
bÜ$lø(100,) Àj 19: Rao-Blackwell ìÜD|ü‰æ.R,l¾

單元 19: Rao-Blackwell 定理
與最小變異不偏估計量

({… §9.5)

½. àS找œü‰æí.R,l¾?

�. ªâk}$l¾íƒbOG, ø_Ü�基礎Ñ

Rao-Blackwell ìÜ. I θ̂ u θ í.R,l¾/

Var(θ̂) < ∞

J U u θ ík}$l¾/ì2

θ̂∗ = E(θ̂|U)

4øk}$l¾ U íƒb, †úF�í θ,

E(θ̂∗) = θ

¹ θ̂∗ u.Rí, /

Var(θ̂∗) ≤ Var(θ̂)

¹ θ̂∗ ª θ̂ �œüí‰æ.

<„> ÄÑ U u θ ík}$l¾, 根Wì2, #ì U ,
LS$l¾í‘K}布 (¨Ö θ̂) Ì.Ä θ 7ì, ]úF

1 2×bç系:PM
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�í θ, θ̂∗ = E(θ̂|U) .}u θ íƒb, 7ªAÑø_

θ í$l¾.

QO, 根W‘K‚�Mí4” (ìÜ 5.14) £ θ̂ í.R

4, )

E(θ̂∗) = E[E(θ̂|U)] = E(θ̂) = θ

] θ̂∗ u θ í.R,l¾.

yâ‘K‰æbít� (ìÜ 5.15), )

Var(θ̂) = E[Var(θ̂|U)] + Var[E(θ̂|U)]

= Var(θ̂∗) + E[Var(θ̂|U)] (1)

|(, ÄÑúF�í u,

Var(θ̂|U = u) ≥ 0

])

E[Var(θ̂|U)] ≥ 0

1â (1) �ø,

Var(θ̂∗) ≤ Var(θ̂)

)„.
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註 1 Rao-Blackwell ìÜ暗ý�œü‰æí.R,l

¾}u (Cª\$A) øk}$l¾íƒb.

註 2. J θ̂ u.Rí, ZGíj�Ñ, ø

Rao-Blackwell ìÜ‘K“Êøk}$l¾ U ,, )

θ̂∗ = E(θ̂|U)
pÑ
= h(U)

4ø U íƒb, �œüí‰æbí.R,l¾.

½. Jy@à¤ìÜJ U ‘K“ h(U) ,, })ƒy

ßí,l¾ý?

�. ÄÑø般7k,

E[h(U)|U ] = h(U) = θ̂

´u�øŸ@à(í!‹, ÌZª; ÎÝ©/Ë‘K“Ê

.°ík}$l¾,. Ä¤, JøÇáÿ²ú7‘K“í

k}$l¾, ÿ.Ûb©/Ë@à Rao-Blackwell ì

Ü‘K“Ê.°ík}$l¾,.

註 3. ¤�úík}$l¾˚T|ük}$l¾

(minimal sufficient statistic), 4uø�ªJ盡ª

?Ë摘bC縮Áš…ík}$l¾.
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½. àS°|ük}$l¾?

�. ª根W-述íj¶°).

Lehmann D Scheffé ¶. I Y1, . . . , Yn ÑøÓœ

š…/„ø¡bÑ θ.

(i) qì–NªM (ratio of likelihoods)

L(x1, . . . , xn|θ)
L(y1, . . . , yn|θ)

(ii) °øƒb g(x1, . . . , xn) U)–NªM

L(x1, . . . , xn|θ)
L(y1, . . . , yn|θ)

.Ö θ (free of θ) J/ñJ

g(x1, . . . , xn) = g(y1, . . . , yn)

(iii) g(Y1, . . . , Yn) ÿu θ íø_|ük}$l¾.

