01

àÇý, ?即找ù值挾Rhô值, ]

0.01 < p-值 < 0.025

C

p-值 = pt(-2.966, df=7) = 0.01046307

Ä¤, Ê

α = 0.025 (> p-值)

-, 拒" H0; OÊ

α = 0.01 (< p-值)

-, .拒" H0.

W 2. ù�o*-, êA _˙序FÛvÈ’eÑ

™Ä¶ h¶

n1 = 9 n2 = 9
y1 = 35.22 y2 = 31.56
9∑

i=1

(y1i − y1)
2

9∑
i=1

(y2i − y2)
2

= 195.56 = 160.22
1cq¦AùÖ
°‰æb�態母ñ.
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bÜ$lø(100,) Àj 30: µ D µ1 − µ2 íüš…cq�ì

(a) t½Ê<2®Ä α = 0.05 -, ’eu´k}顯ý

¤ù¶í差æ?

(b) D¤�ìÉ©í p-值ÑS?

<j> âæ<£cq, ªSà µ1 − µ2 íüš…�ì

H0 : µ1 − µ2 = d0 = 0 ú
k Ha : µ1 − µ2 6= 0

]Ê n1 = n2 = 9 -, �ì$l¾

T =
Y 1 − Y 2 − d0

Sp

√
1
n1

+ 1
n2

∼ t(9 + 9− 2) = t(16)

¢â[ 5, )

P (t(16) > 2.120) = 0.025 = α/2

C

R: t0.025 = qt(0.975, df=16)

]拒"域

RR = {|t| > t0.025} = {|t| > 2.120}
àÇý. |(, 根W’e/

S2
p =

(n1 − 1)S2
1 + (n2 − 1)S2

2

n1 + n2 − 2

=
1

16
(195.56 + 160.22) = 22.24
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) T íhô值

t =
y1 − y2 − d0

Sp

√
1
n1

+ 1
n2

=
35.22− 31.56
√

22.24
√

1
9 + 1

9

= 1.65 6∈ RR

]Ê α = 0.05 -, .拒" H0, 即’eÌ¶k}顯ýù

¶�差æ.

(b) ÄÑ RR = {|t| > tα/2}, ]D t = 1.65 É©í

p-值 = P (|T | > 1.65), T ∼ t(16)

= P (T < −1.65) + P (T > 1.65)

= A1 + A2

àÇý. ¢â[ 5, )

t0.1 = 1.337 J£ t0.05 = 1.746

àÇý, ]

0.05 < A1 < 0.1

/âú˚4, ?)

0.05 < A2 < 0.1

Ä¤,

2(0.05) < p-值 < 2(0.1)
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即

0.1 < p-值 < 0.2

C

R: p-值 = 2*pt(-1.65, df=16)=0.1184333

]Ê

α = 0.05 (< p-值)

-, .拒" H0.

註. ø$l�ì˚T穩健í (robust) J它.敏>k

(insensitive) cqí.A
, àÀø‚�值 t �ìú�

態4u穩健í; ªœù‚�值í�ì, ¢˚T雙š… t �

ì (two-sample t test), ú�態4, Cç n1 ≈ n2

v, σ2
1 = σ2

2 ícqÌu穩健í.
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