
¹p»çÍ微	}(100ç��) Àj 46: Ý(4A3Í$�Ü�¹

單元 46: 非線性自主系統：理論篇
({… §11.3)

ø. Ý(4A3Í$

Ý(4A3Í$ (nonlinear autonomous system)

í型�à-:

dx1

dt
= f1(x1, x2, . . . , xn)

dx2

dt
= f2(x1, x2, . . . , xn)

...
dxn

dt
= fn(x1, x2, . . . , xn)

w2

fi : Rn → R1, i = 1, . . . , n

註 1. .b°Ñ x1, . . . , xn í(4 ¯, ]˚Ý(4

(nonlinear).

註 2. 僅Ñ x1, . . . , xn í[ý�, .püËDvÈ t

�É, ]˚A3 (autonomous).
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�gí矩³型� (matrix form) à-:

dx

dt
= f(x)

w2

x =


x1(t)
x2(t)

...
xn(t)


/²¾值函b

f(x) =


f1(x1, . . . , xn)
f2(x1, . . . , xn)

...
fn(x1, . . . , xn)

 : Rn → Rn

舉W, Ý(4A3Í$

dx1

dt
= x1 − 2x2

1 − 2x1x2

dx2

dt
= 4x2 − 5x2

2 − 7x1x2

óçk

dx

dt
= f(x)

w2

x =

[
x1(t)
x2(t)

]
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/

f(x) =

[
x1 − 2x2

1 − 2x1x2
4x2 − 5x2

2 − 7x1x2

]

註. ÎÝ f(x) Ñ(4í²¾值函b, ´†.Øª?°|

püíj, |Ö只°|¤Í$íb值j.

ñ™: 僅探n

(1) �衡õ (equilibrium), ?即, U)

f(x̂) = 0

6ÿuz,

dx̂

dt
= 0

íõ

x̂ = (x̂1, x̂2, . . . , x̂n)

(2) �衡õí ì4 (stability).

註 1. Jâ�衡õÇá, lJü干擾(, Í$E回ƒ¤�

衡õ, †˚¤�衡õÑ ì (stable); ´†, Ñ. ì

(unstable).
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註 2. �ù�j¶判i�衡õí ì4: j析¶

(analytical approach) DÇ$¶ (graphical
approach). ÑjZl, 只5?ù_‰b£ù_j˙�í

Í$.

ù. 複3 (1 _‰bD 1 _j˙�): t°

dx

dt
= x(1− x)

í�衡õ£w ì4.

<j> (i) �衡õ: 根Wì2, I

x(1− x) = 0

)ù_�衡õ

x̂1 = 0 D x̂2 = 1

(ii) Ç$¶: ú|

f(x) = x(1− x)

àÇý.

‡ú�衡õ x̂1 = 0, lJü干擾 z < 0, âÇ$)ø,
}û_

dx

dt
< 0
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?即,

x = z ↓

FJ, Í$±× 0. QO, lJü干擾 z > 0, âÇ$)

ø, }û_

dx

dt
> 0

?即,

x = z ↑

FJ, Í$6±× 0. Ä¤, �衡õ x̂1 = 0 Ñ. ì

(unstable).

°Ü, ‡ú�衡õ x̂2 = 1, lJü干擾 z < 0, âÇ$

)ø, }û_

dx

dt
> 0

6ÿuz

x = 1 + z ↑ 1

FJ, Í$}回ƒ 1. 另Õ, lJü干擾 z > 0, âÇ$

)ø, }û_

dx

dt
< 0
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6ÿuz

x = 1 + z ↓ 1

FJ, Í$¢}回ƒ 1. Ä¤, �衡õ x̂2 = 1 Ñ�¶ 

ì (locally stable).

(iii) j析¶: J�衡õíÔ徵值í£Š4判iw ì4.

íl,

f ′(x) = 1− 2x

†, x̂1 = 0 íÔ徵值

λ1
def
= f ′(x̂1) = f ′(0) = 1 > 0

FJ, �衡õ x̂1 = 0 Ñ. ì.

¢, x̂2 = 1 íÔ徵值

λ2
def
= f ′(x̂2) = f ′(1) = 1− 2 = −1 < 0

FJ, �衡õ x̂2 = 1 Ñ�¶ ì.

