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單元 21: 反導函數
({… §5.8)

�}j˙�: ø般í型�à-

dy

dx
= f(x) /ç x = x0 v, y = y0

它íj ⇔ vÅ—,�í y, ?¹, v y U)

dy

dx
= f(x) / y(x0) = y0

à,

dN

dt
=

1

2
√

t
/ç t = 0 v, N = 20 (1)

íjÑ

N(t) =
√

t + 20

ÑSà¤? ÄÑø,��}, )

dN

dt
=

1

2
t−1/2 =

1

2
√

t

/

N(0) = 20

Ä¤, (1) �A
.
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½. àS°j?

�} (differentiation): #ì F (x), °

F ′(x)
pA
= f

j�}j˙�: #ì F ′(x) = f , v F , 6ÿuz, v

øûƒbÑ f íƒb F . ˚¤¬˙Ñ¥�}

(antidifferentiation).

�}D¥�}�Ñó¥í«�, àÇý.

ì2. F ˚T f í¥ûƒbJ/ÑJ

F ′(x) = f(x)

Ä¤, Ê¤ì2-, j�}j˙�

F ′ = f

ÿóçk

v f í¥ûƒb F

½. àS°¥ûb?
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ÔW, J

f(x) = 3x2, x ∈ R

†

F (x) = x3, x ∈ R

u f(x) = 3x2 í¥ûƒb, ÄÑ

d

dx
x3 = 3x2

ÇÕ,

x3 + 5
(

ÄÑ
d

dx
(x3 + 5) = 3x2

)

x3 − 1

...

9õ,,

x3 + C, C Ñø�b

·u (?¹, %¬垂ò��(í·u).

Ä¤, ¥ûƒb.Éø_/它bí差æuø_�b.

¥ur¶í¥ûbý? ��u肯ìí, à-ÞíRÜF述.
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RÜ 3. J F (x) D G(x) °Ñ f(x) í¥ûƒb,

†

G(x) = F (x) + C, C Ñø�b

註. ¤RÜ4暗ý (imply, Ný, û|) Ébvƒø_

¥ûƒb F , †F�w它í¥ûƒb·u

F (x) + C, C ÑLø�b

<„> ÄÑ F D G °Ñ f í¥ûƒb, ]它b·uª

�í/ûƒb°Ñ f . Ä¤, G(x)− F (x) ?uª�í

/����

d

dx
[G(x)− F (x)] = G′(x)− F ′(x)

= f(x)− f(x)

= 0

?¹, G(x)− F (x) íûƒb0Ñ 0. FJ, âÌMì

Ü (MVT) íR� 2, ø

G(x)− F (x) = C

Ä¤,

G(x) = F (x) + C
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°¥ûƒbíø<d†:

1. ƒb:

Kf(x)

Ô殊í¥ûƒb:

KF (x)

ÄÑ

d

dx
[KF (x)] = K

d

dx
F (x) = Kf(x)

2. ƒb:

f(x) + g(x)

Ô殊í¥ûƒb:

F (x) + G(x)

ÄÑ

d

dx
[F (x) + G(x)] = F ′(x) + G′(x)

= f(x) + g(x)
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3. ƒb:

xn, n 6= −1

Ô殊í¥ûƒb:

1

n + 1
xn+1

ÄÑ

d

dx

[
1

n + 1
xn+1

]
=

1

n + 1
· (n + 1)xn

= xn

4. ƒb:

1

x

Ô殊í¥ûƒb:

ln |x|

ÄÑ x > 0,

d

dx
ln |x| =

d

dx
ln (x) =

1

x

/ x < 0,

d

dx
ln |x| =

d

dx
ln (−x) =

1

−x
(−1) =

1

x
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], ¯9,ù�, úF�í x 6= 0,

d

dx
ln |x| =

1

x

5. ƒb:

eax

Ô殊í¥ûƒb:

1

a
eax

ÄÑ

d

dx

(
1

a
eax

)
=

1

a
eax · a = eax

6. ƒb:

sin(ax)

Ô殊í¥ûƒb:

−
1

a
cos(ax)

ÄÑ

d

dx

(
−

1

a
cos ax

)
= −

1

a
· (− sin (ax) · a)

= cos (ax)
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7. ƒb:

cos (ax)

Ô殊í¥ûƒb:

1

a
sin(ax)

