
bÜ$lø(100,) Àj 21: |×–N¶

單元 21: 最大概似法
({… §9.7)

|×–N¶í構;zp: qø盒2� 3 球, 某<Ñ�球,

某<Ñë球, àÇý.

½. JJ.[回j�¦ 2 球, àS估l盒2í�球b θ?

q¦) 2 �球 (J A [ý), ½àS估l θ?

�. 1. θ ≥ 2, ] θ̂ Ñ 2 C 3 (.夠pü).

2. J θ = 2, †

P (A) =

(
2
2

) (
1
0

)
(
3
2

) =
1

3

J θ = 3, †

P (A) =

(
3
2

)
(
3
2

) = 1

¤4|×–N值. ÄÑ A êÞ, ] P (A) @Ñ|×才¯

Ü (ÄÑüíœ率值[ý.ñqêÞ), ¤4óçk

θ = 3, )œ¯Üí估lÑ θ̂ = 3.

1 2×bç系:PM
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|×–N¶ (method of maximum likelihood)

q Y1, . . . , Yn Ñøâ含„ø¡b θ1, . . . , θk í母ñF

¦)íÓœš…, †|×–N¶í¥驟Ñ

1. qì–N函b

L(y1, . . . , yn|θ1, . . . , θk)
�p
= L(θ1, . . . , θk)

4ø θ1, . . . , θk í函b (ÄÑ y1, . . . , yn Ñ˛ø

íhô值).

2. °

θ1 = θ1(y1, . . . , yn)

θ2 = θ2(y1, . . . , yn)
...

θk = θk(y1, . . . , yn)

U) L(θ1, . . . , θk) Ñ|×. ø般7k, ¤4óçk

針új˙ 

∂ lnL(θ1, . . . , θk)

∂θ1
= 0

∂ lnL(θ1, . . . , θk)

∂θ2
= 0

...
∂ lnL(θ1, . . . , θk)

∂θk
= 0
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j θ1, . . . , θk, ÄÑ ln(·) Ñ遞Ó函b,

L(θ1, . . . , θk)

D

lnL(θ1, . . . , θk)

kó°í θ1, . . . , θk ßÞ”值.

3. úk i = 1, . . . , k, θi í|×–N估l¾

(maximum likelihood estimator, MLE)

θ̂i = ¥驟 2 °)í θi

W 1. q Y1, . . . , Yn uAŠœ率Ñ p í Bernoulli
tð. t° p í MLE.

<j> íl, ÄÑ Yi í pmf

p(yi|p) = pyi(1− p)1−yi, yi = 0,1

)–N函b

L(p) = L(y1, . . . , yn|p) =
n∏

i=1

[
pyi(1− p)1−yi

]
= p

∑n
i=1 yi(1− p)n−

∑n
i=1 yi

= py(1− p)n−y
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w2 y =
∑n

i=1 yi, yi = 0,1.

QO, |×“ L(p). (1) J y = 0, †

L(p) = (1− p)n

/Ê p = 0 �|×值.

(2) J y = n, †

L(p) = pn

/Ê p = 1 �|×值.

(3) J y = 1, . . . , n− 1, †

L(p) = py(1− p)n−y

Ê p = 0 D p = 1 vÑ 0. ¢ç 0 < p < 1 v, |

×“ L(p) �gk|×“

lnL(p) = y ln p + (n− y) ln(1− p)

ÄÑ ln(·) Ñ遞Ó. %â

d lnL(p)

dp
=

y

p
+

n− y

1− p
(−1)

=
y − yp− np + yp

p(1− p)
=

y − np

p(1− p)
= 0
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)@äb

p =
y

n
∈ (0,1)

¢根W
d lnL(p)

dp Ê@äb}割|íä–È,í符U, àÇ

ý, ªð„| lnL(p), 6ÿu L(p), Ê p = y
n �|×

值.

Ä¤, 綜¯ (1)-(3), ) p í MLE

p̂ =
Y

n

ÄÑ

y = 0, p = 0 =
y

n

D

y = n, p = 1 =
y

n

J£

y = 1, . . . , n− 1, p =
y

n

Ìª[A
y
n.

W 2. qÓœ‰b

Y1, . . . , Yn
iid∼ N(µ, σ2)
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w2 µ D σ2 Ì„ø. t° µ D σ2 í MLE.

<j> íl, ÄÑ Yi í pdf

f(yi|µ, σ2) =
1√
2πσ

e−(yi−µ)2/2σ2

)–N函b

L(µ, σ2) =
n∏

i=1

1√
2πσ

e−(yi−µ)2/2σ2

= (2π)−
n
2(σ2)−

n
2 exp

− 1

2σ2

n∑
i=1

(yi − µ)2

 ,

−∞ < yi < ∞, i = 1, . . . , n,

−∞ < µ < ∞, σ2 > 0

QO, |×“ L(µ, σ2), ¤4óçkj

∂ lnL(µ, σ2)

∂µ
= −

1

2σ2

n∑
i=1

2(yi − µ)(−1)

=
1

σ2

n∑
i=1

(yi − µ) = 0 (1)