Üâ: q x̂ Ñø�衡õ, lJü干擾 z (, Í$íÆ‰

Ñ

x(t) = x̂ + z(t)
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FJ,

dx

dt
= f(x)

óçk

d(x̂ + z)

dt
= f(x̂ + z) (1)

¢ÄÑ x̂ Ñ�衡õ, ]

dx̂

dt
= 0 / f(x̂) = 0

Ä7ªû|

d(x̂ + z)

dt
=

dx̂

dt
+

dz

dt
=

dz

dt
(2)

J£ f(x̂ + z) Ê x = x̂ í(4¡N:

f(x̂ + z) ≈ f(x̂) + f ′(x̂)(x̂ + z − x̂)

= f ′(x̂)z (3)

Ä¤, ¯併 (1), (2), (3) �, )ü干擾 z íÆ‰8況

dz

dt
≈ f ′(x̂)z

â¤û|

z(t) ≈ z(0)eλt

w2

λ = f ′(x̂)
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7/

(i) J

λ = f ′(x) < 0

†ç t →∞ v,

z(t) → z(0)e−∞ = 0

Ä7

x(t) = x̂ + z(t) → x̂

FJ, �衡õ x̂ Ñ�¶ ì.

(ii) J

λ = f ′(x) > 0

†ç t →∞ v,

z(t) → z(0)e∞ = ±∞

Ä7û|

x(t) = x̂ + z(t) → ±∞ 6= x̂

FJ, �衡õ x̂ Ñ. ì.
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?即, â f ′(x̂) í£Šÿª判i|�衡õí ì4Ô徵,
]˚ f ′(x̂) Ñ�衡õ x̂ íÔ徵值.

½õ: N¬ f(x) Ê�衡õ x̂ í(4“

(linearization), ø干擾íÆ‰[Û|, 7J¤判i�衡

õí ì4. Ûø¤–1R�BÝ(4Í$, à-FH.

ú. j析¶: qÝ(4A3Í$ (nonlinear

autonomous system) Ñ

dx1

dt
= f1(x1, x2)

dx2

dt
= f2(x1, x2)

w矩³型�Ñ

dx

dt
= f(x)

w2

x(t) =

[
x1(t)
x2(t)

]
/

f(x) =

[
f1(x1, x2)
f2(x1, x2)

]
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q x̂ Ñø�衡õ, ?即,

dx̂

dt
= f(x̂) = 0

JlJøü干擾 z (, Í$Ñ

x(t) = x̂ + z(t)

wÆ‰í8況Ñ

dx

dt
= f(x)

?óçk

d(x̂ + z(t))

dt
=

dz(t)

dt
= f(x̂ + z) (4)

ÄÑ z 'ü, FJ, f(x) Ê x = x̂ í(4“

(linearization) Ñ

L(x) = f(x̂) + Df(x̂)(x− x̂)

w2 Df(x̂) Ñ f í Jacobi 矩³Ê x̂ í值, ?即,

Df(x̂) =

 ∂f1
∂x1

(x̂) ∂f1
∂x2

(x̂)
∂f2
∂x1

(x̂) ∂f2
∂x2

(x̂)


â¤û|

f(x̂ + z) ≈ L(x̂ + z)

= f(x̂) + Df(x̂)(x̂ + z− x̂)

= Df(x̂)z (5)
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Ä¤, ¯併 (4) �D (5) �, ª), ç z Ô¡ 0 v, ?

即, lJü干擾 z (,

dx

dt
=

dz

dt
≈ Df(x̂)z (6)

¤4ø(4Í$, Ê §11.1 2˛øàS}析w�衡õí

 ì4. 6ÿuz, ŸÝ(4Í$�衡õí ì4ª%â

干擾Æ‰í¡N(4Í$í�衡õí ì47判i|.

註 1. }析(í!‹Ñø�¶4í!�, ÄÑb° z Ô

¡ 0 才?)øßí(4¡N.

註 2. (6) �暗ýªà(4Í$

dz

dt
= Df(x̂)z

í�衡õí ì4V判iŸÝ(4Í$

dx

dt
= f(x)

í�衡õ x̂ í ì4, 詳Hà-.

