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i
LLJ|

T 46: FEHRBEBERM: HinE
(A §11.3)

—. FERRMEE F R

JEfMEE £ R (nonlinear autonomous system)
Ry RIS

dzy

= fi(zy1,22,...,2n)
dxo
= fo(x1,22,...,2n)
dxy,
dt - fTL(:U]JxQ)"')wn)

T

£ R" >R i=1,....n

P

E 1. RERE xq,.. ., on RS, BHEFERNTE

(nonlinear).

Ar 2. BB xq,..., oy WERR, TR ¢
BB, WHEE (autonomous).
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SEMNAERERR (matrix form) 20°F:

dx
ar f(x)
H
- 21(1) |
« — 5132.(?5)
| 2n(?) |
HrBERZ
| f1(z1,. . Tn) ]
| fn(x1,...,2n) 1
224, JERRIER £
d
% = T — 23:% — 2x17>
d
% = 4xo — 5:1:% — (X129
HER
dx
Ho
_ | z1(2)
T [ zo(t) ]
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H
. 2:1:1 2xr110
f(x) = 4:13 —5x2 (x120
iE. BRI f(x) BREmREERE, SHRARTRERE
HAERYE, A2 FORH ORI BUERE .

HE: (g5

(1) F#EE (equilibrium), JREN, &

f(%) =0
that 2,
e
& _ o
dt
2
X = (Z1,Zo,...,%Tn)

(2) THEENRENE (stability).

it 1. HHTFEERG, AN ER, JFHMEERIRE
trds, RIFBHLPEESIEE (stable); BRI, RARE
(unstable).
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—

it 2. BEAEBAETEERNEREE: Bk
(analytical approach) EEF % (graphical
approach). BA#EE, R¥ERE (A8 &k —EGE1Y

. BE (1 EEeE 1 mHER): BK
dx

Ezzv(l—a:)

PR R HARE 1.

<fE> (i) THE: REEE, &
(1 —z) =0
BT,
71 =08 7,=1
(i) B fah
f(z) = z(1 — )
AN 7.

SE L 21 = 0, JLUNTE 2 < 0, HEIESEA,
T EE
dx

— <0
dt
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JRAN,
r==z|

AL, RiiERE 0. #=, HLVNTE 2 > 0, HEFRE
M, FEH

ZIN:I

AL, RffithizmE 0. Wik, TMEE: 21 = 0 BRARE
(unstable).

R, StEPEE 2o = 1, mLUNTE 2 < 0, HEF
=Hl, gEH

d:c>o
dt
r=1427T1

FrEA, g lEE 1. 5394, U8 2 > 0, HEF
BE1, gE8E
dx

— <0
dt
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r=142]1

F‘ﬁu, X gEF 1. Kk, TEE 2, = 1 BREERE
7E (locally stable).

(i) Btk UAPEERREIERN EREAE R .
B,

fl(x) =1-2x
A, 21 = 0 KR EUE
M E fGE)=F0)=1>0
FrLA, % 21 = 0 BTIEE.

X, To = 1 WFHEIE

M E ) =f(1)=1-2=-1<0
UL, T 5 = 1 BREIEE.

B % 5 BTHYE, BUNTE - &, RHEE
&

x(t) =2+ 2(t)
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AL,
dx
i f(x)
HER
15
(xd_: 2 = f(Z +2) (1)
NHAE 7 BTHE, %
dz L
— =08 f@ =0
PRI T AT 38 H

o z,e s o
Uk f(z+ 2) & =2 BHMELM:

f@+z2) = f@+f@)E+2-2)
= f(2)z (3)
AL, &6 (1), (2), (3) R, FhTE » HEBRENR
% ~ f(2)2
FA L

2(t) ~ z(0)eM
Hr

A= f'(z)
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1 H.

(i) &
A= f(z) <0
AIE t — oo B,
2(t) — 2(0)e™>® =0
eS|
() =2+ 2(t) — 2

FrlL, Tk 2 RRERE.

(ii) &
A= f'(z) >0
HIE t — oo I,

A5

x(t) =24 2(t) - £oo = T

AL, Ffh z BARE.
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JRED, B f(Z) RIEARLRAAET AR R R,
Wi f(z) RPEE T BREUE.

