
陽p»ç系�	}(99ç��) Àj 5: HÑìÜDúií”Ì

單元 5: 夾擠定理與三角的極限
({… §3.4)

ìÜ 1. ªœìÜ (Comparison Theorem). q

c ∈ (a, b) /úF�Ê (a, b) 2 c JÕíõ x,

f(x) ≤ g(x)

†

lim
x→c

f(x) ≤ lim
x→c

g(x)

àÇ 1 zp.

ìÜ 2. HÑìÜ (Squeeze or Sandwich

Theorem). q c ∈ (a, b) /úF�Ê (a, b) 2 c J

Õíõ x,

f(x) ≤ g(x) ≤ h(x)

J

lim
x→c

f(x) = lim
x→c

h(x) = L

†

lim
x→c

g(x) = L

àÇ 2 zp.
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W 1. t°

lim
x→0

x sin
1

x

<j> ílq¶v|HÑŸ�í,, -函b, à-述:∣∣∣∣x sin
1

x

∣∣∣∣ = |x|
∣∣∣∣sin 1

x

∣∣∣∣
≤ |x|

(ÄÑ
∣∣∣sin 1

x

∣∣∣ ≤ 1). FJ,

−|x| ≤ x sin
1

x
≤ |x|

¢ |x| íÇ$àÇ 3 Fý, Câ註 5 íì2„p.

),

lim
x→0

|x| = 0

/

lim
x→0

−|x| = − lim
x→0

|x| = −(0) = 0

Ä¤, 根WHÑìÜ,

lim
x→0

x sin
1

x
= 0

s_úi”Ì (Trigonometric limits):
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1. lim
x→0

sinx

x
= 1

2. lim
x→0

1− cosx

x
= 0

註 1. s_úi”Ìíj釋:

1. ”Ì

lim
x→0

sinx

x
= 1

<‚Oç x 靠¡ 0 v,

sinx ≈ (¡Nk, óçk) x

àÇ 4 Fý.

2. ”Ì

lim
x→0

1− cosx

x
= 0

<‚Oç x 靠¡ 0 v,

1− cosx � (±ük) x

àÇ 5 Fý.
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註 2. Hp 0, )

sin 0

0
=

0

0

J£

1− cos 0

0
=

1− 1

0
=

0

0

,ù�ÌÑ„ì� 0
0, O卻�.øší!‹, ]˚

0

0

Ñ„ì� (indeterminate form).

<„> (1) x → 0 ⇔ ª僅5? x ∈
(
−π

2, π
2

)
. QOy

}�5?s�8況.

8況 1: 0 < x < π
2. 根WÇ$ 6, ª)

BD í弧Å = x

(ÄÑ
弧Å

x
=

2π(1)

2π
= 1)

OA = cosx

AD = sinx

BC = tanx
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¢

4OAD íÞ	 ≤
m$ OBD íÞ	 ≤ 4OBC íÞ	

¤4óçk

1

2
(OA)(AD) ≤

1

2
(OB)2x ≤

1

2
(OB)(BC)

(ÄÑ
m$Þ	

x
=

π(OB)2

2π
=

1

2
(OB)2)

¢óçk

1

2
sinx cosx ≤

1

2
x ≤

1

2
tanx

ÄÑ 1
2 sinx > 0, ®á°ÎJ 1

2 sinx (> 0) (, ª)

cosx ≤
x

sinx
≤

1

cosx
¢Ä,�®áÌ×k 0, 顛倒(, ª)

1

cosx
≥

sinx

x
≥ cosx

ÄÑ

lim
x→0+

cosx = cos0 = 1

/

lim
x→0+

1

cosx
=

1

limx→0+ cosx
=

1

1
= 1
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FJ, âHÑìÜ,

lim
x→0+

sinx

x
= 1

8況 2: −π
2 < x < 0. I z = −x, †

x → 0− ⇔ z = −x → 0+

FJ,

lim
x→0−

sinx

x
= lim

z→0+

sin(−z)

−z
(ÄÑ x = −z)

= lim
z→0+

− sin z

−z

= lim
z→0+

sin z

z

= 1, 根W8況 1

Ä¤, 綜¯8況 1 D8況 2, )

lim
x→0

sinx

x
= 1

(2) 根W (1) í!‹£úi0��, òQ°”Ì. íl,
øŸ�í}ä, }母°乘J 1 + cosx, 1“�, )

1− cosx

x
=

1− cosx

x
·
1 + cosx

1 + cosx

=
sin2 x

x(1 + cosx)
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QOs邊¦”Ì, 1|c�U¬邊í}ä, }母, )

Ÿ� =
(
lim
x→0

sinx

x

)
·
(
lim
x→0

sinx

1 + cosx

)
= 1 ·

0

1 + 1
= 1 · 0 = 0

註 3. ”ÌÑ 1 v, 顛倒(í”Ì´u 1.

lim
x→0

x

sinx
= lim

x→0

1
sinx

x

=
limx→0 1

limx→0
sinx

x

=
1

1
= 1

註 4. Uà

lim
x→0

sinx

x
= 1

í!‹v, â·<}母í¾D}ä2Hp sin 函bí¾b

øšnªJ, ÄÑÊ„píç2僅b°°š×üí¾趨¡

k 0, Bk§�†³�b°.

W. t°-�®”Ì:

(a) lim
x→0

sin 3x

5x
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(b) lim
x→0

sin(πx)
√

x

(c) lim
x→0

secx− 1

x secx

(d) lim
x→0

7x

sin 4x

<j> (a) 根W註 4, Ûb|cAó°í¾(, nªUà

úi”Ìí!‹, |c£Rû¬˙à-:

lim
x→0

sin 3x

5x
= lim

x→0

3x

5x
·
sin 3x

3x

= lim
x→0

3

5
·
sin 3x

3x

=
3

5
lim
x→0

sin 3x

3x

=
3

5
· 1 =

3

5
(b) âl|cA含 πx í¾(, yl�, ¬˙à-:

lim
x→0

sin(πx)
√

x
= lim

x→0

πx
√

x
·
sin(πx)

πx

= lim
x→0

π
√

x · lim
x→0

sin(πx)

πx

= π ·
√

0 · 1 = 0
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(c) løŸ�ZŸA熟2í£ýCìý函b(, yTÜ:

lim
x→0

secx− 1

x secx
= lim

x→0

1
cosx − 1

x 1
cosx

= lim
x→0

1− cosx

x
= 0

(d) l|cAó°í¾(, yTÜ:

lim
x→0

7x

sin 4x
= lim

x→0

7x

4x
·

4x

sin 4x

=
7

4
lim
x→0

4x

sin 4x

=
7

4
· 1 =

7

4

註 5. úLø ε > 0,

||x| − 0| < ε ⇔ |x− 0| < ε (1)

FJ, úLø	ìí ε > 0, ¦

δ = ε

ª),

ç 0 < |x− 0| < δ (= ε) v

â (1) �ø,

||x| − 0| < ε

9 2×bç系:PM



陽p»ç系�	}(99ç��) Àj 5: HÑìÜDúií”Ì

Ä¤, â ε-δ ì2,

lim
x→0

|x| = 0

註 6. „p

lim
x→0

sinx

x
= 1

íj¶, Î7W 1 ªœÞ	Õ, ?ª5?ªœ曲(Åíj

¶, 即

AD (¨Å ≤ BD 弧Å ≤ BC (¨Å

另Õ, 6ª5?ªœ

4OBD íÞ	 ≤
m$ OBD íÞ	 ≤ 4OBC íÞ	

íj¶, ~AW嘗t, 1ªœ®�j¶íÏæ.
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