9õ (Hartman-Grobman): ç Df(x̂) íÔ徵值

.Ñ 0 C.ÑÓ虛bv, J

x = x̂ + z

11 2×bçÍ:PM



¹p»çÍ微	}(100ç��) Àj 46: Ý(4A3Í$�Ü�¹

/

z → 0

v, †

dx

dt
= f(x)

íÆ‰WÑ¡Nk

dz

dt
= Df(x̂)z

íÆ‰WÑ.

註 3. ±詞ì2:

dx

dt
= f(x)

í²¾ (j²) Ò˚TŸá²¾Ò (original vector

field).

dz

dt
= Df(x̂)z

í²¾Ò˚T(4“²¾Ò (linearized vector

field).

Ä¤, ,H註 2 2í “9õ” ÿóçk

Ÿá²¾Ò ≈ (4²¾Ò
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註 4. �衡õí}é: q Df(x̂) íÔ徵值Ñ λ1 D

λ2, †

(i) x̂ Ñ�¶ ì�õ (®槽¨), J λ1 < 0, λ2 < 0.

(ii) x̂ Ñ鞍õ (. ì), J λ1 > 0, λ2 < 0 (C

λ1 < 0, λ2 > 0).

(iii) x̂ Ñ. ì�õ (泉源¨), J λ1 > 0, λ2 > 0.

(iv) x̂ Ñ ì螺旋õ, J λ1 D λ2 íõ¶ÌÑŠ.

(v) x̂ Ñ. ì螺旋õ, J λ1 D λ2 íõ¶ÌÑ£.

註. λ1 D λ2 ÑÓ虛bv, Ì¶判i ì4.

W 1. qÝ(4A3Í$Ñ

dx1

dt
= x1 − 2x2

1 − 2x1x2

dx2

dt
= 4x2 − 5x2

2 − 7x1x2

13 2×bçÍ:PM
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(a) t°¤Ý(4Í$í�衡õ.

(b) 判i (a) 2í�衡õí ì4.

<j> (a) 根Wì2, °�衡õóçkj

x1 − 2x2
1 − 2x1x2 = 0

4x2 − 5x2
2 − 7x1x2 = 0

Ä�}j(, ?óçkj

x1(1− 2x1 − 2x2) = 0

x2(4− 5x2 − 7x1) = 0

â¤),

x1 = 0 C 2x1 + 2x2 = 1

/

x2 = 0 C 7x1 + 5x2 = 4

Ä¤, )à-í 4 � ¯.

�ø� ¯:

x1 = 0

x2 = 0
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â¤û|�衡õ

(x̂1, x̂2) = (0,0)

�ù� ¯:

x1 = 0

7x1 + 5x2 = 4

â¤)�衡õ

(x̂1, x̂2) =
(
0,

4

5

)

�ú� ¯:

x2 = 0

2x1 + 2x2 = 1

â¤ªû|�衡õ

(x̂1, x̂2) =
(
1

2
,0

)

�û� ¯:

2x1 + 2x2 = 1

7x1 + 5x2 = 4
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%âòg¾ ¶, ø “�ø� × 7 − �ù� × 2” ¦

H�ù�, )�gí

2x1 + 2x2 = 1

4x2 = −1

j5, )

x2 = −
1

4

J£

x1 =
1

2

(
1− 2

(
−

1

4

))
=

1

2
·
3

2
=

3

4

FJ, �衡õ

(x̂1, x̂2) =
(
3

4
,−

1

4

)

註. N¬bç,ñú¤Ý(4Í$íj²Ò (direction

field) ªIÑhô¤û_�衡õí ì4.

(b) ÄÑç x = x̂ + z / z Ô¡ 0 (ü干擾) v,

Ý(4Í$ ≈
dz

dt
= Df(x̂)z

Ä¤, J Df(x̂) í�衡õ判i x̂ í ì4.
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íl, l� Jacobi 矩³

Df(x) =

 ∂f1
∂x1

∂f1
∂x2

∂f2
∂x1

∂f2
∂x2


=

[
1− 4x1 − 2x2 −2x1

−7x2 4− 10x2 − 7x1

]
¤4ÄÑ

f1(x1, x2) = x1 − 2x2
1 − 2x1x2

f2(x1, x2) = 4x2 − 5x2
2 − 7x1x2

QO, }�øÝ(4Í$í 4 _�衡õHp Jacobi 矩

³q, ) Df(x̂), 1J,H¡Ní(4Í$判i|ŸÝ(

4Í$�衡õí ì4, ¬˙à-.

