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單元 9: 微分的基本定義
({… §4.1)

ø. �介: qøAÅ模� (growth model) [ý某

í群 (population, 群ñ) Ê t ví×ü (size) Ñ

N(t) = 200
t

t + 1
, t ≥ 0

àÇFý.

ÊvÈ–¨ [t, t + h] qí�ÌAÅ0 (average

growth rate) à-:

�ÌAÅ0 =
í群×üíZ‰¾

vÈíZ‰¾

=
N(t + h)−N(t)

t + h− t

=
N(t + h)−N(t)

h
[A
=

∆N

∆t

註 1. ∆ Ñ Delta í×Ÿ, [ý¾Ï (difference).

FJ, ∆N
∆t [ýÊvÈ¾Ï ∆t q, í群×üí�Ì‰“

8$.
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註 2. *Ç$ª)�S,í<2: ∆N
∆t Ñ¬ùõ

P (t, N(t)) D Q (t + h, N(t + h)) í割(é0.

註 3. mÈAÅ0 (instantaneous growth rate)

ªì2AçvÈ¾Ï ∆t → 0 v, í群×üí‰“. Ä

¤, J”Ìí[ý¶ª)

mÈAÅ0 = lim
∆t→0

∆N

∆t

mÈAÅ0í�S<2à-:

∆t → 0 ⇒ õ Q → õ P

¤4óçk

¬ PQ í割( → ¬ P ~(

?óçk

割(íé0 ∆N
∆t → ~(íé0

Ä¤,

Ê t vímÈAÅ0

= lim
∆t→0

∆N

∆t
def
= ¬õ P (t, N(t)) í~(íé0
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ø¤”Ì值pA N ′(t) (讀T N prime of t), 1˚w

Ñ N(t) íû函b (derivative, 衍ÞÓ), ?即,

N ′(t) = lim
∆t→0

∆N

∆t
= lim

h→0

N(t + h)−N(t)

h

ù. û函bí£� (Ãò) ì2

ì2 1. (û函bíì2). 函b f Ê x íû函b, p

T f ′(x), ì2Ñ

f ′(x) = lim
h→0

f(x + h)− f(x)

h

J”ÌæÊíu.

註 1. J f ′(x) æÊ (?即, ”ÌæÊ), †˚ f Ê x

uª�í (differentiable at x).

註 2. �S<2: û函b f ′(x) Ñ¬õ (x, f(x)) í

Ç$~(é0. àÇFý,

割(é0 =
f(x + h)− f(x)

h
=

∆f

∆x
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˚T¾Ï¼ (difference quotient). ¦¾Ï¼í”Ì

ª), ç¾Ï ∆x → 0 v,

~(é0
def
= lim

∆x→0

∆f

∆x
= f ′(x)

註 3. û函bì2í另é[ý¶:

f ′(c) = lim
h→0

f(c + h)− f(c)

h

= lim
x→c

f(x)− f(c)

x− c

I

c + h = x

J£

h → 0 ⇔ x → c

ª„),�í�ù_�UA
. ¤�另é[ý¶#||ç

x → c v, õ (x, f(x)) → õ (c, f(c)). Ê�<8況

-, J¤另é[ý¶œq„| (õ|) !‹.

註 4. Uà¶: I y = f(x).

y′ =
dy

dx
= f ′(x) =

df

dx
=

d

dx
f(x)
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·[ý f Ê x íû函b.

df
dx, dy

dx: 萊Ó−茲¯U (Leibnize notation)

f Ê x = c íûb: f ′(c) = df
dx

∣∣∣
x=c

W 1. ° f(x) = x2 Êõ (1,1) ,í~(.

<j> ~õ: (1,1)

~(é0: âû函bí�S<2, ~(é0Ñ f Ê

x = 1 íû函b

f ′(1) = lim
h→0

f(1 + h)− f(1)

h

= lim
h→0

(1 + h)2 − 12

h

= lim
h→0

1 + 2h + h2 − 1

h
= lim

h→0
(2 + h) = 2

FJ, 根Wõé�, ~(à-:

y − 1 = 2(x− 1) ⇔ y = 2x− 1
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W 2. °-�®函bíû函b f ′(x).

(a) f(x) = a, a: �b

(b) f(x) = mx + b

(c) f(x) =
1

x + 2
, x 6= −2

<j> 根Wû函bíì2, ?即¾Ï¼í”Ì, }�l�

à-.

(a) 根Wì2,

f ′(x) = lim
h→0

f(x + h)− f(x)

h

= lim
h→0

a− a

h
= lim

h→0
0 = 0

註. �b函bíû函b0Ñ 0. ¯¯�S,í<2: �b

函bÑø®�(, w~(ÿu¤®�(, ]

~(é0 = 0 = f ′(x)
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(b) âì2, 6ÿu¾Ï¼í”Ì,

f ′(x) = lim
h→0

f(x + h)− f(x)

h

= lim
h→0

m(x + h) + b− (mx + b)

h

= lim
h→0

mh

h
= lim

h→0
m = m

註. y = mx + b Ñøò(, 6uw~(. ]

~(é0 = m = f ′(x)

(c) ° (a) D (b), l�¾Ï¼í”Ì. íl, �|

¾Ï¼, )¾Ï¼

f(x + h)− f(x)

h
=

1
x+h+2 −

1
x+2

h

QO, ø,��U¬邊õ}bí}ä¦}1“�, )

f(x + h)− f(x)

h
=

1

h
·
x + 2− (x + h + 2)

(x + h + 2)(x + 2)

=
−1

(x + h + 2)(x + 2)
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|(, y¦”Ì, ªû|, ç x 6= −2 v,

f ′(x) = lim
h→0

−1

(x + h + 2)(x + 2)

=
−1

(x + 2)2

註. û函b f ′(x) …™?Ñø x í函b.

