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單元 17: 一致性
({… §9.3)

I擲ø£Þœ率 p „øí銅板. I Y Ñ n ŸI擲2|

Û£ÞíŸb, †

Y ∼ binomial(n, p)

另ªSà Y
n (p í.偏估l¾) 估l p. òh,, š…×

ü n 愈×, †š…ª率 (sample proportion) Y
n (4

øÓœ‰b) }愈Q¡ p.

½. àSø,�敘述Jœ率íj�[Û?

�. JúL<#ìí ε > 0,

lim
n→∞P

(∣∣∣∣Yn − p

∣∣∣∣ < ε

)
= 1

Dòhó符, †˚ Y
n u p íø_$l¾ (consistent

estimator of p) C˚

Y

n
→ p in probability

C˚ Y
n œ率Y斂ƒ p, 1J

Y

n

p→ p
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[ý, ¡5{…£{˙網頁íÇW 9.1 D 9.2.

ì2. JúL<#ìí ε > 0,

lim
n→∞P (|θ̂n − θ| < ε) = 1

C

lim
n→∞P (|θ̂n − θ| ≥ ε) = 0

†˚ θ̂n u θ íø_估l¾ (consistent estimator

of θ).

註. θ̂n í-™僅À純Ë#| θ̂n }Äš…×ü n 7ì;

Ê,-dÀ楚C�略-, ªô略 n.

ìÜ 1. I θ̂n u θ í.偏估l¾. J

lim
n→∞Var(θ̂n) = 0

† θ̂n uø_í.

<„> íl, 複3柴ª雪Ú.��, úkL<í ε > 0,

P (|Y − E(Y )| ≥ ε) ≤
Var(Y )

ε2
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QO, ÄÑ θ̂n u.偏í, 即 E(θ̂n) = θ, ], 根W柴ª

雪Ú.��, úL<#ìí ε > 0,

P (|θ̂n − θ| ≥ ε) = P (|θ̂n − E(θ̂n)| ≥ ε)

≤
Var(θ̂n)

ε2

Ä¤, J

lim
n→∞Var(θ̂n) = 0

)

lim
n→∞P (|θ̂n − θ| ≥ ε) = 0

/âì2, θ̂n u θ íø_估l¾, ?óçk

θ̂n
p→ θ

弱×b¶† (Week Law of Large Numbers,
WLLN). I Y1, . . . , Yn Ö°}布/u°í‚�值 µ
D‰æb σ2 Ì�Ì. †š…‚�值

Y =
1

n

n∑
i=1

Yi

u µ íø_估l¾, 即

Y =
1

n

n∑
i=1

Yi
p→ µ
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?óçkúL<í ε > 0,

lim
n→∞P (|Y − µ| ≥ ε) = 0

<„> ÄÑ Y u.偏í/

Var(Y ) =
σ2

n
→ 0

]âìÜ 1, )

Y
p→ µ

即 Y u µ íø_估l¾.

ìÜ 2. cq

θ̂n
p→ θ / θ̂′n

p→ θ′

†

(a) θ̂n ± θ̂′n
p→ θ ± θ′

�2Ë, J an → a / bn → b, †

anθ̂n ± bnθ̂′n
p→ aθ ± bθ′

(b) θ̂nθ̂′n
p→ θθ′
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(c) Ê θ′ 6= 0 -, θ̂n/θ̂′n
p→ θ/θ′

(d) Ê P (θ̂n ≥ 0) = 1 -,
√

θ̂n
p→
√

θ

�2Ë, Jõb值函b g(·) Ê θ ©/, †

g(θ̂n)
p→ g(θ)

W 1. q Y1, . . . , Yn Ö°}布/u°í

µ = E(Yi), E(Y 2
i ) D E(Y 4

i ) Ì�Ì, †š…‰æb

S2 =
1

n− 1

n∑
i=1

(Yi − Y )2

u母ñ‰æb σ2 íø_估l¾.

