
¹p»çÍ�	}(100ç��) Àj 37: (4ø¦, Ô�²¾DÔ�M

單元 37: 線性映射, 特徵向量與
特徵值

({… §9.3)

ÑjZ–c, J 2× 2 矩³zp, O¤�2í!‹ªR�

B n× n 矩³

ì2. q#ìø 2× 2 矩³ A, ˚

ø¦ (map): x→ Ax

Ñø(4ø¦ (linear map), w2 x Ñø 2× 1 W²

¾, /) Ax 6Ñø 2× 1 W²¾. ˚Ñ(44ÄÑ¤

ø¦U)-�ù�A:

(i) úL<ù²¾ x D y,

A(x + y) = Ax + Ay (根W}º)

(ii) úLøÓ¾ λ,

A(λx) = λ(Ax)

ÔW, A Ñ §9.2 2í Leslie 矩³ L, x ÑÊ 0 ví

í群×ü, Ax ÑÊ 1 víí群×ü.
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ø. ²¾íÇ$[ý¶

òi�™Í$-, W²¾

x =

[
x1
x2

]
óçk (ú@k) �Þ,íø_JŸõÑ–õí�²(¨,
àÇý. ø<óÉíì2à-:

(1) x íÅ�

|x| =
√

x2
1 + x2

2

(2) D橫軸$AíHiíi� α ∈ [0,2π) Å—

tanα =
x2

x1

(3) ”�™Í$ (polar coordinate system): I

r = |x|, †

x1 = r cosα, x2 = r sinα

FJ, W²¾ x í”�™[ý¶Ñ

x =

[
r cosα
r sinα

]
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(4) ‹¶DÓ¾¶: I x =

[
x1
x2

]
, y =

[
y1
y2

]
/ a ÑøÓ¾ (scalar), †

x + y =

[
x1 + y1
x2 + y2

]
Fú@í�Þ,í«�àÇý. FJ, ²¾‹¶¢

˚T�Wûi$¶† (parallelogram law).

¢

ax =

[
ax1
ax2

]
Fú@í�Þ,í«�àÇý. éý|, ç a > 0
v, ax [ýø x [× a I; ç a < 0 v, ax [
ýø x ¥²[× a I.

(5) ÀPø¦ (identity map):[
x1
x2

]
→
[

1 0
0 1

] [
x1
x2

]
=

[
x1
x2

]
Fú@í�Þ^@àÇý.

(6) }¾�òø¦ (coordinate stretching or
contracting map):[

x1
x2

]
→
[

a 0
0 b

] [
x1
x2

]
=

[
ax1
bx2

]
3 2×bçÍ:PM
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à, [
1
2

]
→
[

2 0
0 −1

2

] [
1
2

]
=

[
2
−1

]
4óçkø�ø_}¾°².� 2 I, °vø�ù_

}¾¥²9ò 1
2 I. Fú@í�Þ²¾àÇý. ¢[

2
1

]
→
[
−1

2 0
0 2

] [
2
1

]
=

[
−1
2

]
4óçkø�ø_}¾¥²9ò 1

2 I, /ø�ù_}

¾°².� 2 I. Fú@í�Þ²¾àÇý.

(7) ì�ø¦ (rotation map):

x =

[
r cosα
r sinα

]
→

[
cos θ − sin θ
sin θ cos θ

]
·[

r cosα
r sinα

]
ø¶å¬ií矩³Ç(, )[

r cosα
r sinα

]

→
[

r(cos θ cosα− sin θ sinα)
r(sin θ cosα + cos θ sinα)

]

=

[
r cos(θ + α)
r sin(θ + α)

]
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6ÿuz, øD橫軸íHiâ α Öì� θ, B
α + θ. ú@í�Þ²¾àÇý.

ø般í矩³ A ¦�ÿ³�J,�Àí�S<2,íj„,
à, I

A =

[
1 2
3 2

]
J

x =

[
3
−1

]
†

Ax =

[
1
7

]
/Fú@í�Þ²¾àÇý.

J

x =

[
2
3

]
†

Ax =

[
1 2
3 2

] [
2
3

]

=

[
8
12

]
= 4

[
2
3

]
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?¹, ø x í}¾·[× 4 I. Fú@í�Þ²¾àÇ

ý.

