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單元 30: 泰勒近似
({… §7.6)

JÖá� (�Àƒb) ¡N (,l) ƒbíÉœõ (ø般

7k):

(i) ¼Ÿ (Ÿb, Ÿj) BòBÄü.

(ii) �¶4 (2-BÔ¡k,l5õBÄü).

ø. œ Öá�

複3: f(x) Ê x = a í(4¡N (linear

approximation, C˚~(¡N) Ñ

L(x) = f(a) + f ′(a)(x− a)

;WÇ$, ª)øcç x Ô¡ a v, f(x) ≈ L(x). (x

±× a v, L(x) D f(x) 5差ÿ‰×.)

½. àSyªø¥püË[ýóN?
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hô:

(1) L(a) = f(a) + f ′(a)(a− a) = f(a)

(2) L′(a) = L′(x)
∣∣∣
x=a

= f ′(a)
∣∣∣
x=a

= f ′(a)

(3) L′′(a) = 0, O f ′′(a) .øì�k 0. FJ, Ìª

ø¥íóN.

˙ý: ;Whô, N˛çÖá�D f(x) Ê x = a íû

ƒb�BÖŸíó°, †¡NBÄü.

½. àSv¥�Öá�?

�. ÑÀ純l, lq a = 0. Ik°íÖá�Ñ

Pn(x) = a0 + a1x + a2x2 + · · ·+ anxn

w2 a0, a1, . . . , an &ì.

QO;W‡ÞíhôD˙ý, b°

Pn(0) = f(0)
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P ′n(0) = f ′(0)

P ′′n(0) = f ′′(0)

...

P
(n)
n (0) = f(n)(0)

¤4óçk

Pn(0) = a0 = f(0)

P ′n(0) = P ′n(x)
∣∣∣
x=0

= a1 + 2a2x + 3a3x2 + · · ·+ nanxn−1
∣∣∣
x=0

= a1 = f ′(0)

P ′′n(0) = P ′′n(x)
∣∣∣
x=0

= 2a2 + 3 · 2a3x + · · ·+ n(n− 1)anxn−2
∣∣∣
x=0

= 2a2 = f ′′(0)

P
(3)
n (0) = P

(3)
n (x)

∣∣∣
x=0

= 3 · 2a3 + 4 · 3 · 2a4x + · · ·+
n(n− 1)(n− 2)anxn−3

∣∣∣
x=0

= 3 · 2a3 = 3!a3 = f(3)(0)
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...

P
(n)
n (0) = P

(n)
n (x)

∣∣∣
x=0

= n(n− 1) · · ·1an

∣∣∣
x=0

= n!an = f(n)(0)

j,�®�, )

a0 = f(0), a1 = f ′(0), a2 =
1

2!
f ′′(0)

a3 =
1

3!
f(3)(0), · · · , an =

1

n!
f(n)(0)

Ä¤, )

Pn(x) = f(0) + f ′(0)x +
f ′′(0)

2!
x2 +

f(3)(0)

3!
x3 + · · ·+

f(n)(0)

n!
xn

˚T f(x) Ê x = 0 (J x = 0 Ñ2-) í n ¼œ 

Öá�.

註. n = 1 v,

P1(x) = f(0) + f ′(0)(x) = L(x)

¹, ø¼œ Öá� P1(x) ÿu(4¡N L(x).
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W 1. t° f(x) = ex Ê x = 0 í n ¼œ Öá�

Pn(x), 1ªœ f(0.1), P1(0.1), P3(0.1), D

P4(0.1) íM, J£它b5Èí差æ¸!�.

<j> (i) ;Wœ Öá�ít�. Ûl°| f(x) Ê

x = 0 í©/ n _ûƒbM:

f(x) = ex ⇒ f(0) = e0 = 1

f ′(x) = ex ⇒ f ′(0) = e0 = 1

f ′′(x) = ex ⇒ f ′′(0) = e0 = 1
...

f(n)(x) = ex ⇒ f(n)(0) = e0 = 1

Ä¤, n ¼œ Öá�

Pn(x)

= f(0) + f ′(0)x +
f ′′(0)

2!
x2 + · · ·

+
f(n)(0)

n!
xn

= 1 + x +
1

2!
x2 +

1

3!
x3 +

1

4!
x4 + · · ·+

1

n!
xn

(ii) ;W (i) F°|íœ Öá�, �[ªœ f(0.1),
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P1(0.1), P3(0.1), D P4(0.1) íMà-:

x 0.1
f(x) = ex 1.105170918
P1(x) = 1 + x 1.1
P3(x) =

1 + x + 1
2x2 + 1

6x3 1.1052
P4(x) =

1 + x + 1
2x2 + 1

6x3 + 1
24x4 1.10516667

Ä¤, œ Öá�í¼Ÿ n Bò, ,lBÄü.