註 4. 針ú…zF探ní}布, â}jÄ†Füwík}

$l¾ U , ø般7k, ÿu|ük}$l¾. ¤Õ, ¥<
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|ük}$l¾?x�êe4 (completeness), U)

@à Rao-Blackwell ìÜv, ª\„

θ̂∗ = E(θ̂|U)

ÊF� θ í.R$l¾2, �|üí‰æb, ¹ θ̂∗ Ñø

MVUE (minimum-variance unbiased

estimator).

註 5. òQ°‘K‚�M E(θ̂|U) ¦�.q, F�針ú

F探ní}布, J|ük}$l¾ U í某øƒb

h(U)

u.Rí, † h(U) ÿu MVUE.

W 1. I Y1, . . . , Yn uøAŠœ率Ñ p í Bernoulli

tð. t°ø p í|ük}$l¾J£ p íø MVUE.

<„> â註 5 ø, lJ Lehmann D Scheffé ¶ (C

}jÄ†, ¡õ{…) °|ük}$l¾, y°¤$l¾

í某øƒbUwÑ p í.R,l¾, ¹)ø MVUE.

íl, â

P (Yi = yi) = pyi(1− p)1−yi, yi = 0, 1
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J£Ö
4, )–NªM

L(x1, . . . , xn|p)
L(y1, . . . , yn|p)

=
P (Y1 = x1, . . . , Yn = xn|p)
P (Y1 = y1, . . . , Yn = yn|p)

=
p
∑n

i=1 xi(1− p)n−
∑n

i=1 xi

p
∑n

i=1 yi(1− p)n−
∑n

i=1 yi
=

(
p

1−p

)∑n
i=1 xi

(
p

1−p

)∑n
i=1 yi

=

(
p

1− p

)∑n
i=1 xi−

∑n
i=1 yi

QO, ÑU L(x1, . . . , xn|p)/L(y1, . . . , yn|p) .Ö p
ªqì

n∑
i=1

xi =
n∑

i=1

yi

<¹, ª¦

g(x1, . . . , xn) =
n∑

i=1

xi

7)

g(x1, . . . , xn) = g(y1, . . . , yn)

Ä¤, â Lehmann D Scheffé ¶, )

g(Y1, . . . , Yn) =
n∑

i=1

Yi
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u p í|ük}$l¾.

|(, ÄÑ

E

 n∑
i=1

Yi

 = np

]

Y
def
=

1

n

n∑
i=1

Yi

u|ük}$l¾
∑n

i=1 Yi íƒb/

E(Y ) =
1

n
(np) = p

¹ Y u.Rí, ) Y uø MVUE.

W 2. qÓœ‰b

Y1, . . . , Yn
iid∼ f(y|θ) =

{ (
2y
θ

)
e−y2/θ, y > 0

0, w它

¹ Weibull }布íÓœš…. t°ø θ í MVUE.

<j> à°W 1, l°ø θ í|ük}$l¾, y°¤k

}$l¾í某øƒb, UwÑ θ í.R,l¾, ¹)ø θ

í MVUE.
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íl, âÖ
£°}布, )–NªM

L(x1, . . . , xn|θ)
L(y1, . . . , yn|θ)

=
f(x1|θ) · · · f(xn|θ)
f(y1|θ) · · · f(yn|θ)

=

∏n
i=1

(
2xi
θ

)
e−x2

i /θ

∏n
i=1

(
2yi
θ

)
e−y2

i /θ
=

x1 · · ·xne−
1
θ

(∑n
i=1 x2

i

)
y1 · · · yne−

1
θ(
∑n

i=1 y2
i )

=
x1 · · ·xn

y1 · · · yn
e−

1
θ

(∑n
i=1 x2

i −
∑n

i=1 y2
i

)

QO, ÑU,�.Ö θ, ªqì

n∑
i=1

x2
i =

n∑
i=1

y2
i

<¹ª¦

g(x1, . . . , xn) =
n∑

i=1

x2
i

7)

g(x1, . . . , xn) = g(y1, . . . , yn)

Ä¤, â Lehmann D Scheffé ¶ (C¡5{…根W

}jÄ†), )

g(Y1, . . . , Yn) =
n∑

i=1

Y 2
i
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uø θ í|ük}$l¾.

