
¹p»çÍ微	}(99ç��) Àj 2: !…ƒb

單元 2: 基本函數
({… §1.2)

ì2 1. øƒb (function)

f : A −→ B

uø�d† (rule), ø A 2í©øjÖ x Nì# B 2

íñøjÖ y à,

x −→ f(x)︸ ︷︷ ︸
d†

1˚ y Ñ x Ê f 5-íM (value C image) /J

f(x) [ý5 (?¹, y = f(x)), w2 A ˚Ñ f íì

2� (domain), B Ñú@� (codomain),

f íM� (range)
pA
= f(A) =

{y ∈ B : y = f(x), ‡ú某< (for some) x ∈ A}
⊆ B

à,

f1 : R −→ R

(d†Ñ x −→ x2)
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† f1 íì2� = R, M� = [0,∞) ⊆ R.

f2 : [0,1] −→ R

(d†Ñ x −→ x2)

† f2 íì2� = [0,1], M� = [0,1].

註: f1 D f2 �ó°íd† (rule), OºÑ.°íƒb

(functions) (ÄÑì2�.°).

ì2 2. sƒb f D g ó°J/ÑJ (if and only

if, ç/cç, ⇔)

(i) �ó°íì2� (domain) /

(ii) f(x) = g(x) (?¹, �ó°íd† (rule))

ì2 3. q f : A −→ B

(i) Jú©ø_ x ∈ A,

f(−x) = f(x)
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†˚ f ÑøXƒb (even function), wÇ$ú˚

k y-軸 (y-axis), àÇ 1.

(ii) ú©ø_ x ∈ A, J

f(−x) = −f(x)

†˚ f ÑøJƒb (odd function), wÇ$ú˚

kŸõ (origin), àÇ 2.

à, Ç 3 Fý,

f(x) = x2 : Xƒb

g(x) = x3 : Jƒb

¢à,

sin(θ) : Jƒb (ÄÑ sin(−θ) = − sin(θ))

cos(θ) : Xƒb (ÄÑ cos(−θ) = cos(θ))

ì2 4. ¯Aƒb (composite function)

(f ◦ g)(x)
def
= f(g(x))
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àÇ 4 Fý.

f ◦ g íì2� = {x ∈ g íì2�: g(x) ∈ f íì2

� }
(= Ÿe2, wšA¹ g(x) ª\Q§í¶})
(CU)šA¹ g(x) ª\Q§íŸe)

à, J

f(x) =
√

x, x ≥ 0

/

g(x) = x3 + 1, x ∈ R

†

(i) 根W¯Aƒbíì2,

(f ◦ g)(x) = f(g(x))

= f(x3 + 1)

=
√

x3 + 1

ì2� = { x ∈ R︸ ︷︷ ︸
x∈D of g

:

g(x)∈D of f︷ ︸︸ ︷
x3 + 1 ≥ 0}

w2 D [ýì2� (domain)

= [−1,∞)
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(ii) °š根W¯Aƒbíì2,

(g ◦ f)(x) = g(f(x))

= g(
√

x)

= (
√

x)3 + 1

= x3/2 + 1

ì2� = { x ≥ 0︸ ︷︷ ︸
x∈D of f

:

f(x)∈D of g︷ ︸︸ ︷√
x ∈ R }

= {x : x ≥ 0}
= [0,∞)

(⇒ f ◦ g 6= g ◦ f . FJ, f ◦ g D g ◦ f .øìó�.)

�_�àí!…ƒb:

(i) Öá�ƒb (Polynomial Functions)：

p(x) = a0 + a1x + a2x2 + · · ·+ anxn

˚T n ŸÖá� (n ÑŸj (degree)), w2

a1, a2, . . . , an ÑõbM�b (real-valued

constants), / an 6= 0.
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à,

p(x) = 2x3 − 4x + 7, x ∈ R

ÑúŸÖá�,

(ii) �Üƒb (Rational Functions)：

r(x)
def
=

p(x)

q(x)

w2 p(x), q(x) ÑÖá�/ q(x) 6= 0.