W 2. t° f(x) = sinx Ê x = 0 í n ¼œ Öá

� Pn(x).

<j> ;Wœ Öá�ít�, l° f(x) = sinx Ê

x = 0 í©/ n _ûƒbM:

f(x) = sinx ⇒ f(0) = sin 0 = 0

f ′(x) = cosx ⇒ f ′(0) = cos0 = 1

f ′′(x) = − sinx ⇒ f ′′(0) = 0

f(3)(x) = − cosx ⇒ f(3)(0) = −1

f(4)(x) = sinx ⇒ f(4)(0) = 0
...
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â¤ª¦納|-�í型�:

n 0 1 2 3 4 5 6 7 · · ·
f(n)(0) 0 1 0 −1 0 1 0 −1 · · ·

Ä¤,

P2n+1(x) = x−
1

3!
x3 +

1

5!
x5 −

1

7!
x7 +

· · ·+
(−1)n

(2n + 1)!
x2n+1

註. ÑS|(ø_ø般áí符Uu (−1)n, 7.u

(−1)n+1?

9õ,, (−1)n C (−1)n+1 Ìª$A£Š>�, O哪

ø_ú?

ÔWð„¹ª: ø 3 “A 2n + 1 í$�, ª)

3 = 2(1) + 1

â¤,

(−1)n = (−1)1 = −1

D x3 áí符Uó符. Í7

(−1)n+1 = (−1)1+1 = (−1)2 = 1
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ºD x3 áí符U.符, ]¦

(−1)n

Ñø般áí符U.

ù. Ê x = a íœ Öá�

éNkÊ x = 0 íœ Öá�, Ê x = a (J x = a

Ñ2-) íœ Öá�R�à-: ÑjZl, qÖá�

Pn(x) = c0 + c1(x− a) + c2(x− a)2 +

· · ·+ cn(x− a)n

w2 c0, c1, . . . , cn &ì.

ÑóN�, b°

Pn(a) = f(a)

P ′n(a) = f ′(a)

P ′′n(a) = f ′′(a)

...

P
(n)
n (a) = f(n)(a)
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4óçk

Pn(a) = c0 = f(a)

P ′n(a) = P ′n(x)
∣∣∣
x=a

= c1 + 2c2(x− a) + 3c3(x− a)2 + · · ·+
ncn(x− a)n−1

∣∣∣
x=a

= c1 = f ′(a)

P ′′n(a) = P ′′n(x)
∣∣∣
x=a

= 2c2 + 3 · 2c3(x− a) + · · ·+
n(n− 1)cn(x− a)n−2

∣∣∣
x=a

= 2c2 = f ′′(a)

...

P
(n)
n (a) = P

(n)
n (x)

∣∣∣
x=a

= n(n− 1) · · ·3 · 2 · 1cn

∣∣∣
x=a

= n!cn = f(n)(a)

j,�®�, )

c0 = f(a), c1 = f ′(a), c2 =
1

2!
f ′′(a)

c3 =
1

3!
f(3)(a), . . . , cn =

1

n!
f(n)(a)
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Ä¤, f(x) Ê x = a (J x = a Ñ2-) í n ¼œ 

Öá�

Pn(x) =

f(a) + f ′(a)(x− a) +
f ′′(a)

2!
(x− a)2 +

f(3)(a)

3!
(x− a)3 + · · ·+

f(n)(a)

n!
(x− a)n

W 3. t° f(x) = lnx Ê x = 1 í n ¼œ Öá

�.

<j> ;W n ¼œ Öá�ít�, Ûbl°°©/ n

_ f(x) = lnx Ê x = 1 íûƒbM: %â�}t�,

©/�}1°M, )

f(x) = lnx ⇒ f(1) = ln1 = 0

f ′(x) =
1

x
⇒ f ′(1) =

1

1
= 1

f ′′(x) =
−1

x2
⇒ f ′′(1) = −1

f(3)(x) =
(−1)(−2)

x3
⇒ f(3)(1) = 2
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f(4)(x) =
(−1)(−2)(−3)

x4

⇒ f(4)(1) = (−1)33!

...

f(n)(x) =
(−1)(−2) · · · (−(n− 1))

xn

⇒ f(n)(1) = (−1)n−1(n− 1)!

FJ, J x = 1 Ñ2-í n ¼œ Öá�

Pn(x) = f(1) + f ′(1)(x− 1)+

f ′′(1)

2!
(x− 1)2 +

f(3)(1)

3!
(x− 1)3 +

f(4)(1)

4!
(x− 1)4 + · · ·+

f(n)(1)

n!
(x− 1)n

= (x− 1)−
1

2!
(x− 1)2 +

2!

3!
(x− 1)3 −

3!

