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單元 7: 連續性
({… §3.2)

òh,: 函bíÇ$³�i裂íÛ象v, ÿ˚¤函bÑ©

/.

hôø<.©/íÛ象, yT|©/íÃòì2, àÇý.

Ç$Ê x1, x2, x3, x4 �i裂íÛ象, ŸÄà-:

• x1 : f Ê x1 ³ì2 (undefined at x1); ÖÍ

lim
x→x1

f(x) = 1

• x2 : f(x2) = 4 (Ê x2 �ì2); O

lim
x→x−2

f(x) = 4 6= 3 = lim
x→x+

2

f(x)

?即,

lim
x→x2

f(x)

.æÊ.
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• x3 : f Ê x3 ³ì2/

lim
x→x3

f(x) = ∞

”Ì.æÊ.

• x4 : f(x4) = 5 (Ê x4 �ì2) /

lim
x→x4

f(x) = 2

”ÌæÊ, O

lim
x→x4

f(x) (”Ì值) 6= f(x4) (函b值)

ì2. 函b f Êõ x = c ©/ (continuous at

x = c) J/ÑJ

(i) f(x) Ê x = c �ì2 (?即, f(c) Ñøõb)

(ii) lim
x→c

f(x) æÊ

(iii) lim
x→c

f(x) = f(c) (即, ”Ì值 = 函b值)
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註 1. ì225 (i)-(iii) ª¯併“�A

(iv) lim
x→c

f(x) = f(c)

â¤ª)|�gí ε-δ ì2, à註 4.

註 2. s_引申|íÀ邊©/4ì2:

f : Ê c õ¬©/ ⇔ lim
x→c+

f(x) = f(c)

J£

f : Ê c õ˝©/ ⇔ lim
x→c−

f(x) = f(c)

àÇý.

註 3. Ý©/õ (discontinuous point) c ª\}A

ùé:

1. ª�ÎíÝ©/õ (removable discontinuous

point):

lim
x→c

f(x) æÊ

O

.�k f(c) (C f Ê x = c Ìì2)
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只b½hI

f(c) = lim
x→c

f(x)

即ªU) c ‰Ñ©/õ. à,

• x1: I f(x1) = 1

• x4: I f(x4) = 2

·}U)h函bÊ x1 D x4 ·©/.

2. .ª�ÎíÝ©/õ (nonremovable

discontinuous point):

lim
x→c

f(x) .æÊ

FJ, Ì¶½hì2 f(c) U)

f(c) = lim
x→c

f(x)

à,

• x2: lim
x→x2

f(x) .æÊ

• x3: lim
x→x3

f(x) .æÊ
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W 1. I

f(x) =

{
x2−x−6

x−3 , J x 6= 3

7, J x = 3

½ f Ê x = 3 ©/嗎? J.©/, ?´½hì2 f(3)
Uw©/?

<j> 根Wì2逐¥�Œà-:

(i) f(3) = 7
√

(ii) °Ê x = 3 í”Ì:

lim
x→3

f(x) = lim
x→3

(x− 3)(x + 2)

x− 3
= lim

x→3
(x + 2) = 5

√

(iii) O lim
x→3

f(x) 6= f(3) ×

FJ, x = 3 ÑøÝ©/õ.

ÄÑ

lim
x→3

f(x) = 5, æÊ
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FJ, ½hI f(3) = 5, †

lim
x→3

f(x) = f(3)

Ä¤, x = 3 uøª�ÎíÝ©/õ (removable

discontinuous point), àÇý.

W 2. Iòg函b

f(x) = [x]
def
= ükC�k x í|×cb

¢˚TË板函b (floor function), [A bxc, à

f(0.5) = 0, [1.7] = 1, f(−1.5) = −2

f(2) = 2, b−3c = −3, . . .

t„ f ÊF�cbõ,·.©/ (O卻u¬©/) /Êw

ìõ,·©/.