¢根W u = y2/θ, du = (2y/θ)dy í‰b‰換J£

gamma ƒbíì2

Γ(α) =
∫ ∞
0

uα−1e−udu, α > 0

)

E(Y 2
i ) =

∫ ∞
0

y2
(
2y

θ

)
e−y2/θdy

= θ
∫ ∞
0

ue−udu = θΓ(2) = θ

â¤),

E

 n∑
i=1

Y 2
i

 =
n∑

i=1

E(Y 2
i ) = nθ

]

1

n

n∑
i=1

Y 2
i

u|ük}$l¾
∑n

i=1 Y 2
i íƒb/

E

1

n

n∑
i=1

Y 2
i

 =
1

n
(nθ) = θ

¹.Rí, ) 1
n

∑n
i=1 Y 2

i u θ íø MVUE.
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W 3. qÓœ‰b

Y1, . . . , Yn
iid∼ N(µ, σ2)

/ µ D σ2 Ì„ø. t° µ D σ2 í MVUE.

<j> (i) Lehmamm D Scheffé ¶ (C}jÄ†,
¡õ{…). íl, âÖ
°}布, )–NªM

L(x1, . . . , xn|µ, σ2)

L(y1, . . . , yn|µ, σ2)
=

∏n
i=1

1√
2πσ

e−(xi−µ)2/2σ2

∏n
i=1

1√
2πσ

e−(yi−µ)2/2σ2

=
e
− 1

2σ2

∑n
i=1(xi−µ)2

e
− 1

2σ2

∑n
i=1(yi−µ)2

= exp

− 1

2σ2

 n∑
i=1

(xi − µ)2 −
n∑

i=1

(yi − µ)2


= exp

− 1

2σ2

 n∑
i=1

x2
i −

n∑
i=1

y2
i


−2µ

 n∑
i=1

xi −
n∑

i=1

yi


QO, ÑU,�.Ö µ D σ2, ªqì

n∑
i=1

xi =
n∑

i=1

yi /
n∑

i=1

x2
i =

n∑
i=1

y2
i
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<¹²¦

g1(x1, . . . , xn) =
n∑

i=1

xi

/

g2(x1, . . . , xn) =
n∑

i=1

x2
i

7)

g1(x1, . . . , xn) = g1(y1, . . . , yn)

J£

g2(x1, . . . , xn) = g2(y1, . . . , yn)

Ä¤,
n∑

i=1

Yi D
n∑

i=1

Y 2
i

:¯Ë$A

µ D σ2

í|ük}$l¾.

(ii) ²¦

Y =
1

n

n∑
i=1

Yi
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p顯Ë,
∑n

i=1 Yi D
∑n

i=1 Y 2
i íƒb, /

S2 =
1

n− 1

n∑
i=1

(Yi − Y )2

=
1

n− 1

 n∑
i=1

Y 2
i − nY 2


?Ñ

∑n
i=1 Yi D

∑n
i=1 Y 2

i íƒb.

¢

E(Y ) = µ / E(S2) = σ2

¹}�Ñ µ D σ2 í.R,l¾.

Ä¤, š…‚�M Y Ñ µ íø MVUE /š…‰æb

S2 Ñ σ2 íø MVUE.

W 4. qÓœ‰b

Y1, . . . , Yn
iid∼ f(y) =

{
1
θe−y/θ, y > 0
0, w它

¹Nb}布íÓœš…. t°ø Var(Yi) í MVUE.

<j> ÄÑ Var(Yi) = θ2, ]â θ í|ük}$l¾

OG1°¤|ük}$l¾í某øƒb, UwÑ θ2 í.

