
¹p»ç系�	}(99ç��) Àj 11: ©�d†Dò¼ûƒb

單元 11: 連鎖規則與高階導函數
({… §4.4)

ø. ©�d† (Chain Rule). q g Ê x ª�/

f Ê g(x) ª�, †

(i) f ◦ g Ê x ª�/

(ii) (f ◦ g)′(x) = f ′ [g(x)] g′(x)

註 1. (f ◦ g)′(x) = (f íûƒbÊ g(x) íM) ×
(g íûƒbÊ x íM)

註 2. 萊布尼茲[ý¶ (Leibniz notation): I

u = g(x)

†

d

dx
[f(g(x))] =

d

dx
[f(u)] =

df

du
·
du

dx

4øjZkp[í[ý¶, àÇý.
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¹p»ç系�	}(99ç��) Àj 11: ©�d†Dò¼ûƒb

W 1. t°-�®áíûƒb.

(a) h(x) = (2x + 1)3

(b) y =
√

x2 + 1

<j> (a) I u = g(x) = 2x + 1, f(u) = u3. †

h(x) = (f ◦ g)(x)

FJ, 根W©�d†,

h′(x) = f ′(g(x))g′(x)

= 3(2x + 1)2(2)

= 6(2x + 1)2

CUà萊布尼茲符U

h′(x) =
df

du
·
du

dx
= 3u2 · 2
= 3(2x + 1)2(2) = 6(2x + 1)2

(b) I u = g(x) = x2 + 1 / f(u) =
√

u. †

y = (f ◦ g)(x)
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FJ, 根W©�d†,

dy

dx
= f ′(g(x))g′(x)

=
1

2
√

x2 + 1
(2x)

=
x√

x2 + 1

CSà萊布尼茲符U

dy

dx
=

df

du
·
du

dx

=
1

2
√

u
· (2x)

=
x√

x2 + 1

<©�d†í„p> âûƒbíì2, Û„p

(f ◦ g)′(c) = lim
x→c

f [g(x)]− f [g(c)]

x− c
= f ′(g(c))g′(c)

}�5?s�8況à-:

8況 1. ç x → c v, g(x) 6= g(c). ÄÑ

g(x)− g(c) 6= 0
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FJ, ª°vÎ, øÝÉí g(x)− g(c), )

lim
x→c

f(g(x))− f(g(c))

x− c

= lim
x→c

f(g(x))− f(g(c))

g(x)− g(c)
·
g(x)− g(c)

x− c

= lim
x→c

f(g(x))− f(g(c))

g(x)− g(c)
· lim
x→c

g(x)− g(c)

x− c

(Js_”ÌÌæÊv)

= lim
g(x)→g(c)

f(g(x))− f(g(c))

g(x)− g(c)
·

lim
x→c

g(x)− g(c)

x− c
(ÄÑ g Ê c ª� ⇒ g Ê c ©/, ]

limx→c g(x) = g(c)

?¹, x → c ⇒ g(x) → g(c))

= f ′(g(c))g′(c)
(ÄÑ f Ê g(c) £ g Ê c Ìª�)

8況 2. ç x → c v, J�< g(x) = g(c). I

y = g(x), d = g(c)

ÄÑ f Ê d = g(c) ª�, FJ

lim
y→d

f(y)− f(d)

y − d
= f ′(d) = f ′(g(c))
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æÊ. Ä¤, ì2

f∗(g(x))

=

 f(g(x))−f(g(c))
g(x)−g(c)

J g(x) 6= g(c)

f ′(g(c)) J g(x) = g(c)
(1)

FJ

lim
x→c

f∗(g(x))

=

 limx→c
f(g(x))−f(g(c))

g(x)−g(c)
J g(x) 6= g(c)

limx→c f ′(g(c)) J g(x) = g(c)

=

 limy→d
f(y)−f(d)

y−d J g(x) 6= g(c)

f ′(g(c)) J g(x) = g(c)

= f ′(g(c)) = f∗(g(c))

Ä¤, f∗(g(x)) Ê x = c ©/.

