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單元 22: 定積分
({… §6.1)

ø. Þ	

½. J a > 0, f(x) = x2 Ê [0, a] ,F圍A (|)

–域íÞ	ÑS?

構;: ø [0, a] –È n �}(,

• ©øä–È (subinterval) íÅ� = a
n

• Ê©øä–È,J˝«õí函b值Ñò, ª$A n _

Åj$

†

Þ	 ≈ n _Åj$íÞ	¸

/

n B× (?即, }íB�) BÄü
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àÇý. FJ,

Þ	 ≈ Sn
def
= f(0)

a

n
+ f

(
a

n

)
a

n
+ · · ·+ f

(
(n− 1)

a

n

)
a

n

=

[
02 +

a2

n2
+

22a2

n2
+ · · ·+

(n− 1)2a2

n2

]
a

n

=
[
12 + 22 + · · ·+ (n− 1)2

] a3

n3
(1)

QO, 根W�j¸ít�:

k∑
i=1

i2 = 12 + 22 + · · ·+ k2

=
1

6
k(k + 1)(2k + 1)

J£ (1) �, H k = n− 1, )

Sn =
1

6
(n− 1)(n)(2n− 1)

a3

n3

=
a3

6

(
1−

1

n

)(
2−

1

n

)
Ä¤,

Þ	
def
= lim

n→∞Sn

= lim
n→∞

a3

6

(
1−

1

n

)(
2−

1

n

)
=

a3

3
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註 1. �Ì¸íÚ‹¯U (sigma notation):

a1 + a2 + · · ·+ ak =
n∑

k=1

ak

à,
n∑

k=1

1

k
= 1 +

1

2
+ · · ·+

1

n

1 + 3 + · · ·+ (2n + 1) =
n∑

k=0

(2k + 1)

C
=

n+1∑
k=1

(2k − 1)

x + 2x2 + · · ·+ nxn =
n∑

k=1

kxk

註 2. «�d†:

1.
n∑

k=1

1 = 1 + 1 + · · ·+ 1︸ ︷︷ ︸
n á

= n

2.
n∑

k=1

(cak) = c
n∑

k=1

ak (ÄÑ�b c D k ÌÉ)
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3.
n∑

k=1

(ak ± bk) =
n∑

k=1

ak ±
n∑

k=1

bk

à,

n∑
k=1

[
2
(

k

n

)
+ 1

]
1

n
=

1

n

 n∑
k=1

(
2k

n
+ 1

)
=

2

n2

n∑
k=1

k +
1

n

n∑
k=1

1

=
2

n2
·
n(n + 1)

2
+

1

n
· n

=
(
1 +

1

n

)
+ 1 = 2 +

1

n

J£

n∑
k=1

(k + 2)(k − 2) =
n∑

k=1

(k2 − 4)

=
n∑

k=1

k2 − 4
n∑

k=1

1

=
1

6
n(n + 1)(2n + 1)− 4n

ù. 黎曼	} (Riemann Integrals, Þ	½æíR

�)
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I函b f Ê閉–È [a, b] ,©/.

}割 (partition) [a, b] A n _ä–È

(subintervals, .øì�Å), àÇý, 1ø¤}割[ý

A

P = [x0, x1, . . . , xn]

†� k _ä–È
[
xk−1, xk

]
íÅ�Ñ

xk − xk−1
pA
= ∆xk, k = 1,2, . . . , n

I

‖P‖ = |Åíä–ÈÅ�

= max {∆x1,∆x2, . . . ,∆xk}

˚T P í模j (¸b, norm of P ).

針ú 1 ≤ k ≤ n, L²ø

ck ∈
[
xk−1, xk

]
1�構J

∆xk Ñ�, |f(ck)| ÑòíÅj$

†

f(ck)∆xk =

{
Åj$Þ	, J f(ck) > 0
-(Åj$Þ	), J f(ck) < 0
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ì2. f Ê閉–È [a, b] ,í黎曼¸ (Riemann

sum)

SP
def
=

n∑
k=1

f(ck)∆xk

àÇý, “}íB�, Åj$í,¸B?D f 圍|í–域

吻¯”.