ú. û函bí另ø涵2: mÈ‰“0

(Instantaneous Rate of Change).

(i) §� (velocity): qÊøò(,騎AWš, %¬ t

v(, 距–õí距×âà-íP0函b (position
function) [ý:

s(t) = −t3 + 6t2, 0 ≤ t ≤ 6

àÇý. ø<óÉí!�à-:

Ê [2,4] Èí�Ì‰“0 (average rate of
change):

s(4)− s(2)

4− 2
=

(−64 + 96)− (−8 + 24)

2

=
32− 16

2
= 8 L¼/üv
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Ê [t, t + h] Èí�Ì‰“0:

s(t + h)− s(t)

(t + h)− t
=

s(t + h)− s(t)

h
=

∆s

∆t

ÊmÈ t í‰“0 (instantaneous rate of

change), ¢˚T§�:

lim
∆t→0

∆s

∆t
= lim

h→0

s(t + h)− s(t)

h

= s′(t) =
ds

dt

w�S<2: Êõ (t, s(t)) í~(é0.

âÇ$)øíû函b s′(t) DŸ函b s(t) 5ÈíÉ

[à-:

ds
dt

∣∣∣
t=2

> 0: ±×–õ (s(t) ↑)

ds
dt

∣∣∣
t=5

< 0: 靠¡–õ (s(t) ↓)

ds
dt

∣∣∣
t=4

= 0: ~� (s(t) .ÓÁ)

FJ, §�u�j²í7

§0 (speed)
def
=

∣∣∣s′(t)∣∣∣ = ∣∣∣§�
∣∣∣

僅�¾mÈ‰“0í¾.
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(ii) í群AÅ (population growth): I N(t) Ñí

群Ê t ví×ü, †

Ê t vímÈ‰“0

= lim
h→0

N(t + h)−N(t)

h

= lim
∆t→0

∆N

∆t

=
dN

dt
= N ′(t)

Ou%�J©Àø_ñíAÅ0V敘述c_群ñíA

Å0, ˚wÑmÈ_ñAÅ0 (instantaneous

per capita growth rate), ì2à-:

mÈ_ñAÅ0
def
=

1

N

dN

dt

(iii) “ç¥@0 (rate of chemical reaction):

A + B → AB

¥@0 R = k[A][B]

J [AB] = x, † [A] = a− x, [B] = b− x, w

2 a, b }�Ñ A D B í|�濃�. FJ,

R(x) = k(a− x)(b− x) (1)
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w2 0 ≤ x ≤ min(a, b), àÇý. ¢¥@0

R(x) [ýß¹í濃� x ÓOvÈ t íZ‰7‰“

í§�, ?即, ç x = x(t) v,

R(x) = lim
∆t→0

x(t + ∆t)− x(t)

∆t
=

dx

dt

FJ, ªœ,�D (1) �, )

dx

dt
= k(a− x)(b− x) (2)

˚Tø�}j˙� (differential equation) (ø

含�函bíû函bíj˙�), wjÑÅ— (2) �í

函b.

註. �}j˙�íj�vªpüË°|; 即UÌ¶°

|, �}j˙�…™6}TX�àím7.

(iv) 棣�曼«’源¬�模� (Tilman’s Model for

Resource Competition)

qø草Ÿ棲7Ë (grassland habitat) íÕGà

-:

(a) �Ì’源: 氮 (nitrogen), Ó‹氮 ⇒ ÞÓ”

¾ (biomass) íÓ‹
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(b) ÀøÓ�DÀø�Ì’源í¬�

(c) ÞÓ”¾‰“0 = AÅ0 (rate of growth)
− ¾Ü0 (rate of loss)

I B(t) ÑÊ t v, c_植Óí群íÞÓ”¾. q

R Ñ’源®� (resource level), f(R) ÑÀPÞ

Ó”¾AÅ0, /�b m ÑÀPÞÓ”¾¾Ü0.
†, â,述íÕG (c), )ÀPÞÓ”¾‰“0

1

B

dB

dt
= f(R)−m

Jcq¦

f(R) = a
R

k + R

w2 a, k Ñ�b , ª)�}j˙�

1

B

dB

dt
= a

R

k + R
−m

l. j B(t), Ohô,述�}j˙�FTXím

7à-述.

