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補充單元 5: 三重積分

I Q Ñ˛È2íø�äõñ, /ú‰b函b f(x, y, z)
Ê Q ,©/. I ∆ Ñ Q í}割, ) n _üj塊

Q1, Q2, . . . , Qn, / ‖∆‖ Ñ¤ n _üj塊2|×íú

i(Å�, àÇý. úk i = 1,2, . . . , n, � i _üj

塊 Qi íñ	 ∆Vi = ∆xi∆yi∆zi. Ä¤, éNk雙

‰b函bí8$, ú‰b函b f(x, y, z) Êõñ Q ,í

ú½	}∫∫∫
Q

f(x, y, z)dV
def
= lim

‖∆‖→0

n∑
i=1

f(xi, yi, zi)∆Vi

ç”ÌæÊv. ¤Õ,

Q íñ	
def
=

∫∫∫
Q

dV

?即, ç f(x, y, z) = 1 víú½	}ÿu Q íñ	,
Dòhó¯. â Fubini ìÜ, Jõñ

Q :


a ≤ x ≤ b
h1(x) ≤ y ≤ h2(x)
g1(x, y) ≤ z ≤ g2(x, y)

†ú½	}∫∫∫
Q

f(x, y, z)dV

=
∫ b

a

∫ h2(x)

h1(x)

∫ g2(x,y)

g1(x,y)
f(x, y, z)dzdydx
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ø_lú z, yú y, |(ú x íMŸ	}. Jõñ

Q :


c ≤ y ≤ d
h1(y) ≤ x ≤ h2(y)
g1(x, y) ≤ z ≤ g2(x, y)

†ú½	}∫∫∫
Q

f(x, y, z)dV

=
∫ d

c

∫ h2(y)

h1(y)

∫ g2(x,y)

g1(x,y)
f(x, y, z)dzdxdy

ø_lú z, yú x, |(ú y íMŸ	}. ¯l� 6
�.°í	}Ÿ序.

W 1. t°橢Æñ 4x2 + 4y2 + z2 = 16 íñ	.

<j> 根Wú˚4, ªl°�ø卦Ìq Q1 íñ	, àÇ

ý. ÄÑ Q1 Ê xy-�Þ,íI影Ñ

4x2 + 4y2 ≤ 16, x ≥ 0, y ≥ 0

?óçk

x2 + y2 ≤ 4, x ≥ 0, y ≥ 0

¢ÄÑõñ Q1 í�¶£Ý¶}�Ñ曲Þ

z = 0, x2 + y2 ≤ 4
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£

z =
√

16− 4x2 − 4y2

] Q1 ª[ýA

Q1 :


0 ≤ x ≤ 2

0 ≤ y ≤
√

4− x2

0 ≤ z ≤
√

16− 4x2 − 4y2

Ä¤, 根Wñ	íì2J£ Fubini ìÜ,

Q1 íñ	

=
∫∫∫

Q1

dV

=
∫ 2

0

∫ √4−x2

0

∫ √16−4x2−4y2

0
1dzdydx

=
∫ 2

0

∫ √4−x2

0

√
16− 4x2 − 4y2 dydx

ÄÑ,�2í	}–域?ª[ýA θ-�À–域

R1 :

{
0 ≤ θ ≤ π/2
0 ≤ r ≤ 2

J£\	函bÿýFÛí x C y 7Ì¶òQJHp¶ú

x C y MŸ	}, ]ÛN¬”坐™型�í‰b‰換

x = r cos θ, y = r sin θ, dxdy = rdrdθ
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ø,�Z寫Ñ

Q1 íñ	 =
∫ π/2

0

∫ 2

0

√
16− 4r2 rdrdθ

= 2
∫ π/2

0

∫ 2

0

√
4− r2 rdrdθ

y根WHp¶

u = 4− r2 ⇒ du = −2rdr

â,�)

Q1 íñ	

= 2
∫ π/2

0

(
−

1

2

)
·
2

3

(
4− r2

)3/2
∣∣∣∣2
0

dθ

=
∫ π/2

0

16

3
dθ =

8π

3

Ä¤,

橢Æñíñ	 = 8 · (Q1 íñ	)

= 8 ·
8π

3
=

64π

3

W 2. tl�MŸ	}∫ √π/2

0

∫ √π/2

x

∫ 3

1
sin y2dzdydx
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<j> OÎ#ìí	}Ÿ序, lú z 	}, )

Ÿ� =
∫ √π/2

0

∫ √π/2

x
sin y2 · z

∣∣∣3
1
dydx

=
∫ √π/2

0

∫ √π/2

x
2 sin y2dydx (1)

ÄÑ (1) �í\	函b2ÿýJHp¶ú y 	}FÛí

y, ]ÛZ‰	}Ÿ序. íl, 根W (1) �í	}”Ì,
)	}–域

R :

 0 ≤ x ≤
√

π/2

x ≤ y ≤
√

π/2

4ø垂ò�À–域, àÇý. ¢¤垂ò�À–域?ªJ®

�j�[ýA

R :

{
0 ≤ y ≤

√
π/2

0 ≤ x ≤ y

]根W Fubini ìÜ, ªø (1) �Z寫Aø_lú x y

ú y íMŸ	}, ?即,

Ÿ� =
∫ √π/2

0

∫ y

0
2 sin y2dxdy

=
∫ √π/2

0
2 sin y2 · x

∣∣∣y
x=0

dy

=
∫ √π/2

0
2y sin y2dy
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y根WHp¶

u = y2 ⇒ du = 2dy

â,�)

Ÿ� = − cos y2
∣∣∣√π/2

0

= − cos
(

π

2

)
+ cos0

= −0 + 1 = 1
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