½. ç ‖P‖ → 0 (?即, }íB�) v, SP → ?

25: ÄÑ Sn u SP íø_ÔW, FJJ

SP → L

†Ê f > 0 v,

Sn → L

剛ßÿu f 圍|–域íÞ	. Ä¤, ç f > 0 v, SP

í”Ìÿu f F圍|–域íÞ	. Juø般í f , àS

˚ SP í”Ì? ¢Sv SP í”Ì}æÊ?

ì2. I

P = [x0, x1, x2, . . . , xn]
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Ñ閉–È [a, b] íø_}割/

∆xk = xk − xk−1

J£

ck uÊ
[
xk−1, xk

]
qíLøõ

† f â a ƒ b íì	} (definite integral)∫ b

a
f(x)dx

def
= lim

‖P‖→0
SP

= lim
‖P‖→0

n∑
k=1

f(ck)∆xk

ç”ÌæÊv, 1˚ f Ê閉–È [a, b] ,u (黎曼) ª

	í (Riemann integrable).

註 1. ”值æÊóçkb°F�U) ‖P‖ → 0 í}割

P J£F�L²íõ ck ·}U)

lim
‖P‖→0

SP

æÊ.

註 2. lim
‖P‖→0

SP æÊªû| lim
n→∞Sn æÊ/ù6ó

�, ÄÑ Sn u SP íø_ÔW.
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註 3. ¯Uzp:

•
∫
˚T	}¯U (integral sign).

• f(x) ˚T\	函b (integrand).

• a D b [ýâ a ƒ b í	}/}�˚Ñ- (	})

”Ì (lower limit) D, (	}) ”Ì (upper

limit).

• dx [ýA‰bÑ x /針ú x í¸圍, B}B�.

註 4. Sv\„”ÌæÊ? 6ÿuz, Ê註 1zpíà

¤#Ëíb°-, ú@í黎曼¸í”ÌæÊ.

ìÜ. J函b f Ê閉–È [a, b] ,©/, †∫ b

a
f(x) = lim

‖P‖→0

n∑
k=1

f(ck)∆xk

æÊ.
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à, �øW∫ 7

3
(x2 − 1)dx = lim

‖P‖→0

n∑
k=1

(c2k − 1)∆xk

æÊ, úL<}割

P : x0 = 3 < x1 < · · · < xn = 7

Å—

‖P‖ → 0

J£L<õ

ck ∈
[
xk−1, xk

]
, k = 1, . . . , n

·Û¯¯”Ìíb°, ¤4ÄÑ\	函b x2 − 1 Ê閉–

È [3,7] ,©/F_.

�ùW∫ 4

2

√
x− 1dx = lim

‖P‖→0

n∑
k=1

√
ck − 14xk

6æÊ, úL<}割

P : x0 = 2 < x1 < · · · < xn = 4

Å—

‖P‖ → 0
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J£L<õ

ck ∈
[
xk−1, xk

]
, k = 1, . . . , n

·Û¯¯”Ìíb°, 6uÄÑ\	函b
√

x− 1 Ê閉–

È [2,4] ,©/5].

|(øW∫ 2

0
x2dx = lim

‖P‖→0
SP (ÄÑ x2 Ê [0,2] ,©/)

= lim
n→∞Sn (Ä Sn u Sp íøÔW)

=
a3

3

∣∣∣∣∣
a=2

=
8

3

註 5. ì	}í�S<2∫ b

a
f(x)dx = Ê–È [a, b] ,, f íÇ型D x-軸F

圍|–域í¯UÞ	 (signed area)
def
= A+ −A−

w2

A+ = Ê x-軸5,í–域Þ	¸

A− = Ê x-軸5-í–域Þ	¸
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àÇý,

Σ1 =
∑

f(ck)∆xk → R1 íÞ	

/

Σ2 =
∑

f(ck)∆xk

= −
∑

[−f(ck)]∆xk → −
[
R2 íÞ	

]
J£

Σ3 =
∑

f(ck)∆xk → R3 íÞ	

FJ,

SP = Σ1 + Σ2 + Σ3

→
(
R1 D R3 íÞ	¸

)
−
(
R2 íÞ	¸

)
= A+ −A−

Ä¤, ∫ b

a
f(x)dx = lim

‖P‖→0
SP = A+ −A−

註. ¯UÞ	 (singed area) ª£ªŠ. ç f ≥ 0

v, ¯UÞ	�kö£íÞ	.