1. (x̂1, x̂2) = (0,0):

Df(0,0) =

[
1 0
0 4

]
â¤)

λ1 = 1 > 0 / λ2 = 4 > 0

], (4Í$í�衡õ (0,0) Ñø. ì�õ

(unstable node, 泉源¨). Ä¤, ŸÝ(4Í$í�衡

17 2×bçÍ:PM
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õ (0,0) Ñ. ì�õ (泉源¨). ¤4ÄÑ

ŸÝ(4Í$ ≈
dz

dt
=

[
1 0
0 4

]
z

], ŸÝ(4Í$Ê (x̂1, x̂2) = (0,0)  ì4 ≈ (4

Í$í�衡õ (0,0) í ì4.

2. (x̂1, x̂2) =
(
0, 4

5

)
:

Df
(
0,

4

5

)
=

[
−3

5 0

−28
5 −4

]
â¤û|Ô徵值

λ1 = −
3

5
< 0 / λ2 = −4 < 0

Ä¤, �衡õ
(
0, 4

5

)
Ñø�¶ ì�õ (locally

stable node, ®槽¨). ¤4ÄÑŸÍ$�衡õ
(
0, 4

5

)
í ì4 ≈ (4Í$ (0,0) í ì4.

3. (x̂1, x̂2) =
(
1
2,0

)
:

Df
(
1

2
,0

)
=

[
−1 −1
0 1

2

]
â¤ª)Ô徵值

λ1 = −1 < 0 / λ2 =
1

2
> 0
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Ä¤, 根W‡ÞFHíó°Üâ, ŸÝ(4Í$í�衡õ(
1
2,0

)
Ñø鞍õ (saddle).

4. (x̂1, x̂2) =
(
3
4,−1

4

)
:

Df
(
3

4
,−

1

4

)
=

[
1− 3 + 1

2 −3
2

7
4 4 + 5

2 −
21
4

]

=

[
−3

2 −3
2

7
4

5
4

]
â¤û|

∆ = −
15

8
+

21

8
=

6

8
=

3

4
J£

τ = −
3

2
+

5

4
= −

1

4

ÄÑ

τ2 − 4∆ =
1

16
− 3 < 0

]û|ùÔ徵值

λ1, λ2 : u軛複b

¢â

τ = −
1

4
< 0
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ªRû|

2(õ¶) = −
1

4
< 0

6ÿuz, õ¶ÌÑŠ. Ä¤, (4Í$í�衡õ (0,0)
Ñ ì螺旋õ (stable spiral). ], Ý(4Í$í�衡

õ
(
3
4,−1

4

)
?Ñ ì螺旋õ, ¤4ÄÑŸÝ(4Í$í

�衡õ
(
3
4,−1

4

)
í ì4 ≈ (4Í$�衡õ (0,0) í

 ì4.

û. Ç$¶: qÝ(4A3Í$à-

dx1

dt
= f1(x1, x2)

dx2

dt
= f2(x1, x2)

íl, ú曲(

f1(x1, x2) = 0 D f2(x1, x2) = 0

íÇ$ (˚TÉ值曲(, zero isoclines C null

clines), w>õ

x̂ = (x̂1, x̂2)

ÿu�衡õ, ÄÑ

(x̂1, x̂2)
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°vU)

f2(x̂1, x̂2) = 0 = f2(x̂1, x̂2)

àÇý.

QO, 沿O¬ x̂ í®�(â˝²¬�, †

(1) f1 â f1 > 0 Æ‰B f1 < 0. FJ,

f1 ↓

â¤ªû|

∂f1
∂x1

< 0

¤4ÄÑ®�j²��, [ý x2 .‰, ]) f1 ú

x1 í‰“0, ?即, ∂f1
∂x1

.

(2) f2 â f2 > 0 Æ‰B f2 < 0. FJ,

f2 ↓

â¤, 根WD,Hó°íÜâ, ªû|

∂f2
∂x1

< 0

21 2×bçÍ:PM



¹p»çÍ微	}(100ç��) Àj 46: Ý(4A3Í$�Ü�¹

y沿O¬ x̂ í垂ò(â-%,�, †

(1) f1 â f1 < 0 Æ‰B f1 > 0. FJ,

f1 ↑

â¤ªû|

∂f1
∂x2

> 0

¤4ÄÑ垂òj²��, [ý x1 .‰, ]) f1 ú

x2 í‰“0, ?即, ∂f1
∂x2

.