à,

r1(x) =
1

x− 2
, x 6= 2

r2(x) =
x2 + 2x + 1

x− 5
, x 6= 5

(iii) 冪ƒb (Power Functions):

f(x) = xr

w2 r Ñøõb, ˚T冪Ÿ (power).

à,

y = x1/3, x ∈ R
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y = x1/2, x ≥ 0

y = x5/2, x ≥ 0

y = x−1/2
(
=

1

x1/2

)
, x > 0

(ÄÑ x = 0 v, y Ì<2)

(iv) Nbƒb (Exponential Functions):

I a > 0 / a 6= 1, †

f(x) = ax, x ∈ R

uø�bÑ a íNbƒb.

4”:

• axay = ax+y

• ax

ay = ax−y

• (ax)y = axy

註: ¦

a = e (≈ 2.718281828)

7 2×bçÍ:PM



¹p»çÍ微	}(99ç��) Àj 2: !…ƒb

v, †˚

ex ¢pA
= exp(x)

ÑAÍNbƒb (natural exponential

function).

(v) ¥ƒb (Inverse Functions):

�k5, ƒb f í¥ƒb, pT

f−1

ÑD f �¥^‹íƒb, 6¹,

y = f(x) ⇔ x = f−1(y)

àÇ 5.

½. Sv}�¥ƒb?

“JBý�sõ x1 6= x2 U) f(x1) = f(x2)”

†Ñ7ßÞ¥^‹, .Íb

f−1(y) = x1 / f−1(y) = x2

àÇ 6.

8 2×bçÍ:PM



¹p»çÍ微	}(99ç��) Àj 2: !…ƒb

O¥.¯¯ƒbíì2 (ÄÑ y Éª/.â\Nì

ƒñøM). FJ欲)¥ƒb, .ÛÎ “· · ·”í8況

. ¤4óçk

“J x1 6= x2, † f(x1) 6= f(x2)” (1)

?óçk

“J f(x1) = f(x2), † x1 = x2” (2)

註: JøƒbÅ— (1) C (2), †˚¤ƒbÑøú

øƒb (one-to-one (1-1) function).

!�:

f : A → B u 1-1 /M�Ñ f(A) †, f �¥ƒ

b

f−1 : f(A) → A

/ì2à-:

f−1(y) = x ⇔ y = f(x), y ∈ f(A)

àÇ 7 Fý.

註 1. f−1 íì2�Ñ f íM�; f−1 íM�Ñ

f íì2�.
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註 2. ó¥í^‹:

• f−1(f(x)) = x, x ∈ A

ÄÑúLø x ∈ A,
y = f(x) ⇒ x = f−1(y) = f−1(f(x))

• f(f−1(y)) = y, y ∈ f(A)

ÄÑúLø y = f(x) ∈ f(A),
f−1(y) = x / f(f−1(y)) = f(x) = y

àÇ 8.

註 3. Q1. àS�測 f u 1-1?

Q2. J f u 1-1, àS° f−1?

A1. j¶ø: âì2�Œ f u´Å—:

“x1 6= x2 ⇒ f(x1) 6= f(x2)”

C

“f(x1) = f(x2) ⇒ x1 = x2”

j¶ù: ®�(�測¶:

f Ñ 1-1 ⇔ ©ø‘®�(|ÖÉD f íÇ$ó>

køõ.
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à,

• y = x3: 1-1 ƒb, àÇ 9.

• y = x2: .u 1-1 ƒb, àÇ,10.

O_çË^£ì2�ÿª) 1-1 íƒb, à

(1) I f1(x) = x2, x ≥ 0: 1-1 ƒb, àÇ 11.

(2) I f2(x) = x2, x ≤ 0: 1-1 ƒb, àÇ 12.

A2. JWzp:

t°

f(x) = x3 + 1, x ≥ 0

í¥ƒb.

<j>

(i) f : 1-1, ÄÑ根W f íÇ$, Ç 13,

ªâ®�(�測¶)„.