4!
(x− 1)4 + · · ·+

(−1)n−1(n− 1)!

n!
(x− 1)n

= (x− 1)−
1

2
(x− 1)2 +

1

3
(x− 1)3

−
1

4
(x− 1)4 + · · ·+

(−1)n+1

n
(x− 1)n
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½. Äü�àS? u´¼Ÿ n B×BÄü? _àí範圍

ÑS?

ÔWzp. I

f(x) =
1

1− x
, x 6= 1

† f(x) Ê x = 0 í n ¼œ Öá� (¡õ� 375

ÜíW 3)

Pn(x) = 1 + x + x2 + · · ·+ xn

=
1− xn+1

1− x
, x 6= 1

FJ,

誤差 = |f(x)− Pn(x)|

=

∣∣∣∣∣ 1

1− x
−

1− xn−1

1− x

∣∣∣∣∣
=

∣∣∣∣∣ 1

1− x
−

1

1− x
+

xn+1

1− x

∣∣∣∣∣
=

|x|n+1

|1− x|

→
{

0, J |x| < 1
∞, J |x| > 1

ç¼Ÿ n →∞.
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!�: ¼Ÿ n B×BÄ/_à範圍u

|x| < 1 ⇔ −1 < x < 1

½. ø般íƒb f(x) ¢àSá?

œ t� (Taylor’s Formula). I I ÑøÖ

a í–È. q

f : I → R

/ f J£w©/ (n + 1) _ûƒbÌÊ I ,©/. †

úk x, a ∈ I,

f(x) = f(a) +
f ′(a)

1!
(x− a) +

f ′′(a)

2!
(x− a)2

+ · · ·+
f(n)(a)

n!
(x− a)n + Rn+1(x)

w2

Rn+1(x) =
1

n!

∫ x

a
(x− t)nf(n+1)(t)dt

?¹,

f(x) = Pn(x) + Rn+1(x)

/

誤差 = |f(x)− Pn(x)| = |Rn+1(x)|
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<„> â�	}基…ìÜ,

f(x)− f(a) =
∫ x

a
f ′(t)dt

�ácÜ, )

f(x) = f(a) +
∫ x

a
f ′(t)dt (1)

= f(a) +
1

0!

∫ x

a
(x− t)0f ′(t)dt

] n = 0 A
. QO, ;W¦

u = f ′(t); dv = dt

í}¶	}, )

du = f ′′(t)dt

/ÑjZl,

v =
∫

dt = t + C = t− x = −(x− t)

¹, I C Ññ‡–È I 2F5?íø_固ìM −x (ø

般7k, I C = 0 ), J£∫ x

a
f ′(t)dt =

∫ x

a
1 · f ′(t)dt

= −(x− t)f ′(t)
∣∣∣x
t=a

+
∫ x

a
(x− t)f ′′(t)dt

= (x− a)f ′(a) +
∫ x

a
(x− t)f ′′(t)dt

14 2×bç系:PM
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Hp (1) �, )

f(x) = f(a) + f ′(a)(x− a)

+
∫ x

a
(x− t)f ′′(t)dt (2)

], n = 1 A
. y;WéNí}¶	}, ²¦

u = f ′′(t); dv = (x− t)dt

)

du = f(3)(t)dt

/

v =
∫

(x− t)dt = −
1

2
(x− t)2

J£∫ x

a
(x− t)f ′′(t)dt

= −
1

2
(x− t)2f ′′(t)

∣∣∣∣x
a
+

1

2

∫ x

a
(x− t)2f(3)(t)dt

=
1

2
(x− a)2f ′′(a) +

1

2

∫ x

a
(x− t)2f(3)(t)dt

Hp (2) �, )

f(x) = f(a) + f ′(a)(x− a) +
1

2
f ′′(a)(x− a)2

+
1

2

∫ x

a
(x− t)2f(3)(t)dt
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¹, n = 2 A
. |(, cq n− 1 vA
, ¹

f(x) = f(a) +
f ′(a)

1!
(x− a) +

f ′′(a)

2!
(x− a)2

+ · · ·+
f(n−1)(a)

(n− 1)!
(x− a)n−1

+
1

(n− 1)!

∫ x

a
(x− t)n−1f(n)(t)dt (3)

y;W°ší}¶	}x巧, ¦

u = f(n)(t); dv =
1

(n− 1)!
(x− t)n−1dt

)

du = f(n+1)(t)dt

/

v =
∫ 1

(n− 1)!
(x− t)n−1dt = −

1

n!
(x− t)n

J£

1

(n− 1)!

∫ x

a
(x− t)n−1f(n)(t)dt

= −
1

n!
(x− t)nf(n)(t)

∣∣∣∣x
a

+
1

n!