(2) °Ü, ªhô|, f2 â f2 > 0 Æ‰B f2 < 0,

6ÿuz

f2 ↓

Ä7ªû|

∂f2
∂x2

< 0

Ä¤, ã¯,Hí‰“0, )

Df(x̂) =

[
− +
− −

]

22 2×bçÍ:PM



¹p»çÍ微	}(100ç��) Àj 46: Ý(4A3Í$�Ü�¹

â¤ª)

τ = (−) + (−) < 0

/

∆ = (−)(−)− (+)(−) = (+) + (+) > 0

FJ, ùÔ徵值 λ1, λ2 ªÑ

(1) 2 Šõb, 7û|�衡õ x̂ Ñø ì�õ.

(2) 2 õ¶ÑŠíu軛複b, 7û|�衡õ x̂ Ñø ì

螺旋õ.

�k5, x̂ Ñø ì�衡õ.

註. �vÇ$¶Ì¶d|!�, ¤vÛ回ƒj析¶JÔ徵

值判i. Wà, J

Df(x̂) =

[
+ −
+ −

]
†

∆ = (+)(−)− (−)(+) = (−) + (+) : £Š„ì
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J£

τ = (+) + (−) : £Š„ì

], Ç$¶Ü^.

W 2. qÝ(4A3Í$Ñ

dx1

dt
= 5− x1 − x1x2 + 2x2

dx2

dt
= x1x2 − 3x2

tJÇ$¶判i�衡õ (3,2) í ì4.

<j> Ûlú`É值曲(, ?即, I

dx1

dt
= 0

¤4óçk

5− x1 − x1x2 + 2x2 = 0

cÜ(, ,��gk

x2(x1 − 2) = 5− x1

â¤ª)

x2 =
5− x1

x1 − 2
= −1 +

3

x1 − 2
(7)

24 2×bçÍ:PM



¹p»çÍ微	}(100ç��) Àj 46: Ý(4A3Í$�Ü�¹

¢I

dx2

dt
= 0

?即,

x1x2 − 3x2 = 0

cÜ(, ª)

x2(x1 − 3) = 0

Ä¤,

x2 = 0 C x1 = 3 (8)

QO, ú| (7) �D (8) �2í曲(, 1/判i| f1
D f2 Ê®A}割|í–域2í£Š(, ª)É值曲(Ç,
àÇý.

註. 判i f1 D f2 Ê®A}割|í–域2í£Šà-F

H:

(1) ‡ú曲(

dx1

dt
= 0 ⇔ x2 = −1 +

3

x1 − 2

H (5,2) p

f1(x1, x2) = (5− x1)− x2(x1 − 2)
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)

f1(5,2) = 0− 2(5− 2) = −6 < 0

],

f1(x1, x2) =

{
−, Ê曲(5,

+, Ê曲(5-

(2) ‡ú曲(

dx2

dt
= 0 ⇔ x1 = 3

H (4,2) p

f2(x1, x2) = x2(x1 − 3)

)

f2(4,2) = 2(4− 3) = 2 > 0

],

f2(x1, x2) =

{
+, Ê曲(5¬

−, Ê曲(5˝

y根WÉ值曲(üì| f1 D f2 Ê�衡õ (3,2) í偏

û函b, J°)¡N(Í$í[b矩³ Df(3,2), 1J

¤判i�衡õ (3,2) í ì4, ¬˙à-:
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沿O¬�衡õ (3,2) í®�(â˝²¬�, )

(1) f1 â f1 > 0 Æ‰B f1 < 0. FJ,

f1 ↓

â¤û|

∂f1
∂x1

< 0

¤4ÄÑ®�j²��, [ý x2 .‰, ]) f1 ú

x1 í‰“0, ?即, ∂f1
∂x1

.

