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單元 8: 連續函數的定理
({… §3.5 D §5.1.1)

ì2. q f Ê D ,�ì2, / c ∈ D.

1. JúF�í x ∈ D, f(c) ≥ f(x), †˚ f(c) Ñ

"ú|×M (absolute maximum) (�pA abs

max).

2. JúF�í x ∈ D, f(c) ≤ f(x), †˚ f(c) Ñ

"ú|üM (absolute minimum) (�pA abs

min).

3. "ú|×MC"ú|üM$˚Ñ"ú”M

(absolute extremum).

½. ÊS�‘K- (CSv), øì\„�"ú”M?

hô: -�û_Ç$暗ýø<óÉím7.
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Ç 1: ÊÇ–È (a, b) ,°v�"ú|×MD"ú|ü

M.

Ç 2: ÖÍ lim
x→b−

f(x) = 6 OúF�í x ∈ (a, b),

f(x) < 6, ]Ì¶vƒø c ∈ (a, b) U) f(c) = 6 7

×kF�wFíM. Ä¤, Ì"ú|×M.

!� 1: ç D .Ñ閉–Èv, .øì}�"ú”M.

Ç 3: úF�í x ∈ [a, b], f(x) < lim
x→a1

f(x) = 5.

OºÌ¶vƒø c ∈ [a, b] U) f(c) = 5 7×kF�

wFíM. Ä¤, Ì"ú|×M.

Ç 4: úF�í x ∈ [a, b],

lim
x→b1

f(x) = 1 < f(x) < lim
x→a1

f(x) = 5

OºÌ¶Ê [a, b] 2vƒ c D d U) f(c) = 1 /

f(d) = 5. FJ, Ì"ú|×MD"ú|üM.

!� 2: ¹U D Ñ閉–È, Oç f Ê D ,.©/v,

.øì}�"ú”M.

2 2×bç系:PM



陽p»ç系�	}(99ç��) Àj 8: ©/ƒbíìÜ

,!: !� 1 D!� 2 暗ý©/4‹,閉–ÈªJ\„

�"ú”M.

üõà¤, à-ÞìÜF述.

ìÜ 1. ”MìÜ (Extreme Value Theorem).

J f Ê閉–È [a, b] ,©/, w2 −∞ < a < b < ∞,

† f Ê [a, b] ,øì�"ú|×MD"ú|üM.

註 1. „p: 略 (ÄÑØ¿, 超|…z範圍.)

註 2. àÇFý, ßÞ"ú|üMC"ú|×MíËj,

ª?.ÉøT. àSv? Î7繪Ç£基…j¶Õ, wFj

¶øk�}2>&.

W 1. v|-�®ƒbí"ú”M, JæÊíu.

(a) f(x) = −ex, 0 ≤ x ≤ 2

(b) g(x) = ln(x− 1), 2 ≤ x ≤ 4
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<j> ñ‡c根WìÜ 1 £繪Çíj�v|"ú”M.

(a) f(x) = −ex: Ê [0,2] ,©/, ], 根WìÜ 1

øì�"ú”M. QOJ繪Ç (透¬基…�²) øw

v|, àÇý. FJ,

"ú”×M = −e0 = −1

/

"ú”üM = −e2

(b) g(x) = ln(x− 1) Ê [2,4] ,©/, FJ�"ú

”M. 繪Ç (透¬基…�²) à-Fý. ),

"ú|üM = ln(2− 1) = ln1 = 0

J£

"ú|×M = ln(4− 1) = ln3

ìÜ 2. 2ÈMìÜ (Intermediate Value

Theorem). q f Ê閉–È [a, b] ,©/. J L u�

k f(a) D f(b) 5ÈíLøõb, †Bý�ø

c ∈ (a, b) U) f(c) = L.
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註 1. „p: 略 (ÄÑØ¿, 超|{˙範圍).

註 2 ¨x,íÅ述: J f Êø閉–È,©/, †�ks

端õƒbMí2ÈíLSøb, ·}u (¤ƒbÊ¤閉–

È,í) ø_ƒbM.

註 3. ¤ìÜc\„ c íæÊ, Bk�_ c £Ê哪裡1

„T£.

註 4. 繪Çzp. Ç 1: �ú_õ c1, c2, c3 ·U)

f(c1) = f(c2) = f(c3) = L

Ç 2: É�ø_ c U) f(c) = L.

註 5. J f .©/v, †.øì\„ c íæÊ; àÇý,
Ì¶vƒ c U) f(c) = L. O�v!‹A, DìÜ.

衝ˇ, ÄÑ©/‹,閉–Ècuk}‘K7Ý.b‘K.

W 2. I

f(x) = 3 + sinx, 0 ≤ x ≤
3π

2

t„Bý�ø c ∈
(
0, 3π

2

)
U) f(c) = 5

2.
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<„> íl f Ê閉–È
[
0, 3π

2

]
,©//

f(0) = 3 + sin 0 = 3

f

(
3π

2

)
= 3 + sin

(
3π

2

)
= 3− 1 = 2

¢

f

(
3π

2

)
= 2 <

5

2
< 3 = f(0)

FJ, â2ÈMìÜø, Bý�ø

c ∈
(
0,

3π

2

)
U)

f(c) =
5

2

W 3. (¡根ìÜ). t°j˙� x5 − 7x2 + 3 = 0
íø根.