(ii) I y = f(x), j x:

y = x3 + 1, y ≥ 1( ÄÑ x ≥ 0)

⇒ x3 = y − 1, y ≥ 1

⇒ x = 3
√

y − 1, y ≥ 1
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],

f−1(y) = 3
√

y − 1, y ≥ 1

(iii) x D y �換:

f−1(x) = 3√x− 1, x ≥ 1

(^‹: f D f−1 íÇ$ú˚kò( y = x)

àÇ 14.

(vi) úbƒb (Logarithmic Functions):

Nbƒb ax (Ñ 1-1) í¥ƒb˚TJ a Ñ�bí

úbƒb, 1J

loga x

[ý5, 6¹, ax D loga x �Ñ¥ƒb.

4”：

1. loga x : (0,∞) → R

(ÄÑ ax : R → (0,∞))

2. aloga x = x, x > 0 / loga ax = x, x ∈ R

3. loga(xy) = loga x + loga y
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4. loga

(
x
y

)
= loga x− loga y

5. loga xr = r loga x

註:

1. AÍNb ex í¥ƒb˚TAÍúb, 1J

lnx

[ý5 (?¹ lnx = loge x).

2. 換�t�:

ax = ex ln a

loga x =
lnx

ln a

ÑSà¤?

<„> íl

ax = eln ax

= ex ln a

QO, I

y = loga x (1)
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âì2ø

ay = x

si¦ ln, )

ln ay = lnx

根Wúbƒbí4”, “�)

y ln a = lnx

FJ,

y =
lnx

ln a
(2)

â (1) D (2), )

loga x =
lnx

ln a

(根W換�t�, ªâAÍúbDAÍNbƒbí

4”, Rû|wF�bíNbDúbƒbí4”)

3. AÍNb ex DAÍúb lnx íÇ$, àÇ 15

Fý, éý|�Ñ¥ƒbíÔ4.

W.

(a) t“�-�®�:
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log2(x
2 − 4)

log3 9x

ln e3x2−1

(b) tø-�®�換AJ e Ñ�b:
10x2+5

log6 x

log2(3x− 1)

<j>

(a)

log2(x
2 − 4) = log2(x + 2)(x− 2)

= log2(x + 2) + log2(x− 2)

log3 9x = log3(3
2)x

= log3 32x = 2x

ln e3x2−1 = 3x2 − 1

(b)

10x2+5 = exp (ln(10x2+5))

= exp ((x2 + 5) ln 10)

log6 x =
lnx

ln 6
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log2(3x− 1) =
ln(3x− 1)

ln 2

(vii) úiƒb (Trigonometric Functions):

ì2. f íU‚ (period) a: úF�í x ∈ f

íì2�, U) f(x + a) = f(x) í|ü£b a.

à,

1. sinx : (−∞,∞) → [−1,1], U‚ = 2π, à

Ç 16.

2. cosx : (−∞,∞) → [−1,1], U‚ = 2π,

àÇ 17.

3. tanx = sinx
cosx : (−∞,∞)\nπ

2 , n : Jcb →
(−∞,∞), U‚ = π, àÇ 18.

4. cscx = 1
sinx : (−∞,∞)\nπ, n : cb →

(−∞,−1] ∪ [1,∞), U‚ = 2π, àÇ 19.

5. secx = 1
cosx : (−∞,∞)\nπ

2 , n : Jcb →
(−∞,−1] ∪ [1,∞), U‚ = 2π, àÇ 20.
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6. cotx = cosx
sinx : (−∞,∞)\nπ, n : cb →

(−∞,∞), U‚ = π, àÇ 21.

註: q

f(x) = a sin(kx), x ∈ R

w2 a > 0 / k 6= 0, †˚ a ÑPÙ

(amplitude) (ÄÑƒbíM�k −a D a 5È)

½. U‚ p =? ⇔ °|üí p U)

f(x + p) = f(x)

⇔ a sin(k(x + p)) = a sin(kx)

⇔ a sin(kx + kp) = a sin(kx)

FJ,

kp = 2π

(ÄÑ 2π u sin ƒbíU‚). ],

p =
2π

k

à, f(x) = 3 sin
(

π
4x
)
, † f 5PÙ = 3, U‚

p =
2π
π
4

= 8
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(Câ π
4p = 2π, 7) p = 8)

àÇ 22.