(2) f2 â f2 < 0 Æ‰B f2 > 0. FJ,

f2 ↑

], °Üª)

∂f2
∂x1

> 0

沿O¬�衡õ (3,2) í垂ò(â-%,�, †

(1) f1 â f1 > 0 Æ‰B f1 < 0. FJ,

f1 ↓
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â¤ª)

∂f1
∂x2

< 0

¤4ÄÑ垂òj²��, [ý x1 .‰, ]) f1 ú

x2 í‰“0, ?即, ∂f1
∂x2

.

(2) f2(3, x2) = x2(3− 3) ≡ 0. FJ, 根W,Hó

°íÜâ,

∂f2
∂x2

= 0

Ä¤, ¯併,Hí‰“0, )

Df(3,2) =

[
− −
+ 0

]
], [b矩³í

∆ = (−)(0)− (−)(+) = (+)

/

τ = (−) + (0) = (−)

â¤û|ùÔ徵值 λ1, λ2 ªÑ

(1) 2 Šõb, 7)�衡õ (3,2) Ñø ì�õ.
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(2) 2 õ¶ÑŠíu軛複b, 7)�衡õ (3,2) Ñø 

ì螺旋õ.

�k5, (3,2) Ñø ì�衡õ.

註 1. j析¶: ÄÑ

f1(x1, x2) = 5− x1 − x1x2 + 2x2

J£

f2(x1, x2) = x1x2 − 3x2

], Jacobi 矩³

Df(x) =

[
−1− x2 −x1 + 2

x2 x1 − 3

]
Hp�衡õ (3,2), )¡N(4Í$í[b矩³

Df(3,2) =

[
−3 −1
2 0

]
â¤û|

∆ = 0 + 2 = 2 > 0 / τ = −3

J£

τ2 − 4∆ = 9− 8 = 1 > 0
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FJ, Ô徵值 λ1, λ2 ÑùŠõb. ], ¡N(4Í$í

�衡õ (0,0) Ñø ì�õ (sink). â¤ªRû|ŸÍ

$í�衡õ (3,2) ?Ñø ì�õ (sink), œÇ$¶y

püË判i|ÑS� ì4.

註 2. 根WÉ值曲(íÇ$C

dx2

dt
= 0 ⇔ x2 = 0 C x1 = 3

J£

dx1

dt
= 0 ⇔ x2(x1 − 2) = 5− x1

ª)另ø�衡õ

(5,0)

QO, }�JÇ$¶Dj析¶判i�衡õ (5,0) í ì

4à-.

Ç$¶: 根W‡ÞF)íÉ值曲(Ç, 沿O¬�衡õ

(5,0) í®�(â˝²¬��, )

(1) f1 â f1 > 0 Æ‰B f1 < 0. FJ,

f1 ↓
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?即,

∂f1
∂x1

< 0

(2) f2(x1,0) = 0(x1 − 3) ≡ 0. FJ,

∂f2
∂x1

= 0

¢沿O¬�衡õ (5,0) í垂ò(â-%,��, )

(1) f1 â f1 > 0 Æ‰B f1 < 0. FJ,

f1 ↓

â¤û|

∂f1
∂x2

< 0

(2) Ê垂ò��-, x1 = 5 /

f2(5, x2) = x2(5− 3) = 2x2

]â f2 < 0 Æ‰B f2 > 0. FJ,

f2 ↑
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6ÿuz

∂f2
∂x2

> 0

], ¯併,Hí‰“0, )¡N(4Í$í[b矩³

Df(5,0) =

[
− −
0 +

]
FJ,

∆ = (−)(+)− 0 = (−)

/

τ = (−) + (+) = „ø, O.影à判i

7)Ô徵值 λ1, λ2 Ñø£, øŠ. Ä¤, ŸÍ$í�衡

õ (5,0) Ñø鞍õ (saddle).

j析¶: ÄÑ

f1(x1, x2) = 5− x1 − x1x2 + 2x2

J£

f2(x1, x2) = x1x2 − 3x2

], Jacobi 矩³

Df(x) =

[
−1− x2 −x1 + 2

x2 x1 − 3

]
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Hp�衡õ (5,0), )¡N(4Í$í[b矩³Ñ

Df(5,0) =

[
−1 −3
0 2

]
â¤û|Ô徵值

λ1 = −1 D λ2 = 2

FJ, ¡N(4Í$í�衡õ (0,0) Ñø鞍õ, 7ªû|

ŸÝ(4Í$í�衡õ (5,0) ?Ñø鞍õ.
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