Tl

LR EA f(x) EFEE T AL
(linearization), #THEREERIEL, TWIALAET T4
BEAURRE . BRI S EE B IEAR MR R, WAt

=. BT BIEHEMBEZH (nonlinear

autonomous system) 5

d

% = fi(z1,z2)

d

% = fo(z1,72)
HAamEA S

dx
Hr
_ | 71(®)

x(t) = [a:g(t)]

B

F(x) = ! f1(z1,22) ]

fo(z1,22)
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& X B—FeEL JRE,

dx
—  =f(x)=0
- = (&)

FA—/NTE z &, R
x(t) = x4+ z(t)

HEBFENS
dx
IHER
dx+z(t)) dz(t) . .
o =Tl =Rkt (4)

HE z 1B/, bl f(x) # x = % BiEHEL
(linearization) &

L(x) = f(%) + Df(%)(x — %)
Hit Df(X) B f B9 Jacobi %E[fE % RYME, 7REN,
3f1( ) 3f1( )]

Df(X) =
{g‘gg( 9 2;,12( )

A & H
f(x+2) ~ LE&E4+12)
= (X)) +DIx)(X+2z—X)
= Df(X)z (5)
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Ak, &6 (4) R (5) K, 7%, B z 30 0 I, 7R
BN, FELVINT B z 12,
dx dz R
Pl Df(X)z (6)
BeTh—fRME0, £ §11.1 FEsnfa o A EER
BEME. UEER, RIERERMT IR E IR H
TR E B PR T SRRy T A BRI RS 2 (i P

P

1. OMBENERR RIS, RREX z 5
AT 0 F Rl —IrRIRR IR,

A

- 2. (6) FUEERA] AR RT

HY P BE R R T T 2R AR TR FERR T R
dx

HIPfTE % RIRE M, ST,

1|||'I'll

S E (Hartman-Grobman): % Df(X) W #IE
5 0 AEMERER, &

X=X-+z
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B
7z — 0
ke, Hi
dx
T
pn (x)
Y T R DU
dz
— = Df(x
ph (X)z
TR
it 3. KEATEE
dx
Tt
o (x)

HmE (Jim) SEERRAES (original vector
field).

WA 5B ERIE L ES (linearized vector
field).
Kb, Bzt 2 Ry “BE” RMEER

FRIaH &% ~ R ES
12 GPS CESE =
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s

- 4. PTEERSME: & DI(X) WEEES N\ &
Ao, HI

(i) x REEREEE (KEO), F A\ <0, A2 <O0.

(i) % BEL (FBE), # A\ >0, A <0 (F
A1 <0, Ap > 0).

(ii) x F & E B (%/ﬁm), = A1 >0, A>» > 0.

(iv) x RITCERER:, & A\ 8 X\ NEHIRA.

(v) x BPVRERIER:, & A\ 82 Ay NEHIRIE.

it Ap B o RMEER, ERFIEREN.

B 1. BIEREE E R

dx]_ 2

—— = x1 —2x7 — 211X
dt 1 1 142
d

% = 4z — 5:1:% — (212>
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(@) FORILIERRIE AR PHTES.

(b) 7lEr (a) FHIFHEERIFREN.

<> (a) RBER, RPEEHERE

r1 — QLU% — 2x129 = O

dxo — 5:13% —(x1x90 = O
NAD R, THERE

x1(1 —2x1 —225) = O

x5(4 — 515 —7Tx1) = O
A,

rx1 =0 B 221 + 22>, =1
H

o =0 B 7x1 + 520 =4
A, BRUITH 4 EHE.

B—TEHE:

|
o

L1

|
o

L2
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FH 08 AT

(fla £2) — (07 O)

B EHE:

|
o

L1
(xq1 + 5xo

|
N

A Eh

B=fEHEE

ro =
2:1:1—|-2332 = 1

b AT 8 Y P B
1
(Z1,22) = (570)

EINfEHA

2x1 + 275
7Txq1 + 5o

|
> R
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RHEEITARE, & “F—3 x 7 — B x 2" B
REZ, BEHERN

2x1 +2x, = 1
4o, = —1
He, 5
1
Py = ——
27 T4
LA
1 1 1
a=3(-2(2) =13
2 4 2 2 4

FrLA, FrEL

. /3 1
(331,5132)—<4, 4>

AE. ERHEEEEHIRIERHE A% (direction
field) FIHg RERZR LI EF FE R IRE 1A .

(b) A% x=%+2z H z §&I 0 (/NTE) K,

dz .
jEﬁ?lﬁ/ NS, E = Df(X)Z

Kk, LA Df(x) ®FHEEAIE x BTk,
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B, 5T Jacobi

i gfl gfl
DE(x) = | 55 of
| Oxq1 Ox»
. 1 — 4331 — 25(32 —2%1
o — (x5 4 —10xp> — 721
ingelZS)="
fi(zi,m0) = w1 — 2% — w120
fo(z1,x0) = 4xo — 55 — Tx1o

B SRS IERERTK 4 BT EEMA Jacobi 4
[N, 5 Df(X), DL RS PIRTER M R P H R JESR
TR EE R, BWENT.