註ø. øbÑHbb (algebraic): J¤buJ�Üb

TÑ[bíÖá�j˙�íj. à,
√

2

ÄÑ
√

2 u�Üb[bÖá�j˙�

x2 − 2 = 0

íj. ÇÕ

1

6uø_Hbb, ÄÑ 1 u�Üb[bÖá�j˙�

x− 1 = 0

íj, . . . ��.

øbÑ��b (transcendental): ÝHbb. à,

e

π
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註ù. øƒb y = f(x) ÑHbƒb (algebraic):
J y = f(x) Ñ-���íj˙�íj

Pn(x)y
n + Pn−1(x)y

n−1 + · · ·+
P1(x)y + P0(x) = 0

w2 P0(x), P1(x), . . . , Pn(x) ÌÑJ�ÜbÑ[bí

Öá�ƒb. à,

y =
1

1 + x

ÄÑ y Ñj˙�

P1(x)︷ ︸︸ ︷
(1 + x) y

P0(x)︷︸︸︷
−1 = 0

íj. ¢

y = 5x2 − 3.2x + 7

6uø_Hbƒb, ÄÑ y Ñj˙�

P1(x)=1︷︸︸︷
y −

P0(x)︷ ︸︸ ︷
(5x2 − 3.2x + 7) = 0

íj. y舉W,

y =
1 + x

1− x

6uø_Hbƒb, ÄÑ y Ñj˙�

P1(x)︷ ︸︸ ︷
(1− x) y −

P0(x)︷ ︸︸ ︷
(1 + x) = 0
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íj.

øƒb y = f(x) Ñ��ƒb (transcendental): Ý

Hbƒb (algebraic function), à:

úiƒb

Nbƒb

úbƒb

@à (JWzp):

W 1. q某ø“ç¥@à-:

A + B︸ ︷︷ ︸
¥@Ó (reactants)

−→
ß¹ (product)︷︸︸︷

AB

([ý: A }ä + B }ä!¯A AB }ä)

Êøò£íñÂqªW. J¥@§0 (rate of

reaction) ¯¯”¾«�律 (law of mass action):

¥@§0D¥@Óí濃� (concentrations) í
	A

ªW, w2濃� (concentration) = 	ìñ	qí}

äb. tJbç�ä描H¥@§0 (rate of

reaction).
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<j> I [A], [B] D [AB] }�[ý A, B D AB

í濃�. q|�濃� (initial concentrations) à-:

[A] = a, [B] = b, [AB] = 0

I R = ¥@§0 (rate of action). â”¾«�律

(law of mass action) ø,

R ∝ [A] [B] ⇔ R = k [A] [B]

w2 k > 0 ÑøªWÄä (proportionality factor).

ÄÑ [A], [B] D [AB] íÉ[à-: çß¹b

[AB] = x v,

[A] = a− x, [B] = b− x

/

0 ≤ x ≤ min(a, b)

w2 min(a, b) [ý a D b 2í|üM. Ä¤,

R(x) = k(a− x)(b− x), 0 ≤ x ≤ min(a, b)

w2 x Ñß¹b.

n�: â

R(x) = kx2 − k(a + b)x + kab
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(ø_ 2 ŸÖá�) íÇ$, àÇ 23, éý|:

• §0 (rate) R(x) ÓO x ↑ 7 ↓.

• x = 0 v, R(x) |× (ÄÑ¤v A D B í}ä

|Ö.)

• x = min(a, b) v, R(x) = 0 (ÄÑw2 A C

B í}äàê7, .yßÞ¥@.)

W 2. 冪ƒb (power functions) �àV描HÞÓ‰

b (biological variables) D -×ü (organic

sizes) 5Èí“測¾��É[ (scaling relation)”.

àhô 45 �À�胞藻é (unicellular algae) (, ø

©ø�í (�胞ñ	, �胞ÞÓ¾) ((cell volume,

cell biomass)) 描õ(, %$lj¶ª)

�胞ÞÓ¾ ∝ (�胞ñ	)0.794

(CypüË, y = 3x0.794, w2 x Ñ�胞ñ	 , y Ñ

�胞ÞÓ¾.)
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àÇ 24: â$lj¶找|D描õ5È誤Ï|üí曲(, ¢

˚T|º¯’eõí曲(.