íl, ú| f(R) D�b m íÇ$, ªø

(1) Ê R∗: f(R) = m ⇔ 1
B

dB
dt = 0, ?即, AÅ

0 = ¾Ü0 ⇔ ÞÓ”¾.Z‰. ¤v, ˚ÞÓ

”¾Êø�衡ÕG (equilibrium).
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(2) R < R∗ ⇒ f(R)−m < 0 ⇔ 1
B

dB
dt < 0 ⇒

ÞÓ”¾Áý.

(3) R > R∗ ⇒ f(R)−m > 0 ⇔ 1
B

dB
dt > 0 ⇒

ÞÓ”¾Ó‹.

QO, ½ R∗ ÑS?

根W R∗ íì2,

f(R∗) = m

FJ,

a
R∗

k + R∗
= m

s邊°乘 k + R∗, )

aR∗ = mk + mR∗

¯併含 R∗ íá, 1j5, )

R∗ =
mk

a−m

註. 即UÊ. °ö£jí8$-, �}j˙�í�

衡õÿªTXrÖòh4ím7. 7�衡õ¢uœq

°)í. Ä¤, �É�衡õí«n6uø½b/�趣

í3æ, }ÊJ(íÀj2Ð/介Ü.
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û. ª�D©/

ìÜ 1. J f Ê x = c ª�, † f Ê x = c øì©

/ (?即, ©/4uª�4í.b‘K).

<„> ÄÑ f Ê x = c ª�, FJ根Wû函bíì2

(¤TSà另éíì2)

f ′(c) = lim
x→c

f(x)− f(c)

x− c
æÊ

欲„p f Ê x = c ©/, 根W©/4íì2, óçkb

„p

lim
x→c

f(x) = f(c)

¤4óçk

lim
x→c

[f(x)− f(c)] = 0

7

lim
x→c

[f(x)− f(c)]

= lim
x→c

f(x)− f(c)

x− c
· (x− c)

= lim
x→c

f(x)− f(c)

x− c
· lim
x→c

(x− c)

= f ′(c) · 0 = 0, )„.
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註 1. âìÜ 1 ø, Dw�gí敘述Ñ: f Ê x = c .

©/, † f Ê x = c .ª�. (TXø_判ì函b.ª

�íj¶, ?即, 只b判i|¤函bu.©/ÿªiì|

…u.ª�.) àÇ,

f Ê x = c .ª�, ÄÑÇ$Ê x = c iÇ, Ê¤õ.

©/.

註 2. f Ê x = c ©/.øì\„ f Ê x = c uª�

í (?即, ©/4.uª�4ík}‘K). Wà-述ís

_¥W.

1. f(x) = |x| =
{

x, x ≥ 0
−x, x < 0

àÇý.

根WÇ$ø, Ê 0 ¬邊í割(ÌÑ y = x /

y = x → y = x

Ê 0 ˝邊í割(ÌÑ y = −x /

y = −x → y = −x

…b.u°ø‘ò(. FJ, Ê x = 0 Ì~(. Ä

¤, ~(é0 = f ′(0) .æÊ, ?即, f Ê x = 0
.ª�, ÖÍ f Ê x = 0 u©/í.
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Câì2,

f ′(0) = lim
h→0

f(0 + h)− f(0)

h
.æÊ

ÑSà¤? ,�í¬”Ì

lim
h→0+

f(0 + h)− f(0)

h

= lim
h→0+

h− 0

h
= lim

h→0+
1 = 1

O˝”Ì

lim
h→0−

f(0 + h)− f(0)

h

= lim
h→0−

−h− 0

h
= lim

h→0−
(−1) = −1

), ¬”Ì 6= ˝”Ì. ], f ′(0) .æÊ.

註 3. Ê�iT (corner), f .ª�, àÇý.

註 4. ©/4[ý函bíÇ$³�iÇíÛ象, 7ª

�4[ý函bíÇ$u�滑í (smooth); *òh

,Võ, 6u�滑 (ª�) \„.iÇ (©/), O.

iÇ (©/) 卻.?\„�滑 (ª�), àÇý. 6ÿ

uz, ª�4uø_ªœ#í!‹. 另*%ð,, ø
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註 3 Çý2í函beÑøP0函b y = s(t), †Ê

�iTóçkø_3§�� (C3§倒¢, ÄÑ¥j

²), 即UšäYÍÊË,Wª (©/), Oúk乘î

7k卻uø�ÕGí驟‰, .�  (.ª�).

2. f(x) = x1/3, −∞ < x < ∞

àÇý.

Ç$顯ýÊ x = 0 �ø鉛�~(, ]âû函bí�

S<2, ~(é0 f ′(0) .æÊ. Ä¤, 函b f Ê

õ x = 0 .ª�, ÖÍ f Ê x = 0 u©/í.

C根Wì2,

f ′(0) = lim
h→0

f(0 + h)− f(0)

h

= lim
h→0

h1/3 − 0

h

= lim
h→0

1

h2/3

=
1

0+
= +∞, .æÊ

註 5. Jø¤函beÑøP0函b, ÖÍÊ 0 Ë¡

šäYÍÊË,�� (©/), O卻u'3Ë‹油Æ£
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'3煞š (ÄÑ°j²), ú乘î7k6uø�.� 

íÕG (.ª�).
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