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單元 41: 偏導函數
({… §10.3)

ø. 複3

À‰bƒb f(x) í‰“ªâ

f ′(x) = lim
h→0

f(x + h)− f(x)

h

¹mÈ‰“0, [Û|, �S<2, 4~(é0, àÇý.

ù. Rûƒb

½. àS·H f(x, y) 5‰“?

�. l.Ûb°vhôù_‰bíZ‰, 7}�固ìø_

‰b, yhôÇø_‰bí‰“¹ª! Ä¤, �à-íì

2.

ì2. úA‰b x íRûƒb (partial derviative

of f with respect to x)

∂f(x, y)

∂x
= lim

h→0

f(x + h, y)− f(x, y)

h
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?¹, ø y 固ì, eÑ�b, 1I x Z‰, 7)í‰“0.

úA‰b y íRûƒb (partial derviative of f

with respect to y)

∂f(x, y)

∂y
= lim

h→0

f(x, y + h)− f(x, y)

h

?¹, ø x 固ì, eÑ�b, 1I y Z‰, 7)í‰“0.

註 1. ¯U: ªJ-™íj�[ý|ú.°íA‰bíR

ûƒb, à

fx(x, y) =
∂f(x, y)

∂x

J£

fy(x, y) =
∂f(x, y)

∂y

註 2. �S,í<2: àÇý, ílø y = y0 固ì, ª

)垂ò�Þ y = y0 D曲Þ z = f(x, y) í>ÕÑø曲

(

z = f(x, y0)

wÊ xz �Þ,íI	àÇý.
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FJ,

∂f(x0, y0)

∂x
= lim

h→0

f(x0 + h, y0)− f(x0, y0)

h
= ¬ x 座™Ñ x0 D x0 + h í

sõí’(é0í”Ì

= Ê曲( z = f(x, y0) ,¬õ

(x0, y0) í~(é0

°Ü, ø x = x0 固ì, ª)垂ò�Þ x = x0 D曲Þ

z = f(x, y) í>ÕÑø曲(

z = f(x0, y)

wÊ yz �Þ,íI	à-Ç.

FJ,

∂f(x0, y0)

∂y
= lim

h→0

f(x0, y0 + h)− f(x0, y0)

h
= ¬ y 座™Ñ y0 D y0 + h í

sõí’(é0í”Ì

= Ê曲( z = f(x0, y) ,¬õ

(x0, y0) í~(é0

ú. °Rûƒbíj¶
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根WRûƒbíì2, °¶à-:

(1) °
∂f(x, y)

∂x
íj¶: e y Ñ�b, ú x �}.

(2) °
∂f(x, y)

∂y
5j¶: e x Ñ�b, ú y �}.

W 1. (a) I

f(x, y) = yexy

†, e y Ñ�b1ú x �}, )

∂f(x, y)

∂x
= y

∂

∂x
(exy)

= y · exy · y
= y2exy

QO, e x Ñ�b, f(x, y) Ñs_Ö y í�ä (y D

exy) í
	, ]J
¶d†ú y �}, )

∂f(x, y)

∂y
= 1 · exy + y · exy · x

= exy(1 + xy)
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(b) I

f(x, y) =
sin(xy)

x2 + cos y

†, e y Ñ�b1ú x �}, )

∂f(x, y)

∂x

=
cos(xy) · y · (x2 + cos y)− (2x) sin(xy)

(x2 + cos y)2

(c) I

f(x, y) = 3− x3 − y2

†, e y Ñ�b1ú x �}, )

fx(1,1) = fx(x, y)
∣∣∣
(1,1)

= −3x2
∣∣∣
(1,1)

= −3

w�S<2Ñ, ç y = 1 v, “曲Þ z = f(x, y) D垂

ò�Þ y = 1 í>Õ” Ê xz �ÞíI	u曲(

z = 2− x3

àÇý, w,¬ x = 1 íõí~(é0Ñ

z′(x)
∣∣∣
x=1

= −3x2
∣∣∣
x=1

= −3 = fx(1,1)
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à‡FH. °Ü, e x Ñ�b1ú y �}, )

fy(1,1) = fy(x, y)|(1,1)

= −2y|(1,1) = −2

�S<2à-: ç x = 1 v, “曲Þ z = f(x, y) D

垂ò�Þ x = 1 í>Õ” Ê yz �ÞíI	u曲(

z = 2− y2

àÇý, w,¬ y = 1 íõí~(é0Ñ�

z′(y)
∣∣∣
y=1

= −2y|y=1

= −2 = fy(1,1)

à‡FH.