<„> àÇý, ªÀ楚Ë)øFb„pí!�.

Ã�í„pà-: 根W©/4íì2逐¥�Œ. íl,

(a) q k ÑøL<ícb, †

(i) f(k) = [k] = k
√
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(ii) Ê x = k í¬”Ì:

lim
x→k+

f(x) = lim
x→k+

[x]

= lim
x→k+

k

(ÄÑ x → k+ ⇒
x > k / x < k + 1, àÇý)

= k

Ê x = k í˝”Ì:

lim
x→k−

[x] = lim
x→k−

(k − 1)

(ÄÑ x → k− ⇒
x > k − 1 / x < k, àÇý)

= k − 1

ÄÑ˝”Ì.�k¬”Ì, ]

lim
x→k

[x] .æÊ ×

FJ, [x] ÊLøcbõ k ,.©/.

¢â,述Ê k í函b值£¬”Ì, )

lim
x→k+

[x] = k = [k]
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Ä¤, [x] ÊLøcb k ,·u¬©/ (ÖÍ.u©/).

(b) q c ÑLø.Ñcbíõb, † c øì介k某ù©

/cbÈ, Wà

N − 1 < c < N

àÇý, †

(i) f(c) = [c] = N − 1
√

(ii) Ê x = c í¬”Ì:

lim
x→c+

[x] = lim
x→c+

(N − 1)

(ÄÑ x → c+ ⇒
x < N / x > N − 1)

= N − 1

Ê x = c í˝”Ì:

lim
x→c−

[x] = lim
x→c−

(N − 1)

(ÄÑx → c− ⇒
x > N − 1 / x < N)

= N − 1
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ÄÑ˝”Ì�k¬”Ì, ]

lim
x→c

[x] = N − 1
√

(iii) 根W (i) D (ii), )

lim
x→c

[x] = [c]
√

Ä¤, [x] ÊLø.Ñcbíõb c ,·©/.

4” 1. q a Ñø�b/ f D g Ê x = c ,Ì©/,

†

(i) af

(ii) f ± g

(iii) f · g

(iv)
f

g
ç g(c) 6= 0

ÌÊ x = c ,©/ (â”Ìí4”ª„), 略).

4” 2. J g Ê x = c ©// f Ê g(c) ©/, †¯

A函b f ◦ g Ê x = c ÿu©/í, àÇý.
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ÑSà¤? 根W©/4íì2ð„à-:

lim
x→c

(f ◦ g)(x) = lim
x→c

f(g(x))

= lim
y→g(c)

f(y)

I y = g(x) /ÄÑ g Ê c

©/, ]

x → c ⇒ y = g(x) → g(c)

= f(g(c))(ÄÑ f Ê g(c) ©/)

= f
(
lim
x→c

g(x)
)

= (f ◦ g)(c)

) f ◦ g Ê x = c í”Ì值�k函b值. Ä¤, f ◦ g Ê

x = c u©/í.

4” 3. -�®函bÊw�ì2íõ,·u©/í.

1. Öá�函b (ÄÑ lim
x→c

p(x) = p(c))

2. �Ü函b (ÄÑ lim
x→c

p(x)

q(x)
=

p(c)

q(c)
, ç q(c) 6= 0)

3. 冪函b
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4. úi函b

5. Nb函b: ax, a > 0 /.�k 1

6. úb函b: loga x, a > 0 /.�k 1

W 3. °-�®函bí©/õ.

(a) f(x) =
x2 + x + 1

x− 2

(b) f(x) = 6√x

(c) f(x) = 2 ln (x + 2)

(d) g(x) = e−x2

(e) h(x) =
1

1 + 2x
1
3
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<j> (a) f(x) Ñø�Ü函b/Ê x = 2 ³ì2. F

J, Î 2 JÕ, f(x) Ì©/.

(b) f(x) Ñø冪函b/Ê x ≥ 0 v�ì2. Ä¤,

f(x) 僅Ê x ≥ 0 vu©/í.