W 1. tâì	}í�S<2°-�®值.
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(a)
∫ 3

−2
(2x + 1)dx

(b)
∫ 2π

0
sinxdx

(c)
∫ 2

−2

√
4− x2dx

(d)
∫ 2

−2

(√
4− x2 − 2

)
dx

(e)
∫ 1

0

√
2− x2dx

<j> (a) úÇ(, 根Wì	}í�S<2)ø∫ 3

−2
(2x + 1)dx = A+ −A−

= R2 íÞ	−R1 íÞ	

=
1

2
· 7 ·

7

2
−

1

2
· 3 ·

3

2

=
49

4
−

9

4
= 10
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(b) úÇ()ø, R1 D R2 �ó°íÞ	/}�Ê

x-軸í,-, ]∫ 2π

0
sinxdx = A+ −A−

= R1 íÞ	−R2 íÞ	

= 0

(c) úÇ()ø, 欲°Þ	í–域Ñø_Ê x-軸5,íš

Æ, ] ∫ 2

−2

√
4− x2dx = A+ −A−

=
1

2
· π(2)2 − 0

= 2π

(d) (j¶ø) 'p顯Ë, 函bíÇ$Ñ (c) 2íšÆ²

-�� 2, ]F圍|í–域êrÊ x-軸5-. Ä¤, 根W

ì	}í¯UÞ	<2,∫ 2

−2

(√
4− x2 − 2

)
dx

= A+ −A−

= 0−
[
4 · 2−

1

2
π(2)2

]
= 2π − 8
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(j¶ù) 根W-ø�í黎曼	}4”,∫ 2

−2

(√
4− x2 − 2

)
dx

=
∫ 2

−2

√
4− x2dx−

∫ 2

−2
2dx

= šÆÞ	 − Åj$Þ	

= π(2)2/2− 4 · 2
= 2π − 8

(e) 根W\	函bíÇ$J£	}í,-”Ì, ª)F圍

|í–域rÊ x-軸5,/uø�腰òiúi$ (腰ÅÑ

1) ¸øm$ (š�Ñ
√

2, 夾iÑ 45◦) í ¯. Ä¤,∫ 1

0

√
2− x2dx

= úi$íÞ	 + m$íÞ	

=
1

2
(1)(1) +

1

8
π
(√

2
)2

=
1

2
+

π

4

ú. 黎曼	}í4”

q函b f D g Ê閉–È [a, b] ,Ìª	.
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(1) �ì ∫ a

a
f(x)dx = 0

¤4ÄÑ寬�Ñ 0 í–域Þ	�k 0.

(2) �ì ∫ a

b
f(x)dx = −

∫ b

a
f(x)dx

¤4ÄÑ針ú閉–È [a, b],
∫ a

b
f(x)dx [ýâ¬

%˝}割, ]âä–È [xk−1, xk] Fû|í

∆xk = ˝«õ − ¬«õ = xk−1 − xk = (−)

Í7,
∫ b

a
f(x)dx [ýâ˝%¬}割, ]âä–È

[xk−1, xk] Fû|í

∆xk = ¬«õ − ˝«õ = xk − xk−1 = (+)

Ä7®Aí黎曼¸5È差ø_ŠUF_.

(3) J k Ñø�b, ªT|Ó¾	í�b, )∫ b

a
kf(x)dx = k

∫ b

a
f(x)dx
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(4) 針ú‹Á«�, ª逐á	}:∫ b