W 3. t°ø
jñ (cube) í[Þ	 S Dñ	 V

5Èí測¾��É[ (scaling relation).

<j> ùªÇø‰b L: 
jñíiÅ, †

S ∝ L2 (⇔ S = k1L2) (3)

V ∝ L3 (⇔ V = k2L3) (4)

â (4) �j L 1Hp (3) �, )

L =

(
V

k2

)1/3

/

S = k1

(V

k2

)1/3
2

=
k1

k
2/3
2

V 2/3

FJ,

S = kV 2/3

C

S ∝ V 2/3
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@à: ¢½Jñ	ÓÑ 2 Iv, S í‰“ÑS?

N¬,��É[Þ	Dñ	íÉ[, hí[Þ	

S′ = k(2V )2/3

= 22/3kV 2/3

= 22/3S

FJ, [Þ	ÓÑŸlí 22/3 (≈ 1.587) I.

W 4. NbÓÅ (exponential growth): q某��

菌%¬ÀPvÈ(}}裂õ殖, / N(t) = Ê t ví族

群×üC母ñ×ü (population size), †

N(t + 1) = 2N(t), t ≥ 0 (5)

½ N(t) = ?

<j> q N(0) = N0 (=initial population

size). hô:

N(1) = 2N(0) = 2N0

N(2) = 2N(1) = 22N0

N(3) = 2N(2) = 2 · 22N0 = 23N0

...
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R�:

N(t) = 2tN0 (6)

ð„: â� (6) ),

N(t + 1) = 2t+1N0

= 2 · 2tN0

= 2N(t)

], � (5) A
. FJ,

N(t) = N02
t, t ≥ 0

(ø�bÑ 2 íNbƒb)

W 5. [¦4衰¢ (radioactive decay):
º植Ó: ÜY CO2 ⇒

C14 D C12 íªW¸×−2íªWó°

§植Ó: T¢ÜY CO2 ⇒
C14 ¢“/ C14 D C12 íªW-±

FJ根WªW-±íÖý, J£¢“íÓÜì律, ªÊ5

©ç,àVd�HíR�. 舉Wzpà-:

(i) [¦4¢“律 (law of radioactive decay): I

W0 = C14 í|�Ö¾ (= W (0))
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W (t) = Ê t v C14 íÖ¾

†

W (t) = W0e−λt, t ≥ 0

w2 λ > 0, ˚T¢“0 (decay rate).

註: ¦�JšÞ‚ (half-life: Ó”¢“ƒøšíÖ¾,

FÛívÈ) Th V[ý λ, Rû¬˙à-: 根Wš

Þ‚íì2,

1

2
W0 = W (Th)

= W0e−λTh

FJ,

1

2
= e−λTh

si¦ ln:

− ln 2 = ln(e−λTh)

= −λTh

FJ,

λTh = ln2
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C

λ =
ln2

Th

C

Th =
ln2

λ

Ä¤，Ébø− C14 íšÞ‚ = 5730 �, †¢

“律 (decay rate)

λ =
ln2

5730 �

(ii) -±íªW: q某ø5©–挖|íƒåš…2, C14

íÖ¾uº樹í 23%, ½¤樹uSv§�?

<j> ì2vÈè™àÇ 25: qº樹§�ív…Ñ

vÈ 0, ¤v C14 íÖ¾ W0 = º樹2 C14 í

Ö¾; ÛÊ挖|ív…ÑvÈ t, ¤v C14 íÖ¾Ñ

W (t). âæ<ø,

W (t)

W0
= 0.23

¢根W[¦4¢“律

W (t) = W0e−λt
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FJ, â,ù�)

0.23 =
W0e−λt

W0

= e−λt

“�),

eλt =
1

0.23

Ä¤,

λt = ln
(

1

0.23

)
FJ,

t =
1

λ
ln
(

1

0.23

)
=

5730 �

ln 2
ln
(

1

0.23

)
≈ 12150 �

(ÄÑ C14 í λ = ln2/(5730 �))
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