1. (#1.35) = (0,0):
DEF(0,0) = [(1) 2]

A =
AM=1>0H »=4>0

i, MR FEE (0,0) B—TIEEL
(unstable node, RIEO). KWt FEIEHH R FH
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w0 (0,0) RAREER: (RIED). R

dz 1 O
G R~ T
AR ~ 2 [O 4]z

W, FIERERMAE (Z1,22) = (0,0) BEM ~ #RMHE
RIAIPEEL (0,0) HRRER.

2. (£17£2) — <O7%>
4 3 0
bt (O’§> - [ _28 —4]
F It R E
)\1:—§<OE>\2:—4<0

Fit, % (0,3) B—REBEEH (locally

stable node, /KfEO). HHREFE R HE, (O,%)
HIIRENE ~ MR (0,0) WIBEMX.

3. (531,%2) = (%,O)Z
1 -1 -1
F G R AR U

1
>\1:—1<OE>\2:§>O
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R, BRIERTEAr i ERI R, FIEG M AR e,
(5,0) B—#E (saddle).

4. (:El,fz) = (%, —%)I

3 1 (1 -341 _3 ]
Df (=, -2) = 2 2
(4 4) ’ 443-2
_3 _3
- |77 3
4 4
IG5

LA

1
2
_AA = _3<0
4 16

A1, Ao HEUREEL

1
T=-—<0
4
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AT

2(83) = —, <0
tALRR, THYBE. Fit, MIERHNTEES (0,0)
BIBEIRIEE (stable spiral). #, FEMRMERHH T
B (3, -1) TEBEREE, LYRBRIEREREN
T (3,-1) WIEEN ~ BERHTES (0,0) B
FBIEE.

U, Bk #arE /0T

d

% = fi(x1,z2)
dxo

= fo(x1,z2)

BJG, MR

fi(z1,22) =0 8 fo(xq,22) =0

E (FBEZEMLE, zero isoclines B null
clines), HzZE;

-~

X = (21,72)
ML e, ’HE
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Rl

fo(Z1,22) = 0 = fo(Z1,22)

AME 7.

&, IWER X AR REERER, R

(1) f1 H f1 >0 EHEE f1 <0. AL,

J1l

HH I ] 38
df1

— <0
ox1

WIHRRK P A ABE), Fx a0 A&, 85 f1 ¥
x1 WML, JRED, 90

" Oxq’

(2) /o H fo>0EEE fr <0. FrLL,

ol
F I, MREREE FAHRIRYEE, A8
df2
8—$1 <0
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FEE X FEEMRE MELR, J

(1) f1 H f1 <0 EEE f1 > 0. Frl,

Ji1

H It A] &
df1
8—$2 >0

WHRBEEAARE, KR o T8, @08 f 8
v HIBHEE, A, 51

(2) [, AIEZEH, fo H fo >0 HEBE f, <0,
W2

Jol

AT Al S

9
912 _ g

0xo

Ak, a2z, 5
-

Df (%) = [ -
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A A5

T=(-)+(-) <0
H

A=) -H)EH=H)+H) >0
AL, ZHREUE A, Ao AR

(1) 2 &8, MELFHE X R—RELR.

(2) 2 ERARNIEAER, MELPER x B—RE
WR e .

i

il

Z, X B—IRE R

i, ARBEREEEML RS, TR R BRI IR DU
B, Hlan, &

Df(fc)z[i :]

Al

A=) - (DF) = () + () EERE
23 R R TR
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LK
T=(+)+(-)  ERRE
i, BIFERRL.

Bl 2. BIEHEUEELHS

dxq

— = 5 —21 — 21 2x
ry 1 1T2 + 2x9o
dxo 3

—= = x1xo — 3

dt 142 2

KB 2I FAE (3,2) WBE.

<> TioretiF(EMLE, A, 4
dry _ o
dt

I HEE B

5—-—x1—x120+ 220 =0
B, FAEFER

xo(x1 —2) =5 —1xq

A A 5

. :5—a:'1:_1+ 3
2 561—2 $1—2

(7)

24 RS R T RE



AR 2R D (LOOSFE) Bt 46: JERIEEEAM - EimR

N4y

dxo

— =
JRAN,
x1xo — 310 =0
BHE, A5
xo(x1 —3) =0
Rk,
o =08 z1 =3 (8)

&=, Mg (7) A& (8) AFHyHFR, WHAEE f1
H fo EFERIHRESPHIESR, AIEFERMRE,
AN 7.