a
[f(x)± g(x)] dx

=
∫ b

a
f(x)dx±

∫ b

a
g(x)dx

(5) 針ú	}¸圍 [a, b], ªd}jí«�, 7ßÞú@

	}í‹¶«�:∫ b

a
f(x)dx =

∫ c

a
f(x)dx +

∫ b

c
f(x)dx

8況 1. c Ê [a, b] q. âÇ$)ø,∫ b

a
f(x)dx = R1 íÞ	 + R2 íÞ	

=
∫ c

a
f(x)dx +

∫ b

c
f(x)dx

8況 2. c Ê [a, b] Õ. âÇ$)ø,∫ c

a
f(x)dx = R1 íÞ	 + R2 íÞ	

=
∫ b

a
f(x)dx +

∫ c

b
f(x)dx
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QO, â,�J£4” (2) ªû|∫ b

a
f(x)dx =

∫ c

a
f(x)dx−

∫ c

b
f(x)dx

=
∫ c

a
f(x)dx−

(
−
∫ b

c
f(x)dx

)

=
∫ c

a
f(x)dx +

∫ b

c
f(x)dx

(6) J f(x) ≥ 0, †∫ b

a
f(x)dx ≥ 0

ÄÑç f ≥ 0 v,∫ b

a
f(x)dx = F圍|–域íÞ	

].ÑŠ.

(7) J f(x) ≤ g(x), †∫ b

a
f(x)dx ≤

∫ b

a
g(x)dx

僅5? f D g Ì×k 0 íÔWv, f F圍|í–

域Ê g F圍|í–域q, ])„.
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(8) J m ≤ f(x) ≤ M , †

m(b− a) ≤
∫ b

a
f(x)dx ≤ M(b− a)

僅J m > 0 íÔWzp, ¤v, ò�Ñ m íÅj

$Ê f F圍|í–域q, 7 f F圍|í–域¢Êò

�Ñ M íÅj$q, ])„.

W 2. #ì ∫ a

0
x2dx =

1

3
a3

t° ∫ 4

1
(3x2 + 2)dx

<j> 根W逐á	}J£T|Ó¾	2íÓ¾í4”,∫ 4

1
(3x2 + 2)dx =

∫ 4

1
3x2dx +

∫ 4

1
2dx

= 3
∫ 4

1
x2dx +

∫ 4

1
2dx (2)

¢ ∫ 4

1
2dx = òÑ 2, 寬Ñ 3 íÅj$Þ	

= 2 · 3 = 6 (3)
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QO, 根W	}¸圍ª}jí4”, 	}”Ì互²í�ì

J£cq‘K,∫ 4

1
x2dx =

∫ 0

1
x2dx +

∫ 4

0
x2dx

= −
∫ 1

0
x2dx +

∫ 4

0
x2dx

= −
1

3
(1)3 +

1

3
(4)3

=
1

3
(63) (4)

|(, ¯併 (2)-(4) �, )∫ 4

1
(3x2 + 2)dx = 3 ·

1

3
(63) + 6

= 69

W 3. t°£b a U)∫ a

0
(1− x2)dx

Ñ|×.

<j> ç x > 0 v, \	函bíÇ$uøÇ¨²-, Ê

�øD�û象Ìqí�Ó(, /D x-軸ó>k (1,0).

Ä¤, âÇ$ø, ª}�«n-�s�8況.
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8況 1. J a < 1, †∫ a

0
f(x)dx = 圍|–域íÞ	

< Ê [0,1] ,圍|–域íÞ	

=
∫ 1

0
f(x)dx (5)

8況 2. J a > 1, †∫ a

0
f(x)dx = A+ −A−

=
∫ 1

0
f(x)dx−A−

¢ÄÑ A− > 0, ])∫ a

0
f(x)dx <

∫ 1

0
f(x)dx (6)

|(, ¯併 (5) �D (6) �, ) a > 0 / a 6= 1 v,∫ a

0
(1− x2)dx <

∫ 1

0
(1− x2)dx

] ∫ 1

0
(1− x2)dx

Ñ|×, ?即,

a = 1
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W 4. ° a > 0 U)∫ a

−a
(|x| − 1) dx = 0

<j> âÇ)ø, Ç$ú˚k y-軸, FJ,

“	} = 0”

óçk

“Ê y-軸¬邊, Pk x-軸5-F圍|í–域Þ	 = Pk

x-軸5,F圍|í–域Þ	”

6ÿuz,

1

2
(1)(1) =

1

2
(a− 1)(a− 1)

Ä¤,

a = 2
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