ÄÑø A TàÊ.°ís_W²¾,, })ƒs_.°

í^@, FJ A m.u�ò?.uì�.

O�E�íu: #ø(4ø¦

x→ Ax

7tÇv| x D λ U)

Ax = λx

à,W2í

x =

[
2
3

]
D λ = 4

˚¤��òÄä λ ÑÔ�M (eigenvalue), W²¾ x

ÑÔ�²¾ (eigenvector).

ù. Ô�MDÔ�²¾

ì2. q A Ñøj³. JøÝÉ²¾ x (?¹,

x 6= 0) U)

Ax = λx

6 2×bçÍ:PM
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†˚ x Ñ A íÔ�²¾, λ Ñ A íÔ�M.

註 1. �S<2: J x ÑÔ�²¾/ λ ÑøõbÔ�

M, † Ax = λx u落Ê¦¬ x íò(,. ¤4ÄÑ

λx íé0 =
λx2

λx1
=

x2

x1
= x íé0

Jé0æÊíu, ´†ÌÊó軸,. ¤Õ, úL<Ê¦¬

x íò(,í²¾ u, ·}�ø�b c U)

u = cx

¤4ÄÑ u D x b�ó°íé0, Jé0æÊíu (C

u D x ÌÊó軸,), ] u u x í 某_ c I. â¤ª

)|

Au = Acx = cAx = cλx = λcx = λu

?Ê°øò(,/ u 6u A íø_Ô�²¾. Ä¤, ª

Rû|Ô�²¾.uñøí/Ïæcuø_�bIb (?

¹, æÊø�b c U) u = cx), àÇý.

註 2. ù¼j³� 2 _Ô�M (ó°Cóæ). …{˙

c«n 2 _óæí8況.

註 3. àS°? JWzpà-.
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W 1. t°

A =

[
1 2
3 2

]
íÔ�MDÔ�²¾.

<j> 根WÔ�MDÔ�²¾íì2, Ûv λ D x 6= 0

U)

Ax = λx

¤4óçk

Ax− λx = 0

?óçk

Ax− λI2x = 0

根W}º, â,�)

(A− λI)x = 0

w2, Ñ�Àl, I I = I2. ÄÑ x 6= 0, ,�óçk

A− λI ÑJæí (singular), 6ÿuz,

det(A− λI) = 0

Ä¤, °Ô�MDÔ�²¾íj¶Ñ

(1) v λ U) det(A− λI) = 0:

8 2×bçÍ:PM
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íl,

A− λI =

[
1 2
3 2

]
−
[

λ 0
0 λ

]

=

[
1− λ 2

3 2− λ

]
QO, 根Wù¼矩³íW��t�, )

det(A− λI) = (1− λ)(2− λ)− 2 · 3
= 2− 3λ + λ2 − 6

= λ2 − 3λ− 4

= (λ− 4)(λ + 1)

FJ, â

det(A− λI) = 0

ª)|s_Ô�M

λ1 = −1 D λ2 = 4

(2) }�°®Ô�MFú@íÔ�²¾:

λ1 = −1: v x =

[
x1
x2

]
U)

A

[
x1
x2

]
= (−1)

[
x1
x2

]

9 2×bçÍ:PM
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¤4óçkj(4j˙�Í$

x1 + 2x2 = −x1

3x1 + 2x2 = −x2

�ácÜ, )

2x1 + 2x2 = 0

3x1 + 3x2 = 0

?óçk

x1 + x2 = 0

¹,

x2 = −x1 (1)

FJ,

x =

[
1
−1

]
u λ1 = −1 Fóú@íøÔ�²¾. 9õ,, â (1)
�ø, úL<í a 6= 0,

a

[
1
−1

]
·u λ1 = −1 Fú@íÔ�²¾. Ä¤, �Ì¤Ö_Ô

�²¾/ÌÊ¦¬

[
1
−1

]
í°øò( (?¹,

x1 + x2 = 0) ,, àÇý.