R,l¾¹ª.
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(i) θ í|ük}$l¾. íl, –NªM

L(x1, . . . , xn|θ)
L(y1, . . . , yn|θ)

=

∏n
i=1

1
θe−xi/θ∏n

i=1
1
θe−yi/θ

= exp

−1

θ

 n∑
i=1

xi −
n∑

i=1

yi



QO, ÑU,�.Ö θ, ªqì

n∑
i=1

xi =
n∑

i=1

yi

Ä¤,
n∑

i=1

Yi

uø θ í|ük}$l¾.

(ii) ²¦

Y =
1

n

n∑
i=1

Yi

ø
∑n

i=1 Yi íƒb, /

E(Y ) = E(Y1) = θ

¹ θ í.R,l¾.
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Ä¤, Y u θ íø MVUE.

QO, Û°ø
∑n

i=1 Yi íƒb, UwÑ θ2 í.R,l

¾. ÄÑ Y u θ í.R,l¾, ]ª5? Y 2, )

E(Y 2) = Var(Y ) + [E(Y )]2 =
Var(Yi)

n
+ θ2

=
θ2

n
+ θ2 =

(
n + 1

n

)
θ2

] (
n

n + 1

)
Y 2

u θ2 í.R,l¾/?Ñ
∑n

i=1 Yi íƒb.

Ä¤,
(

n
n+1

)
Y 2 uø θ2 = Var(Yi) í MVUE.

W 5. qøâ Weibull œ率ò�ƒb

f(y) =

{
2y
θ e−y2/θ, y > 0
0, w它

F¦)í×üÑ 10 íÓœš…Ñ

0.637, 1.531, 0.733, 2.256, 2.364

J£

1.601, 0.152, 1.826, 1.868, 1.126
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t°ø θ í 95% ]賴–È.

<j> âW 2 ø,
∑n

i=1 Y 2
i uø θ í|ük}$l¾,

]ªSà
∑n

i=1 Y 2
i °ø θ í樞紐¾. I Wi = Y 2

i ,
†â‰b‰換 Wi í pdf

fWi
(w) = fYi

(y)
dy

dw

∣∣∣∣
y2=w

=
2y

θ
e−y2/θ dy

dw

∣∣∣∣
y=

√
w, w>0

=
2
√

w

θ
e−w/θ 1

2
√

w
=

1

θ
e−w/θ, w > 0

¹

Wi ∼ exp(θ) = gamma(1, θ)

Ä θ 7ì, .符樞紐¾í‘K. QO, I Ti = 2Wi
θ , †

Ti í pdf

fTi
(t) = fWi

(w)
dw

dt

∣∣∣∣
w=θ

2t, t>0

=
1

θ
e−w/θdw

dt

∣∣∣∣
w=θ

2t, t>0

=
1

θ
e−t/2θ

2
=

1

2
e−t/2, t > 0

¹

Ti =
2Wi

θ
=

2Y 2
i

θ
∼ gamma(1,2) = χ2(2)
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.Ä θ 7ì. ]â Yi íÖ
4£°}布, )

T1, . . . , T10
iid∼ χ2(2)

J£

10∑
i=1

Ti =
2

θ

10∑
i=1

Y 2
i ∼ χ2(20)

}布.Ä θ 7ì, ]ª²¦

2

θ

10∑
i=1

Y 2
i

TÑ θ í樞紐¾.

J a D b U)

P

a <
2

θ

10∑
i=1

Y 2
i < b

 = 0.95

†%âcÜ, ) θ í 95% ]賴–ÈÑ(
2
∑10

i=1 Y 2
i

b
,
2
∑10

i=1 Y 2
i

a

)
â[ 6,

P (χ2(20) > 34.170) = 0.025

/

P (χ2(20) > 9.591) = 0.975
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]

a = 9.591 / b = 34.170

C R:

a = qchisq(0.025, df = 20)

/

b = qchisq(0.975, df = 20)

Ç

10∑
i=1

Y 2
i = 24.643

Ä¤, θ í 95% ]賴–ÈÑ(
2(24.643)

34.170
,
2(24.643)

9.591

)
= (1.442,5.139)
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