(c) f(x) Ñøúb函b/ì2Ê

x + 2 > 0 ⇔ x > −2

FJ, f(x) Ê x > −2 v©/.

(d) g(x) Ñ ex D −x2 í¯A函b. ]w©/õââ

 Aíù函bí©/õu°²ì, ¬˙à-: íl

1. −x2: úF�íõb x ·©/, w值域ÑÝ£õb

2. ex: úF�íõb x Ì©/, çÍ包含 −x2 í值

域

], 根W4” 2, ¯A函b g(x) = e−x2
úF�íõb

x Ì©/.
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(e) h(x) Ñ 1 + 2x
1
3 D 1

x í¯A函b. ° (d), w

©/õââ Aíù函bí©/õu°²ì, ¬˙à-:

íl

1. 1 + 2x
1
3: úF�íõb x ·©/, w值域?ÑF

�íõb

2. 1
x: 僅úF�íÝ零õb (?即, x 6= 0) ©/

FJ, 根W4” 2, h(x) 僅Êµ<U) 1
x ÊšA¹,©

/íõ x ,©/, ?即, 僅Êµ<U)šA¹

1 + 2x
1
3 6= 0

íõ x ,©/. “�(, óçkÊ

x 6=
(
−

1

2

)3
= −

1

8

v才©/. Ä¤, h(x) Ê x = −1
8 JÕíF�õbõ,

Ì©/.

C

1

1 + 2x
1
3
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Ê

1 + 2x
1
3 = 0

„ì2, ?óçkÊ

x = −
1

8

„ì2. FJ, h(x) Ê x = −1
8 v.©/Õ, ÊF�w

ìõ,Ì©/.

註 4. ©/í ε-δ ì2. 根W‡述íì2, Û

lim
x→c

f(x) = f(c)

A
. Ä¤, 函b f(x) Êõ x = c ©/J/ÑJúL

<í ε > 0, ·æÊøú@í δ > 0, U)

ç |x− c| < δ v, |f(x)− f(c)| < ε

註 5. ©/函b¯Aí©/4”ªR�A©/函b¯Aí

”Ì4”. J

lim
x→c

g(x) = L

/

f(x) Ê x = L ©/
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†

lim
x→c

f(g(x)) = f(L) = f
(
lim
x→c

g(x)
)

即©/¯Aí”Ì�k”Ìí¯A.

<„> 仿Î‡述¯A©/4”í„p, I y = g(x), †

â

lim
x→c

g(x) = L

)

x → c ⇒ y = g(x) → L (1)

J£ f(x) Ê x = L ©/, )

lim
y→L

f(y) = f(L) (2)

QO, Hp y = g(x), 1根W (1), (2) �, )

lim
x→c

f(g(x)) = lim
y→L

f(y) = f(L) = f
(
lim
x→c

g(x)
)

<另„> Câ ε-δ íì2, ÄÑ f(x) Ê x = L ©/,

]úL<í ε > 0, ª)øú@í δ1 > 0 U)

ç |x− L| < δ1 v, |f(x)− f(L)| < ε (3)

15 2×bç系:PM



陽p»ç系微	}(100ç��) Àj 7: ©/4

yâ

lim
x→c

g(x) = L

針ú‡述í δ1 > 0, æÊøú@í δ2 > 0 U)

ç 0 < |x− c| < δ2 v, |g(x)− L| < δ1 (4)

Ä¤, â (4) �, úL<í ε > 0, ²¦¥_ δ2 > 0 ª

U)

ç 0 < |x− c| < δ2 v, |g(x)− L| < δ1

yâ (3) �, ø,�2í g(x) Hp f(x) q, )

|f(g(x))− f(L)| < ε

àÇý.

|(, â”Ìí ε-δ ì2,

lim
x→c

f(g(x)) = f(L) = f
(
lim
x→c

g(x)
)

)„.
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