∫ x

a
(x− t)nf(n+1)(t)dt

=
(x− a)n

n!
f(n)(a) +

∫ x

a

(x− t)n

n!
f(n+1)(t)dt
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Hp (3) �, )

f(x) = f(a) +
f(a)

1!
(x− a) +

f ′′(a)

2!
(x− a)2

+ · · ·+
f(n)(a)

n!
(x− a)n + Rn+1(x)

w2

Rn+1(x) =
1

n!

∫ x

a
(x− t)nf(n+1)(t)dt

];Wbç¦納¶)„.

註 1. ø般7k, Ì¶	| Rn+1(x) í�üM. àS

,l?

註 2. Rn+1(x) íÇø[ý¶:

Rn+1(x) =
f(n+1)(c)

(n + 1)!
(x− a)n+1

w2 c Ñ�k a D x 5Èí/øõ (.üìu哪øõ).

註 3. àS,l Rn+1(x)? qæÊ K U)úF��

k a D x 5Èí t,

|f(n+1)(t)| ≤ K
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†

|Rn+1(x)| ≤
K|x− a|n+1

(n + 1)!

¤4ÄÑ c �k a D x 5È, ]âcq, )

|fn+1(c)| ≤ K

y;W註 2 FHí Rn+1(x) íÇø[ý¶, 7ªû|,

�.

誤差,líà¤:

1. TÑøœ×í誤差.

2. J¤t�°_çí¼Ÿ n.

3. n B×, BÄü, / x BÔ¡ a, BÄü.

W 4. q f(x) = ex. t°_çí¼Ÿ n, U)J

f(x) Ê x = 0 íœ Öá�,l f(1) = e1 ví誤

差}ük 10−5.
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<j> íl, ;Wœ t�, f(x) Ê x = a = 0 íœ

 Öá�í誤差

|Rn+1(x)| =

∣∣∣∣∣∣f
(n+1)(c)

(n + 1)!
(x− 0)n+1

∣∣∣∣∣∣
=

∣∣∣∣∣∣f
(n+1)(c)

(n + 1)!
xn+1

∣∣∣∣∣∣
w2 c �k x D 0 5È. ÄÑ,l f(1), ]â,�,
)

誤差 = |Rn+1(1)| =
f(n+1)(c)

(n + 1)!
(1)n+1

w2 c �k 0 D 1 5È. QOÛv K, U)úF�í

0 ≤ t ≤ 1, ∣∣∣f(n+1)(t)
∣∣∣ ≤ K

ÄÑ f(x) = ex, ] f(n+1)(x) = ex. â¤ªû|,
úkF�í t ∈ [0,1],∣∣∣f(n+1)(t)

∣∣∣ = et ≤ e1

Ä¤, ª¦

K = 3

æ<b°

誤差 < 10−5
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符¯¤b°íø_k}‘Ku誤差,l

3 · (1)n+1

(n + 1)!
< 10−5

¤4óçk

3

(n + 1)!
< 10−5

?óçk

3× 105 < (n + 1)!

|(, ªSàHpíj¶, ø n °|, ¬˙à-:

n = 5 ⇒ 6! = 720

n = 6 ⇒ 7! = 5040

n = 7 ⇒ 8! = 40320

n = 8 ⇒ 9! = 362880 > 3× 105

FJ, ª¦ n = 8 (9õ,, LS×kC�k 8 í n ·

符¯b°, OJ符¯b°í|ü n ÑÄ).

ÔWð„à-: ;W‡Þí!‹,

Pn(x) = 1 + x +
1

2!
x2 + · · ·+

1

n!
xn
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Ä¤,

P7(1) = 1 + 1 +
1

2!
+ · · ·+

1

7!
= 2.71825396825

P8(1) = 1 + 1 +
1

2!
+ · · ·+

1

7!
+

1

8!
= 2.71827876984

¢

f(1) = e = 2.71828182846

FJ, )|

|f(1)− P8(1)| ≤ 0.0000031 = 3.1× 10−6

< 10−5

Í7

|f(1)− P7(1)| ≤ 0.0000279 = 2.79× 10−5

> 10−5

.夠ü. Ä¤, Býb¦ n = 8, D‡ÞF)í!‹ø_.

�àƒbÊ x = 0 íœ Öá�£_à範圍:

cosx = 1−
x2

2!
+

x4

4!
−

x6

6!
+ · · ·+ (−1)n x2n

(2n)!
+R2n+1(x), −∞ < x < ∞︸ ︷︷ ︸

_à範圍
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ln(1 + x)

= x−
x2

2
+

x3

3
−

x4

4
+ · · ·+ (−1)n+1xn

n
+Rn+1(x), −1 < x ≤ 1

1

1− x
= 1 + x + x2 + x3 + · · ·+ xn

+Rn+1(x), −1 < x < 1
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