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單元 20: 動差法
({… §9.6)

q Y1, . . . , Yn Ñø â含„ø¡b θ1, . . . , θt í母ñ

F¦|íÓœš…. † Yi í k 階�Ï (kth

moment) Ñ

µ′k
def
= E(Y k

i ) = E(Y k
1 ), i = 1, . . . , n

/ k 階š…�Ï (kth sample moment) Ñ

m′
k

def
=

1

n

n∑
i=1

Y k
i

�Ï¶í構;4u!kš…�Ï@uú@母ñ�Ïíß估

l, ¥驟Ñ

1. qì µ′1 = m′
1, µ′2 = m′

2, . . . , µ′t = m′
t.

2. j θ1, . . . , θt.

3. θi í�Ï估l¾ (moment estimator)

θ̂i
def
= θi íj, i = 1, . . . , t
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W 1. qÓœ‰b

Y1, . . . , Yn
iid∼ unif(0, θ)

t° θ í�Ï估l¾.

<j> íl,

µ′1 =
θ

2

/

m′
1 =

1

n

n∑
i=1

Yi = Y

QO, qì

θ

2
= Y

)

θ = 2Y

Ä¤, θ í�Ï估l¾Ñ θ̂ = 2Y .

註 1. ÄÑ

E(θ̂) = 2E(Y ) = 2
(

θ

2

)
= θ

] θ̂ u.偏í.
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¢â WLLN,

Y
p→ E(Y1) =

θ

2

即 Y u θ
2 íø_估l¾, /âœ率Y斂í4”,

θ̂ = 2Y
p→ 2

(
θ

2

)
= θ

即 θ̂ ?u θ íø_估l¾.

註 2. ÄÑ Yi í pdf

f(yi|θ) =

{
1
θ , 0 < yi < θ
0, w…

=
1

θ
I(0,θ)(yi)

)–Nª值

L(x1, . . . , xn|θ)
L(y1, . . . , yn|θ)

=

∏n
i=1

1
θI(0,θ)(xi)∏n

i=1
1
θI(0,θ)(yi)

=
I(−∞,θ)(x(n)) · I(0,∞)(x(1))

I(−∞,θ)(y(n)) · I(0,∞)(y(1))

.含 θ J/唯J¦

g(x1, . . . , xn) = x(n)

/

x(n) = y(n)
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Ä¤, â Lehmann D Scheffé ¶, )

Y(n) = max(Y1, . . . , Yn)

u θ í|ük}$l¾.

C根W}jÄ†,

L(y1, . . . , yn|θ)

=
n∏

i=1

1

θ
I(0,θ)(yi)

=
1

θn
I(−∞,θ)(y(n)) · I(0,∞)(y(1))

4ø純 θ ¸ y(n) í函bD另ø純 y1, . . . , yn í函bí

乘	, ) Y(n) uø_k}$l¾, ?ªû|Ñø|ük

}$l¾.

ÄÑ θ̂ = 2Y .u Y(n) í函b, ª? Var(θ̂) .u|

üí, 79õ,, âW 9.1, ) n > 1 v,

Var
((

n + 1

n

)
Y(n)

)
=

θ2

n(n + 2)
<

θ2

3n
= Var(θ̂)

W 2. qÓœ‰b

Y1, . . . , Yn
iid∼ gamma(α, β)
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t° α D β í�Ï估l¾.

<j> íl,

µ′1 = E(Y1) = αβ

D

µ′2 = E(Y 2
1 ) = Var(Y1) + [E(Y1)]

2

= αβ2 + α2β2

J£

m′
1 =

1

n

n∑
i=1

Yi

D

m′
2 =

1

n

n∑
i=1

Y 2
i

QO, qì

αβ = m′
1 (1)

J£

αβ2 + α2β2 = m′
2 (2)

â (1) �, )

β =
m′

1

α
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Hp (2) �, )

α

(
m′

1

α

)2

+ α2
(

m′
1

α

)2

= m′
2

cÜ, )

(m′
1)

2

α
= m′

2 − (m′
1)

2

]

α =
(m′

1)
2

m′
2 − (m′

1)
2

=
Y 2

1
n

∑n
i=1 Y 2

i − Y 2

=
nY 2∑n

i=1 Y 2
i − nY 2

=
nY 2∑n

i=1(Yi − Y )2

/Hp, )

β =
m′

1

α
= Y ·

∑n
i=1(Yi − Y )2

nY 2

=

∑n
i=1(Yi − Y )2

nY
Ä¤, �Ï估l¾}�Ñ

α̂ =
nY 2∑n

i=1(Yi − Y )2

J£

β̂ =

∑n
i=1(Yi − Y )2

nY
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註 1. â WLLN,

Y
p→ αβ

/

1

n

n∑
i=1

Y 2
i

p→ E(Y 2
1 ) = αβ2 + α2β2

Ä¤, 根Wœ率Y斂í4”,

α̂ =
Y 2

1
n

∑n
i=1 Y 2

i − Y 2

p→
α2β2

αβ2 + α2β2 − α2β2
= α

¢â,�,

β̂ =
Y

α̂

p→
αβ

α
= β

<即 α̂ D β̂ Ìuø_í.

註 2. ÄÑ Yi í pdf

f(yi|α, β) =

 yα−1
i e−yi/β

Γ(α)βα , 0 < yi < ∞
0, w…
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)–Nª值

L(x1, . . . , xn|α, β)

L(y1, . . . , yn|α, β)
=

∏n
i=1

xα−1
i e−xi/β

Γ(α)βα∏n
i=1

yα−1
i e−yi/β

Γ(α)βα

=

(∏n
i=1 xi

)α−1

(∏n
i=1 yi

)α−1 exp

−1

β

 n∑
i=1

xi −
n∑

i=1

yi


.含 α D β J/唯J¦

g1(x1, . . . , xn) =
n∏

i=1

xi

D

g2(x1, . . . , xn) =
n∑

i=1

xi

J£

n∏
i=1

xi =
n∏

i=1

yi D
n∑

i=1

xi =
n∑

i=1

yi

Ä¤, â Lehmann D Scheffé ¶, )

n∏
i=1

Yi D
n∑

i=1

Yi

:¯Ë$A α D β í|ük}$l¾, 7ª?O˚ØË

°)ª α̂ D β̂ y�^率í估l¾.
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