â (1) ø, úF�í x (.� g(x) 6= g(c) C

g(x) = g(c)),

f∗(g(x))[g(x)− g(c)] = f(g(x))− f(g(c)) (2)

ÑSà¤? ç g(x) 6= g(c) v, 'péËâ (1) �)

ø. ç g(x) = g(c) v,

˝i = f ′(g(c))[g(c)− g(c)] = 0
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/

¬i = f(g(c))− f(g(c)) = 0

Ä¤, 根W (2) �,

lim
x→c

f(g(x))− f(g(c))

x− c

= lim
x→c

f∗(g(x)) ·
g(x)− g(c)

x− c

= lim
x→c

f∗(g(x)) · lim
x→c

g(x)− g(c)

x− c
= f∗(g(c))g′(c)

(ÄÑ f∗(g(x)) Ê c ©/)

(J£ g Ê c ª�)

= f ′(g(c))g′(c)
(根W (1) � f∗(g(x)) íì2)

註 1. �2冪Ÿd† (general power rule). J

y = [g(x)]n, †

dy

dx
= n[g(x)]n−1g′(x)

<„> I

u = g(x), f(u) = un
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†

y = (f ◦ g)(x)

â©�d†,

dy

dx
=

df

du

du

dx
= nun−1g′(x)

= n[g(x)]n−1g′(x)

註 2. Î¶d† (quotient rule) í„p. 欲„

d

dx

[
f(x)

g(x)

]
=

f ′(x)g(x)− f(x)g′(x)

[g(x)]2

ÄÑ

f(x)

g(x)
= f(x)(g(x))−1

], â¶d† (product rule) D�2冪Ÿd†

(general power rule), )

d

dx

[
f(x)

g(x)

]

=
d

dx
(f(x))[g(x)]−1 + f(x)

d

dx
[g(x)]−1

= f ′(x)[g(x)]−1 + f(x)(−1)[g(x)]−2g′(x)

= [g(x)]−2[f ′(x)g(x)− f(x)g′(x)]
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W 2. t°-�®áíûƒb.

(a) f(x) = (x2 − 7)4(x + 5x2)−5

(b) g(x) =
1

7
√

2x2 + 3x

(c) h(x) =
(

x

x + 1

)3

<j> (a) ÄÑŸƒbÑs_ƒbíŸjí	, ]lU

à¶d†yUà�2冪Ÿd†, ª)

f ′(x) =
[

d

dx
(x2 − 7)4

]
· (x + 5x2)−5 +

(x2 − 7)4 ·
[

d

dx
(x + 5x2)−5

]
= 4(x2 − 7)3(2x) · (x + 5x2)−5 −

5(x2 − 7)4(x + 5x2)−6(1 + 10x)

= (x2 − 7)3(x + 5x2)−6 ·[
8x(x + 5x2)− 5(1 + 10x)(x2 − 7)

]
=

(x2 − 7)3(−10x3 + 3x2 + 350x + 35)

(x + 5x2)6
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(b) øŸƒbZ寫AƒbíŸj, 1à�2冪Ÿd†, )

g(x) = (2x2 + 3x)−1/7

J£

g′(x) = −
1

7
(2x2 + 3x)−8/7(4x + 3)

= −
4x + 3

7(2x2 + 3x)8/7

(c) òQUà�2冪Ÿd†, ª)

h′(x) = 3
(

x

x + 1

)2 ( x

x + 1

)′
= 3

(
x

x + 1

)2
·

d

dx

[
1− (x + 1)−1

]
= 3

x2

(x + 1)2
· (x + 1)−2

=
3x2

(x + 1)4

W 3. t°

f(x) =
(
2x3 −

√
3x4 − 2

)3

íûƒb.
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<j> ÄÑ f(x) Ñƒbí 3 Ÿj, /裡Þí¶}?�

øáÑƒbí 1/2 Ÿj, ]ÛUàsŸ�2冪Ÿd†,
7)

f ′(x)

= 3
(
2x3 −

√
3x4 − 2

)2
·
(
2x3 −

√
3x4 − 2

)′
= 3

(
2x3 −

√
3x4 − 2

)2
·(

6x2 −
1

2

(
3x4 − 2

)−1/2
· 12x3

)

= 3
(
2x3 −

√
3x4 − 2

)2
6x2 −

6x3√
3x4 − 2


= 18x2

(
2x3 −

√
3x4 − 2

)2
1−

x√
3x4 − 2



W 4. q f ′(x) = 3x− 1. t°

d

dx
f(x2)

∣∣∣
x=3

<j> \�}íƒbu f D x2 í¯Aƒb, ]根W©

�d†,

d

dx
f(x2) = f ′(x2) · 2x
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yø x = 3 Hp,�, )

d

dx
f(x2)

∣∣∣
x=3

= (2)(3)f ′(9)

= (6)[3(9)− 1]

= (6)(26)

= 156

ù. ¿ƒb (Implicit Function) D¿�}

(Implicit Differentiation).

A‰b x D@‰b y íÉ[¦�ªJàù�j�[ý:

(i) püË (explicitly): y = f(x), à

y = (x2 + 1)3

â¤ªû|

dy

dx
= 3(x2 + 1)2(2x)

(ii) ¿RË, .püË (implicitly): F (x, y) = 0,

à

y5x2 − yx + 2y2 =
√

x
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½.
dy

dx
ÑS?

¿�} (implicit differentiation): ø�°¿RÉ[

-íûƒbíj¶, Öà-íù¥驟.

¥驟 1. øj˙�siú x �}1e y Ñ x íƒb.

¥驟 2. ‡ú¥驟 1 í!‹, j dy
dx.

W 5. J x2 + y2 = 1, t°
dy
dx.

<j> (i) siú x �} (e y Ñ x íƒb), )

d

dx
(x2 + y2) =

d

dx
(1)

根W�2冪Ÿd†, ,�óçk

2x + 2y ·
dy

dx
= 0

(ii) j dy
dx: øÖ

dy
dx í®á�B�U˝i1¯9, °v

øwì®á�B�U¬i, ª)

2y
dy

dx
= −2x
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FJ,

dy

dx
= −

x

y

W 6. J y3x2 − yx + 2y2 = x, t°
dy
dx.

<j> (i) siú x �} (e y Ñ x íƒb), )

d

dx
(y3x2)−

d

dx
(yx) + 2

d

dx
(y2) =

d

dx
(x)

根W¶d†D�2冪Ÿd†, ,�óçk

3y2dy

dx
· x2+ y3 · 2x−

dy

dx
· x−y · 1+2 · 2y

dy

dx
=1

(ii) j dy
dx: øÖ

dy
dx í®á�B�U˝i1¯9, °v

øwì®á�B�U¬i, ª)

(3y2x2 − x + 4y)
dy

dx
= 1 + y − 2xy3

FJ,

dy

dx
=

1 + y − 2xy3

3y2x2 − x + 4y

W 7. t„: J r Ñø�Üb, †

d

dx
[xr] = rxr−1
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<„> I�Üb

r = p/q

w2 p, q Ñùcb, /

y = xp/q

†si¦ q Ÿj, )

yq = xp

ÄÑç p, q Ñcbv, ˛„¬冪Ÿd†A, ]根W¿�

}íj¶, siú x �} (e y Ñ x íƒb), )

d

dx
(yq) =

d

dx
(xp)

,�¢óçk

qyq−1dy

dx
= pxp−1

FJ, j dy
dx, )

dy

dx
=

pxp−1

qyq−1
=

p

q

xp−1

(xp/q)q−1
= rxr−1

ú. óÉ‰“率 (Related Rates).
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q y, x Ñù¾, wÉ[J y = f(x) (püj�) C

F (x, y) = 0 (¿Rj�) [ý5, / y, x }�¢ÓO

vÈ t 7Z‰ (?¹, y = y(t), x = x(t)).