û. ù_J,A‰bíRûƒb

ªà-W, AÍËR�.

W 2. I

f(x, y, z) = eyz(x2 + z3)

†, e y, z Ñ�b1ú x �}, )

∂f

∂x
= eyz(2x)
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e x, z Ñ�b1ú y �}, )

∂f

∂y
= zeyz(x2 + z3)

e x, y Ñ�b1J
¶d†ú z �}, )

∂f

∂z
= yeyz(x2 + z3) + eyz(3z2)

= eyz(yx2 + yz3 + 3z2)

ü. ò¼Rûƒb

ù¼Rûƒb, �à-í 4 �:

(1)
∂2f

∂x2
def
=

∂

∂x

(
∂f

∂x

)
= fxx

(2)
∂2f

∂y2
def
=

∂

∂y

(
∂f

∂y

)
= fyy

(3)
∂2f

∂x∂y

def
=

∂

∂x

(
∂f

∂y

)
= fyx
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(4)
∂2f

∂y∂x

def
=

∂

∂y

(
∂f

∂x

)
= fxy

w2

∂2f

∂x∂y
= fyx D

∂2f

∂y∂x
= fxy

˚T混¯型Rûƒb (mixed derivatives).

°Ü, ªR�ú¼, û¼, . . ., Rûƒb.

W 3. I

f(x, y) = sinx + xey

†

∂f

∂x
= cosx + ey

yú x �}, )

∂2f

∂x2
=

∂

∂x
(cosx + ey) = − sinx

¢,

∂f

∂y
= xey
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yú y �}, )

∂2f

∂y2
=

∂

∂y
(xey) = xey

¤Õ, 根W混¯型Rûƒbíì2,

∂2f

∂x∂y
=

∂

∂x
(xey) = ey

J£

∂2f

∂y∂x
=

∂

∂y
(cosx + ey) = ey

â¤û|

∂2f

∂x∂y
=

∂2f

∂y∂x

½. 混¯型Rûƒbøì}ó�ý? ?¹, �}íŸ序Ì

É'bý?

�. .øì, Oó� (?¹, D�}Ÿ序ÌÉ) ík}‘

KÑ : J f(x, y) (C f(x, y, z), . . .) DwRûƒb

fx, fy, fxy, fyx (ø<Ôìíú¼混¯型Rûƒb,

. . .) ÌÊ (x0, y0) íøÇÆ碟,©/, †

fxy(x0, y0) = fyx(x0, y0)
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(F�¥<Ôìíú¼混¯型RûƒbÌó�, . . .).

Wà, I

f(x, y) = y2 sinx

ÄÑ AíjÖ sinx D y2 Ìu “ßƒb”, ]ÖŸ}

�ú x D y �}(í!‹YÍ}u©/í, 6ÿuz,

fxxy, fyxx D fxyx ·}u©/í. Ä¤, 根W,Hík

}‘K,

fxxy = fyxx = fxyx

?¹, �}íŸ序uÌÉí.

ð„: íl, â

fx = y2 cosx

ªû|

fxx = −y2 sinx

ª7

fxxy = −2y sinx (1)

QO,

fy = 2y sinx
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Ä¤,

fyx = 2y cosx

J£

fyxx = −2y sinx (2)

|(,

fxy =
∂

∂y
(y2 cosx) = 2y cosx

1â¤û|

fxyx =
∂

∂x
(2y cosx) = −2y sinx (3)

Ä¤, ªœ (1) �, (2) �, D (3) �(, )

fxxy = fyxx = fxyx = −2y sinx
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