ÄÑ

d

dx

(
1

a
sin ax

)
=

1

a
· cos (ax) · a = cos (ax)

8. ƒb:

sec2 (ax)

Ô殊í¥ûƒb:

1

a
tan (ax)

ÄÑ

d

dx

(
1

a
tan (ax)

)
=

1

a
· sec2 (ax) · a

= sec2 (ax)

W 1. t°-�ƒbíø般¥ûƒb (general

antiderivative).
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(a) f(x) = 4x7 + 5x− 3

(b) f(x) = 5 sin
(

π

2
x

)
− 7cos

(
π

3
x

)

(c) f(x) =
1

1 + x

(d) f(x) = e5x +
x

x + 1

<j> (a) 根W°¥ûƒbíd† 1 D 2, ªJ略¬純

¾	1逐á°_�ƒbí¥ûƒb, ]

F (x) = 4 ·
1

8
x8 + 5 ·

1

2
x2 − 3x + C

=
1

2
x8 +

5

2
x2 − 3x + C

(b) 根W sin ƒbD cos ƒbí¥ûƒbt�,

F (x) = 5 ·
−2

π
cos

(
π

2
x

)
− 7 ·

3

π
sin

(
π

3
x

)
+ C

=
−10

π
cos

(
π

2
x

)
−

21

π
sin

(
π

3

)
+ C
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(c) ÄÑŸ�D 1/x 'd, ÉÊ}母差ø_純¾¸, 7

純¾¸1.	àûƒb, ]ògí猜測Ñ

F (x) = ln |1 + x|+ C

ð„: 根W

d

dx
ln |x| =

1

x

J£©鎖¶†,

d

dx
ln |1 + x| =

1

1 + x
· (1 + x)′ =

1

1 + x

FJ, üõ

F (x) = ln |1 + x|+ C

(d) Ÿ�2øáÑNbƒb, ]ª根WNbƒbí¥ûƒ

bt�°5, 7ÇøáD‡øüæ'éN, ¥暗ýªl“

�yv|適çí°¶. Ä¤, %¬“�,

f(x) = e5x +
x + 1− 1

x + 1

= e5x + 1−
1

x + 1

FJ, 'p顯Ë, 逐á根WFÛíú@t�¸‡üæí!

‹,

F (x) =
1

5
e5x + x− ln |x + 1|+ C
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註. JƒbÑ

f(x) =
1

1 + ax

?¹, D 1/x í}母差ø_純¾¸J£ø_純¾	. ÄÑ

}	àûƒbíu純¾	, ]Ô殊¥ûƒbíòg猜測Ñ

F (x) =
1

a
ln |1 + ax|

ð„: 根W

d

dx
ln |x| =

1

x

J£©鎖¶†

F ′(x) =
1

a
·

1

1 + ax
· (1 + ax)′

=
1

a
·

1

1 + ax
· a

=
1

1 + ax

FJ, üõ

1

1 + ax

íø般¥ûƒbÑ

1

a
ln |1 + ax|+ C
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;;õ:
1

k + ax
, k, a ÌÑ�b

í¥ûƒbÑS?

W 2. t°�}j˙

dy

dx
=

3

x2
− 2x2 + sec2

(
x

2

)
íø般j (general solution).

<j> I f(x) Ñ�U¬邊íƒb, †Ÿ½æ (j�}j

˙�) óçkv f(x) íø般¥ûƒb. FJ,

y = 3 · (−1)x−1 − 2 ·
1

3
x3 + 2tan

(
x

2

)
+ C

= −
3

x
−

2

3
x3 + 2tan

(
x

2

)
+ C

�áM½æ (initial value problem):

óçk°Å—�áM‘K (¹, ç x = x0, v y = y0)

í�}j˙�íj, wjuñøí/˚TÔ殊j

(particular solution).
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W 3. tj�áM½æ:

dy

dx
= −2x2 + 3, x ∈ R

/

ç x = 3 v, y = 10

<j> l°ø般j, ¤4óçk°

f(x) = −2x2 + 3

í¥ûƒb. ],

y = −
2

3
x3 + 3x + C (ø般j)

QO, Hp�áM

x = 3, y = 10

1j C, )

10 = −
2

3
(3)3 + 3(3) + C

cÜ(,

10 + 18− 9 = C

FJ,

C = 19
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Ä¤, Ô殊jÑ

y = −
2

3
x3 + 3x + 19, x ∈ R
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