óÉ‰“率 (related rates) í½æ ⇔ ˛øø¾í‰

“率 (à, dx
dt ), ½Çø¾ (à, dy

dt) í‰“率ÑS? ÔW

zpà-.

W 8. q x2 + y3 = 1 /ç x =
√

7
8 v, dx

dt = 2.

½. dy
dt ÑS?

<j> ÄÑ y D x ¸ t íÉ[·u¿Rí, ]基…íj

¶uUà¿�}, Öà-íú_¥驟.

(i) siú t ¿�} (e x, y Ñ t íƒb), )

d

dt
(x2 + y3) =

d

dt
(1)

õÒ�}(, ªRû|

2x
dx

dt
+ 3y2dy

dt
= 0

(ii) j dy
dt , )

dy

dt
= −

2

3

x

y2

dx

dt

15 2×bç系:PM



¹p»ç系�	}(99ç��) Àj 11: ©�d†Dò¼ûƒb

(iii) ° y 1øóÉMHp,�. ç x =
√

7
8,

y3 = 1− x2
∣∣∣
x=
√

7/8
= 1−

(
7

8

)
=

1

8

FJ,

y = 3

√
1

8
=

1

2

Ä¤,

dy

dt
= −

2

3

√
7/8

1/4
(2)

= −
16

3

√
7/8

= −
16

3

√
14/16

= −
4

3

√
14

W 9. ø˛−·pøÆ$−球q, çš� r = 6 (L吋)
v, š�J 2 (L吋/秒) í§�Ó‹. ½¤vñ	í‰

“àS?

<j> ,W2, æñ#|7s_¾5ÈíÉ[, ¤WÛb

lAWv|ù¾ (¹, š�Dñ	) 5ÈíÉ[.
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(i) �|ñ	 V Dš� r íÉ[�, )

V =
4

3
πr3

(ii) siú t ¿�} (e V , r Ñ t íƒb), )

dV

dt
=

4

3
π

d

dt
(r3)

õÒ�}(, ªRû|

dV

dt
=

4

3
π3r2

dr

dt
= 4πr2

dr

dt

(iii) ˛ø r = 6 (L吋) / dr
dt = 2 (L吋/秒). FJ,

dV

dt
= 4π(6)2 L吋2 · 2 L吋/秒

= 288π L吋3/秒

W 10. q某½2í爬蟲éwåQ骨Å� (skull

length) D脊椎Å� (backbone length) íÉ[�Ñ[
åQ骨Å�

]
= 1.162

[
脊椎Å�

]0.933

½脊椎AÅ率 (growth rate) DåQ骨AÅ率ÈíÉ[

àS?
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<j> q x Ñ¤爬蟲éí�齡. ÄÑåQ骨Å�D脊椎

Å�·ÓO�齡7Z‰, ]ªcq S(x) Ñ�齡 x íå

Q骨Å�, / B(x) Ñ�齡 x í脊椎Å�. †根Wæ<,

S(x) = 1.162B(x)0.933

FJ, siú x �}(, ª)‰“率íÉ[�

dS(x)

dx
=

d

dx

[
1.162B(x)0.933

]
= 1.162(0.933)B(x)0.933−1dB(x)

dx

FJ,

dS(x)

dx
= 1.162B(x)0.933︸ ︷︷ ︸

S(x)

(0.933)
1

B(x)

dB(x)

dx

Ä¤, åQ骨íóúAÅ率 (relative growth rate)

1

S(x)

dS(x)

dx
= 0.933

(
1

B(x)

dB(x)

dx

)
?¹, 0.933 Ií脊椎óúAÅ率.

註. ¤TuJóúAÅ率V·HAÅ率ÈíÉ[.