<j> I f(x) = x5 − 7x2 + 3. ÄÑ f(x) uøÖ

á�, ] f(x) Êc_õb R ,©/. ¢

lim
x→∞(x5 − 7x2 + 3) = lim

x→∞x5
(
1−

7

x3
+

3

x5

)
= (∞)5(1− 0 + 0)

= ∞ > 0
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/

lim
x→−∞

x5 − 7x2 + 3 = lim
x→−∞

x5
(
1−

7

x3
+

3

x

)
= (−∞)5(1− 0 + 0)

= −∞ < 0

ÄÑ 0 �k ± M5È, ]â2ÈMìÜ, Bý�ø c U

) f(c) = 0 (?¹, c uø根).

½. àS°? (àS¡N?) ø_j¶à-.

ù}¶ (bisection method): °j˙�í根í

¡NM, ¥驟à-.

1. l¦ø [a, b] U) f(a) D f(b): ø£, øŠ.

ÄÑ 0 �k f(a) Df(b) È, ], 根W¡根ìÜ,

æÊø c ∈ [a, b] U) f(c) = 0, ?¹ c Ñ f(x)

íø根. à,

f(−1) = −1− 7 + 3 = −5 < 0

/

f(2) = 32− 28 + 3 = 7 > 0
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FJ, ª¦

[a, b] = [−1,2]

1û|

根 ∈ [−1,2]

2. ¦2õ a+b
2 , ø [a, b] ù}: J

f(a) · f
(

a + b

2

)
=

{
(−), I b = a+b

2
(+), I a = a+b

2

⇒ f(a) · f(b) = (−)

], 根∈hí [a, b] q (Å�ÑŸl5øš)

3. ½複¥驟 2 òB [a, b] íÅ� < b°íÄü�.

4. I¡N根 = a+b
2 , )ø誤差ükb°Äü�í¡N

根.

ÄÑö£í根D¡N根 (= a+b
2 ) Ì�k [a, b] –

Èq, àÇý, ]∣∣∣∣根−
a + b

2

∣∣∣∣ < b− a < Äü�
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註 1. ÄÑu.iË½複ù}í¥驟òB符¯b°íÄü

�, ]ªâLSí˙�xk寫ø˙�âÚ腦0§Ë,l|

¡N根, ªAWþt.

註 2. çÍù}íŸbBÖ, B符¯b°íÄü�, OÑ

7�^«à’源 (vÈ, ÀÂ��) –c, @vuÏWk

}í (?¹, |ýí) ù}Ÿb¹ª. àS°|¤k}í

ù}Ÿb?

<j> qâ|�í–È [a, b] Çáù}. ©Ÿù}(, –

ÈÅ�‰Ñ}’‡íøš/根YÍÊhí–Èq. ], ù

} n Ÿ(/I2ÈõÑ¡N根v, ª)

|¡N根−根| <
(
1

2

)n
(b− a) (1)

Ä¤, ÉÛ n Å—(
1

2

)n
(b− a) < Äü� (2)

ÿªâ (1) �)ƒ¡N根Dö£í根í誤差Êb°íÄ

ü�q. FJ, k}íù}ŸbÿuÅ— (2) �í|üí

n. j5, ) (
1

2

)n
<

Äü�

b− a
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顛J(, óçk

2n >
b− a

Äü�

s邊¦AÍúb ln 1“�, )

n ln 2 = ln2n > ln
(

b− a

Äü�

)
],

n >
1

ln 2
· ln

(
b− a

Äü�

)
Ä¤, ª¦

n =
[

1

ln 2
· ln

(
b− a

Äü�

)]
+ 1

1J¤TÑk}íù}Ÿb.

Î7,述Äüít�Õ, Jbå.u'複雜, ªòQHp

©/í£cb n B (2) � (CDw�g1ñql�í�

ä), òBÅ— (2) �í n M|ÛÑ¢.

ÔW: J [a, b] = [−1,2] /Äü� = 0.006, †Ä

üt�í

n =

[
1

ln 2
· ln

(
2− (−1)

0.006

)]
+ 1

= [8.965784284] + 1

= 8 + 1 = 9
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òQl�íj�ÑHp£cb n UwÅ—(
1

2

)n
· 3 < 6× 10−3

¤4óçk

6× 2n > 3× 103 = 3000

H n = 5: 6× 25 = 6× 32 = 192 (.¯)

H n = 6: 6× 26 = 6× 64 = 384 (.¯)

H n = 7: 6× 27 = 6× 128 = 768 (.¯)

H n = 8: 6× 28 = 6× 256 = 1536 (.¯)

H n = 9: 6× 29 = 6× 512 = 3072 (A)

FJ, ¦ n = 9.
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