<„> íl, �Ç1根W
∑n

i=1 Yi = nY , )

S2 =
1

n− 1

 n∑
i=1

Y 2
i − 2Y

n∑
i=1

Yi + nY 2


=

1

n− 1

 n∑
i=1

Y 2
i − nY 2


=

n

n− 1

1

n

n∑
i=1

Y 2
i − Y 2

 (1)
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QO, ÄÑ E(Yi) < ∞ D E(Y 2
i ) < ∞, )

Var(Yi) < ∞

/â WLLN, )

Y
p→ µ

yâìÜ 2 í (b), )

Y 2 = (Y )(Y )
p→ µ2 (2)

°Ü, ÄÑ E(Y 2
i ) < ∞ D

E((Y 2
i )2) = E(Y 4

i ) < ∞

)

Var(Y 2
i ) < ∞

1/â WLLN, )

1

n

n∑
i=1

Y 2
i

p→ E(Y 2
i ) (3)

yâ (2) �D (3) �£ìÜ 2 í (a), )

1

n

n∑
i=1

Y 2
i − Y 2 p→ E(Y 2

i )− µ2 = σ2 (4)
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|(, ÄÑ
n

n− 1
→ 1

]â (1) �D (4) �DìÜ 2 (a) íR�, )

S2 =
n

n− 1

1

n

n∑
i=1

Y 2
i − Y 2

 p→ (1)σ2 = σ2

即, S2 u σ2 íø_估l¾.

QO, 探n×š…]賴–ÈíYW.

複3. q Y1, . . . , Yn ÑøÓœš…/u°í µ D σ2

Ì�Ì. 根W CLT, )

Y − µ

σ/
√

n

D→ N(0,1)

â¤û|, ç n 夠×v,

P

(
−zα/2 ≤

Y − µ

σ/
√

n
≤ zα/2

)
≈ P (−zα/2 ≤ Z ≤ zα/2) = 1− α

w2 Z ∼ N(0,1) / P (Z > zα/2) = α/2.

cÜ, )

P

(
Y − zα/2

σ
√

n
≤ µ ≤ Y + zα/2

σ
√

n

)
≈ 1− α
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Ä¤, µ í]賴[bÑ 1− α í]賴–ÈÑ

Y ± zα/2
σ
√

n
(σ ˛øv)

註. J σ „ø, †J S2 ¡N σ2, )]賴[bÑ

1− α í]賴–ÈÑ

Y ± zα/2
S
√

n

½. ÑS�¥�¡N?

�. ªâ-述!‹ð„.

ìÜ 3 (Slutsky’s ìÜíÔW). cqç n →∞ v,

Un
D→ N(0,1)

/

Wn
p→ 1

v, †ç n →∞ v,

Un/Wn
D→ N(0,1)

8 2×bç系:PM



bÜ$lø(100,) Àj 17: ø_4

W 2. q Y1, . . . , Yn Ö°}布/u°í

µ = E(Yi)

D

σ2 = Var(Yi)

Ì�Ì, †

Y − µ

S/
√

n
=
√

n

(
Y − µ

S

)
D→ N(0,1)

<„> íl, â CLT, )

Y − µ

σ/
√

n

D→ N(0,1) (5)

QO, âW 1,

S2 p→ σ2

即 S2 u σ2 íø_估l¾, J£ìÜ 2, )

S

σ
=

√
S2

σ2
p→

√
σ2

σ2
= 1 (6)

|(, 根W (5) �D (6) �J£ìÜ 3 (C˚T

Slutsky’s ìÜ), )

Y − µ

σ/
√

n

/
S

σ
=

Y − µ

S/
√

n

D→ N(0,1)
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)„.

註 1. ÄÑ

Y − µ

S/
√

n

D→ N(0,1)

] µ í]賴[bÑ 1− α í]賴–Èª¦Ñ

Y ± zα/2
S
√

n

w2 P (Z > zα/2) = α/2 / Z ∼ N(0,1).

註 2. I X1, . . . , Xn uAŠœ率Ñ p í Bernoulli
tð. †

Y
def
=

n∑
i=1

Xi ∼ binomial(n, p)

/ p̂ = Y
n u p í.偏估l¾J£ σ2

p̂ = pq
n , ]â

CLT, )

p̂− p√
pq/n

D→ N(0,1) (7)

QO, â WLLN,

p̂
p→ E(Xi) = p
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1âìÜ 2, )

q̂
def
= 1− p̂

p→ 1− p = q

J£

p̂q̂
p→ pq

â¤y根WìÜ 2, )√
p̂q̂

pq

p→
√

pq

pq
= 1 (8)

|(, â (7) �D (8) �J£ Slutsky’s ìÜ, )

p̂− p√
pq/n

/√
p̂q̂

pq
=

p̂− p√
p̂q̂/n

D→ N(0,1)

Ä¤, p í]賴[bÑ 1− α í]賴–ÈÑ

p̂± zα/2

√
p̂q̂

n

w2 P (Z > zα/2) = α/2 / Z ∼ N(0,1).
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