ÄÑ 0.933 < 1, FJåQ骨íAÅ率ük脊椎íAÅ

率. â¤ªR�|, �幼í脊椎�ÓwåQ骨D™Åíó

ú×ü (ªW) }ªA�í×.
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û. ò¼ûƒb (Higher Derivatives).

#ìƒb f(x),

ø¼ûƒb (1st derivative):

f ′(x) =
df

dx

ù¼ûƒb (2nd derivative):

f ′′(x) =
d2f

dx2
def
=

d

dx
[f ′(x)] =

d

dx

(
df

dx

)

ú¼ûƒb (3rd derivative):

f(3)(x) =
d3f

dx3
def
=

d

dx
[f ′′(x)] =

d

dx

(
d2f

dx2

)
...

n ¼ûƒb (nth derivative):

f(n)(x) =
dnf

dxn

def
=

d

dx

[
f(n−1)(x)

]
=

d

dx

(
dn−1f

dxn−1

)
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W 11. t°-�®áíù¼ûƒb.

(a) g(t) =
√

3t2 + 2t

(b) x2 + y2 = 1 (°
d2y
dx2)

<j> (a) íl, øŸƒbZ寫Ñ

g(t) = (3t2 + 2t)1/2

1°ø¼ûƒb (根W�2冪Ÿd†), )

g′(t) =
1

2
(3t2 + 2t)−1/2(6t + 2)

QO, y�} g′(t) 1“�, ª)

g′′(t) =
d

dt

(
g′(t)

)
= −

1

4
(3t2 + 2t)−3/2(6t + 2)2 +

1

2
(3t2 + 2t)−1/2(6)

=
−(3t + 1)2 + 3(3t2 + 2t)

(3t2 + 2t)2

=
−1

t2(3t + 2)2
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(b) ÄÑ x D y íÉ[.upüË[ý|, ]Ûlú x

¿�}, J°| dy
dx, )

2x + 2y
dy

dx
= 0

j5, )

dy

dx
= −

x

y

Í(yø,�siú x ¿�}1根WÎ¶d†, )

d2y

dx2
=

d

dx

[
−x

y

]

=
(−1)y − (−x)dy

dx

y2

=
−y + x

(
−x

y

)
y2

= −
y2 + x2

y3

= −
1

y3

w2根Wæ< x2 + y2 = 1, ]|(ø_�UA.

註. É�純¾	d†D‹Á¶d†ªl°|ûƒb(, y
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Tú@í«�, ¹

d

dx
[cf(x)] = c

d

dx
[f(x)]

J£

d

dx
[f(x)± g(x)] =

d

dx
[f(x)]±

d

dx
[g(x)]

]‡ú純¾	£‹Á¶«�, ªMá�}. Ow它í«�,

†.ªl�}(yTú@í«�, ¹

d

dx
[f(x)g(x)] 6= f ′(x)g′(x)

D

d

dx

[
f(x)

g(x)

]
6=

f ′(x)

g′(x)

J£

d

dx
[f(g(x))] 6= f ′(g′(x))

¤Õ, Uà©�d†v, ~§Hpq¶ƒbíûƒb, ¹

d

dx
[f(g(x))] 6= f ′(g′(x))g′(x)

註. ©�d†íR�: ú_ª�ƒb¯Aíûƒb, ª%
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â½複í©�d†, )

d

dx
[f(g(h(x)))] = f ′(g(h(x)))

d

dx
[g(h(x))]

= f ′(g(h(x)))g′(h(x))h′(x)

I v = h(x), u = g(v), y = f(u), )

y = f(u) = f(g(v)) = f(g(h(x)))

J£©�d†í萊布尼茲[ý¶

dy

dx
=

d

dx
[f(g(h(x)))]

= f ′(g(h(x)))g′(h(x))h′(x)

=
dy

du

du

dv

dv

dx
C
=

df

du

du

dv

dv

dx

°Ü, ªéR|Ö_ª�ƒb¯Aí©�d†.
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