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單元 2: 與常態分布相關的抽樣分布
({… §7.2)

ìÜ 7.1. JÓœš…

Y1, . . . , Yn
iid∼ N(µ, σ2)

†$l¾ (š…‚�值)

Y =
1

n

n∑
i=1

Yi ∼ N(µ, σ2/n)

註. ™Ä“ (�G“, normalizing), )

√
n

(
Y − µ

σ

)
=

Y − µ

σ/
√

n
∼ N(0,1)

W 1. qø_瓶œ\qìA©瓶í�Ì·p¾Ñ µ 盎−

/™ÄÏ σ Ñ 1 盎−í�G}Ó. DÓœ²¦_ßí 9
瓶, wñ¾}�Ñ y1, . . . , y9, 1Iš…‚�值

y =
1

9
(y1 + · · ·+ y9)

(a) t°š…‚�值Döõ‚�值 µ íÏÊ 0.3 盎−

qíœ率.
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(b) t½Û¦Ö×íš…J_k誤ÏÊ 0.3 盎−qíœ

率Ñ 0.95?

ìÜ 7.2. JÓœš…

Y1, . . . , Yn
iid∼ N(µ, σ2)

†

n∑
i=1

(
Yi − µ

σ

)2
∼ χ2(n)

˚TAâ�Ñ n í卡j}Ó.

註. â[ 6, )

P (χ2(n) ≥ χ2
α) = α

àÇý. à, n = 10,

P (χ2(10) > 4.86518) = 0.90

Câ

R : pchisq(y0, n) = P (χ2(n) ≤ y0)
pT
= p

l� χ2(n) í cdf, 即#ì y0, ° p.
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另 p-th quantile

φp = qchisq(p, n)

àÇý, 即

P (χ2(n) ≤ φp) = p

l� inverse cdf í值, 即#ì p, ° φp.

W 2. I

Z1, . . . , Z6
iid∼ N(0,1)

t° b U)

P

 6∑
i=1

Z2
i ≤ b

 = 0.95

ì2. š…‰æb

S2 =
1

n− 1

n∑
i=1

(Yi − Y )2

ªTÑ母ñ‰æb σ2 íø_ß估l (詳述k� 8 ı).

ìÜ 7.3 JÓœš…

Y1, . . . , Yn
iid∼ N(µ, σ2)
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†

1

σ2

n∑
i=1

(Yi − Y )2 =
(n− 1)S2

σ2
∼ χ2(n− 1)

/ Y D S2 ó互Ö.

註. âìÜ 7.2,

1

σ2

n∑
i=1

(Yi − µ)2 ∼ χ2(n)

O

1

σ2

n∑
i=1

(Yi − Y )2 ∼ χ2(n− 1)

Aâ�ý 1, ÄÑ µ \˛øí Y ¦H.

W 3. /W 1 í_瓶œ½æ. DÓœ²¦ 10 瓶, 1l

� S2. t° b1 D b2 U)

P (b1 ≤ S2 ≤ b2) = 0.90

ì2. I Z ∼ N(0,1) /5?Aâ�Ñ ν í卡j}Ó

Óœ‰b χ2(ν). J Z D χ2(ν) ó互Ö, †ì2

T (ν) =
Z√

χ2(ν)/ν
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1˚w}ÓÑAâ�Ñ ν í t }Ó.

註 1. J

Y1, . . . , Yn
iid∼ N(µ, σ2)

†

√
n

(
Y − µ

S

)
∼ T (n− 1)

註 2. N(0,1) D T (ν) íªœ:

(1) T (ν) í pdf (¡õ*3æ 7.98).

(2) ç ν > 1 v,

E(T ) = 0

/ç ν > 2 v,

Var(T ) =
ν

ν − 2
= 1 +

2

ν − 2

0×k 1, /Ñ ν í遞Á函b (¡õ*3æ 7.30).
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(3) âÇ$, N(0,1) œÕ2, T (ν) �œÖíœ率”¾

Ê®¶ (C˚�肥×í®¶, fat tails).

註 3. â[ 5,

P (T (ν) > tα) = α

àÇý.

註 4. J σ2 ˛ø, †Sà

√
n

(
Y − µ

σ

)
∼ N(0,1)

ú µ R�.

J σ2 „ø, †Sà

√
n

(
Y − µ

S

)
∼ T (n− 1)

ú µ R�.

W 4. J某À˘(í

…"#� (tensile strength) ∼ N(µ, σ2)
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w2 µ D σ2 Ì„ø. Óœ²¦ 6 ¨À˘(1I Yi Ñ

� i ¨í…"#�, i = 1, . . . ,6. †

µ ≈ Y , σ2 ≈ S2

/

σ2
Y

=
σ2

n
≈

S2

n

t° Y Dö£母ñ‚�值 µ íÏÊ 2 S√
n

_ÀPqíœ

率.

I

X1, . . . , Xn1
iid∼ N(µ1, σ2

1)

即â母ñ 1 F)íÓœš…, /

Y1, . . . , Yn2
iid∼ N(µ2, σ2

2)

即â母ñ 2 F)íÓœš….

½. àSªœ σ2
1 D σ2

2?

�. ø_òhíT¶Ñ, â X1, . . . , Xn1 ) S2
1

(≈ σ2
1) /â Y1, . . . , Yn2 ) S2

2 (≈ σ2
2) 15?

S2
1/S2

2. OyßíT¶Ñ5?

S2
1/σ2

1

S2
2/σ2

2

=

(
σ2
2

σ2
1

)(
S2
1

S2
2

)
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即D®A‰æbóª(íª值, /w}ÓÑAâ�Ñ

(n1 − 1) D (n2 − 1) í F -}Ó, 1pT(
σ2
2

σ2
1

)(
S2
1

S2
2

)
∼ F (n1 − 1, n2 − 1)

ì2. 5?Óœ‰b χ2
1(ν1) D χ2

2(ν2). J χ2
1(ν1)

D χ2
2(ν2) ó互Ö, † ì2

F (ν1, ν2) =
χ2
1(ν1)/ν1

χ2
2(ν2)/ν2

1˚w}ÓÑ (}ä) Aâ�Ñ ν1 / (}母) Aâ�Ñ

ν2 í F -}Ó.

註 1. J

X1, . . . , Xn1
iid∼ N(µ1, σ2

1)

J£

Y1, . . . , Yn2
iid∼ N(µ2, σ2

2)

/…bó互Ö, †

(n1 − 1)S2
1/σ2

1 ∼ χ2
1(n1 − 1)
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/

(n2 − 1)S2
2/σ2

2 ∼ χ2
2(n2 − 1)

J£ S2
1 D S2

2 ó互Ö. ]â F }Óíì2,

(n1 − 1)S2
1/[σ2

1(n1 − 1)]

(n2 − 1)S2
2/[σ2

2(n2 − 1)]

=
S2
1/σ2

1

S2
2/σ2

2

∼ F (n1 − 1, n2 − 1)

w2 n1 − 1 ˚T}äAâ�, n2 − 1 ˚T}母Aâ�.

註 2. â[ 7,

P (F (ν1, ν2) > Fα) = α

àÇý.

W 5. qâs_�ó°母ñ‰æbí�G母ñ2, }�¦

|×üÑ n1 = 6 D n2 = 10 íÓœš…. t° b U

)

P (S2
1/S2

2 ≤ b) = 0.95
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