∂ lnL(µ, σ2)

∂σ2
= −

n

2

1

σ2
+

1

2(σ2)2

n∑
i=1

(yi − µ)2

= −
1

2σ2

n−
1

σ2

n∑
i=1

(yi − µ)2


= 0 (2)
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â (1) �, )

n∑
i=1

(yi − µ) =
n∑

i=1

yi − nµ = 0

]

µ =
1

n

n∑
i=1

yi = y

Hp (2) �, )

σ2 =
1

n

n∑
i=1

(yi − µ)2 =
1

n

n∑
i=1

(yi − y)2

|(, %âð„ (略, AW*3), ) L(µ, σ2) Ê@äõy,
1

n

n∑
i=1

(yi − y)2


�|×值. Ä¤, µ D σ2 í MLE }�Ñ

µ̂ = Y

.偏í, D

σ̂2 =
1

n

n∑
i=1

(Yi − Y )2

偏差í, O|c(,

nσ̂2

n− 1
=

1

n− 1

n∑
i=1

(Yi − Y )2 = S2
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ÿu.偏í.

W 3. qÓœ‰b

Y1, . . . , Yn
iid∼ unif(0, θ)

t° θ í MLE.

<j> íl, ÄÑ Yi í pdf

f(yi|θ) =

{
1
θ , 0 < yi < θ
0, w它

=
1

θ
I(0,θ)(yi)

)–N函b

L(θ) =
n∏

i=1

1

θ
I(0,θ)(yi)

=
1

θn
I(−∞,θ)(y(n)) · I(0,∞)(y(1))

w2�øá僅u y(n) D θ í函b, /�ùá.含 θ 僅

u y1, . . . , yn í函b.

QO, |×“ L(θ). #ìhô值 y1, . . . , yn,

(1) J y(1) ≤ 0, †

L(θ) = 0
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/¦LS θ ·ßÞ|×值 0, Ì<2.

(2) J y(1) > 0, †

L(θ) =
1

θn
I(y(n),∞)(θ)

/

(i) θ > y(n) v,

L(θ) =
1

θn

4ø θ í遞Á函b.

(ii) θ ≤ y(n) v,

L(θ) = 0

àÇý.

]¦ θ = y(n) )|×值.

Ä¤, 綜¯ (1) D (2), θ í MLE Ñ

θ̂ = Y(n)
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¤Õ, Ê §9.6, W 1 D §9.2 2, ˛}�„p Y(n) u

ø|ük}$l¾J£
(

n+1
n

)
Y(n) u.偏í, ](

n + 1

n

)
Y(n)

u θ íø MVUE.

註 1. J U u θ íLøk}$l¾, † θ í MLE

}u U í某函b, 即 MLE 僅%âk}$l¾í值7Ä

hô值7ì.

<„> â}jÄ†, –N函b

L(θ) = L(y1, . . . , yn|θ)
= g(u, θ)h(y1, . . . , yn)

w2 g(u, θ) 僅u u D θ í函b/ h(y1, . . . , yn) .

Ä θ 7ì. ¦úb, )

lnL(θ) = ln g(u, θ) + lnh(y1, . . . , yn)

w2 lnh(y1, . . . , yn) .Ä θ 7ì. ]針ú θ, |×“

lnL(θ)

4óçk針ú θ, |×“

ln g(u, θ)
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¢Ä ln g(u, θ) 僅%âk}$l¾ U í值 u 7ì, ]

MLE }u U í某ø函b.

註 2. J U u θ ík}$l¾, †根W註 1, θ í

MLE θ̂ }u U í某函b.

透¬|c, ) f(θ̂) u.偏í.

ø般7k, f(θ̂) ÿuø MVUE, à‡ÞíWä.

MLE í.‰4 (invariance property). J t(θ)

uø θ í函b, † t(θ) í MLE

t̂(θ) = t(θ̂)

<即, ø θ̂ Hp t(·) 即ª.

<„> 略, AW¡53æ 9.94, t(·) u 1-1 íÔW.

W 4. ÊW 1, ˛°)ùáª率 p í MLE

p̂ =
Y

n
, Y ∼ binomial(n, p)

t° Var(Y ) í MLE.
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<j> ÄÑ

Var(Y ) = np(1− p)

4ø p í函b, ]â MLE í.‰4, )̂Var(Y ) = np(1− p)|p=p̂=Y/n

= n

(
Y

n

) (
1−

Y

n

)

註. ÄÑ

E

[
n

(
Y

n

) (
1−

Y

n

)]
= n

[
E

(
Y

n

)
− E

[(
Y

n

)2
]]

= n

[
p−Var

(
Y

n

)
−

(
E

(
Y

n

))2
]

= n

[
p−

p(1− p)

n
− p2

]
= np(1− p)

(
1−

1

n

)
]

n

(
Y

n

) (
1−

Y

n

)
.u np(1− p) í.偏估l¾, O|c(, )

n

(
Y

n

) (
1−

Y

n

) (
1−

1

n

)−1

=
n2

n− 1

(
Y

n

) (
1−

Y

n

)
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u.偏í, /uø MVUE.
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