ll:lll}l

£, B f1 R [y B EES T RIE ST

Z.—IE/E

(1) sh¥gdhsg
dxq 3
2 =0 ay, = -1
dt 2 + 1 — 2

X (5,2) A

fi(z1,20) = (5 —21) — zo(x1 — 2)
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=

£1(5,2)=0-2(5-2)=-6<0
i,

f(zp.a0) =1 FERfRZ b
e B -t - A

(2) stEfhmR

92 _ 0 gy =3
dt
R (4,2) A
fo(xy,20) = xo(x1 — 3)
=
f2(4,2) =2(4-3)=2>0
e,

_ |+, EHERZE
fo(zy,@2) = B

HIRBEEEMGEED L 8 > FEFEE (3,2) YR
BKH, DURBI PR AR REGERE Df(3,2), {2
SPIEFATEL (3,2) WEBEM, BREWT:
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IREBTEE (3,2) FKTRBERER, &

(1) f1 B f1>0EHEE f1 <0. AL,

Jil
H 3
df1

— <0
oxr1

HPRBAE S ABEH, R oo T, K8 f1 Y
1 HIEHLZR, 7REN, S0

" Oxq

(2) fo H fo <0 EHEE f> > 0. AL,

21
e, AR5
df2
a—x1>o

s A TR (3,2) EESRE MELEE, Al

(1) f1 B f1>0EHEE f1 <0. AL,
fil
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Sl AEIES;

o
911 _ g
0xo

WHRREESABE), Rn o N, W5 f1 #
zo HIEMLZE, JREN, 3f1

(2) f2(3,z22) = 22(3 —3) =0. FrlA, B L
Eiligpizzn

%,

9f2 _
0xo

Ak, &6 LliryELzE, &

Df(3,2) = [+ o]
W, FREERERY

A= (-)0) - (=)(H) =(+)
H
T=(-)+(00)=()
IS TR EIE A, Ao W

(1) 2 &EY, METHEE (3,2) R—IREEE.
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(2) 2 EHSANKIEER, TEFERE (3,2) R—1&
TERRIER .

ez, (3,2) R—IaE L.

L

- 1. @ik BE
fi(x1,20) =5 —21 —x170 + 272
AR
fo(x1,20) = 2120 — 322
k%, Jacobi fEpE

—1— — 2
Df(x) :[ . T 3321811_4-3 ]

AR (3,2), PR RE R BT

Df(3,2) = [ _g _(1)]

A & H
A=04+2=2>0Hr=-3
DAk
™ -4A=9-8=1>0

29 HREERATIREE




AR 2R D (LOOSFE) Bt 46: JERIEEEAM - EimR

FrlA, FEE N, Ao BTEEH. &, IR ERMN
KBk (0,0) B—EEEHE (sink). HILAIHEEHFRR
MAYEEEL (3,2) HME—BEEE (sink), BKEFEE
HA R PUET B TR E .

L

E 2. RBFEFRAYE K

dxo :
—~=02=08 ;=3
dt L2 L1
V954
d
%zO@xQ(azl—Q):S—azl

A A — TR
(5,0)

&=, Rl Bk AT Pl kL (5,0) BIiRE
HA0T.

Bk RIBENTHAERNSERGRE, 5E BT,
(5,0) BIKFIEHER AR, 15

(1) f1 H f1 >0 EHEE f1 <0. AL,
J1l
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JREN,

df1
—= <0
ox1 <

(2) fg(xl, O) — 0(5131 — 3) = 0. ﬁﬁ,[/\/{,

ofs _

0
oxq

NinEwPerE: (5,0) NEERE MELERH, &

(1) f1 H f1 >0 EHEE f1 <0. AL,

J1l
F 3

df1
—= <0
0x»o

(2) EEZEME T, 21 =5 H

f2(5,20) = x2(5 —3) = 2z
HH fo <0 EHEE f> > 0. AL,

21
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tHELEH

%>O
0xo

B, S LR, R ORI SRR (R B

prs0=[ 5 7 ]
A,
A=(-)(+)-0=(-)
iz
T = (—) 4+ (4+) = KA, EALZEFE
MEREE N, M B—1F, —&. B, FERHEHNFE
% (5,0) R—##L (saddle).

RN RS
fi(x1,20) =5 —21 —x170 + 272
AR
fo(x1,20) = 2120 — 322

&, Jacobi %

—1—2> —2x1+2
Df(x) = v 2 x11_3
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RAFEEL (5,0), B BURIERHRT REGERR

Df(5,0) = [ —(1) _g]

FH 8 R EUE
A =18 A\ =2

AL, SERURRMEREI P %L (0,0) R—#kEh, MrEH
FRIERRIE RS PR (5,0) INE—#E.
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