10 2×bçÍ:PM



¹p»çÍ�	}(100ç��) Àj 37: (4ø¦, Ô�²¾DÔ�M

λ2 = 4: j Ax = 4x óçkj(4Í$

x1 + 2x2 = 4x1

3x1 + 2x2 = 4x2

?óçkj

−3x1 + 2x2 = 0

3x1 − 2x2 = 0

â¤)

3x1 − 2x2 = 0

?¹,

x2 =
3

2
x1

Ä¤,

x =

[
2
3

]
u λ2 = 4 Fú@íøÔ�²¾. 9õ,, F�Êò(

3x1 − 2x2 = 0 ,í²¾Ìu λ2 = 4 Fú@íÔ�

²¾, àÇý.

註. ò( l1 : x1 + x2 = 0 D l2 : 3x1 − 2x2 = 0
Êø¦

x→ Ax

11 2×bçÍ:PM
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íTà-, ·u.‰í (invariant), 6ÿuz, úL<

í²¾

x =

[
x1
x2

]
∈ l1 C l2

Ax 6}Ê l1 C l2 ,. ¤4ÄÑJ x ∈ l1, †

x1 + x2 = 0

?¹, x Ñ λ1 Fú@íøÔ�²¾. FJ,

Ax = λ1x =

[
λ1x1
λ1x2

]
7/

λ1x1 + λ1x2 = λ1(x1 + x2) = 0

Ä¤, Ax ∈ l1. °Üª„ l2 í8況.

W 2. I

A =

[
cos 30◦ − sin 30◦

sin 30◦ cos 30◦

]
t·H A TàÊ

x =

[
1
0

]
,í!‹J£° A íÔ�M.
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<j> (a) 根Wì�ø¦íì2, 矩³ A Ñì� 30o

íø¦. FJ,

A

[
1
0

]
= A

[
cos 0◦

sin 0◦

]

=

[
cos 30◦

sin 30◦

]

=

 √
3

2
1
2


= ø

[
1
0

]
Lv‡� 30◦

àÇý.

(b) 根W‡WF)|í°Ô�Míj¶, Ûb° λ U)

det(A− λI) = 0

¤4óçk

det

 √
3

2 − λ −1
2

1
2

√
3

2 − λ

 = 0

根WW��ít�, )(√
3

2
− λ

)2

+
1

4
= 0

13 2×bçÍ:PM
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ø,��Ç(, )

3

4
−
√

3λ + λ2 +
1

4
= 0

?óçk

λ2 −
√

3λ + 1 = 0

Ä¤, 根WùŸ�ít�j, ùÔ�MÑ

λ1,2 =

√
3±

√
3− 4

2

=
1

2
(
√

3± i), i =
√
−1

], Ô�MªÑ複b. ú@íÔ�²¾í°¶óç複Æ,

�|…z¸ˇ, ]I.

Ô�Míø_@à: ‡i�}j˙�Í$í�衡õí

 ì4 (� 11 ıíqñ) v, Ûb5?Ô�Mõ¶í£

Š4. 7Ô�Mõ¶í£Š4ªâ-�ù¾²ì: q矩³

A =

[
a b
c d

]

(1) detA = ad− bc

14 2×bçÍ:PM
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(2) trA
def
= a + d, ˚T trace of A, Ñúi(,í

jÖ¸.

註. Uà¤ù¾íßT4Êk, .Ûb°|Ô�M, câ

矩³ A ÿª‡i|Ô�Mõ¶í£Š4. ÑSà¤? 5

óà? 根W-Híù!�, ª)ø.

(i) q矩³

A =

[
a b
c d

]
íÔ�MÑ λ1 D λ2, †

trA = λ1 + λ2

/

detA = λ1λ2

<„> íl, 根WÔ�Míì2Fû|í°¶, λ1
D λ2 u

det(A− λI) = det

[
a− λ b

c d− λ

]
= (a− λ)(d− λ)− bc

= λ2 − (a + d)λ + (ad− bc)

= 0

15 2×bçÍ:PM
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í 2 根. Ä¤, ù根5¸

λ1 + λ2 = a + d = trA

/ù根5	

λ1λ2 = ad− bc = detA

(ii) q 2 ¼j³ A íÔ�MÑ λ1 D λ2, † λ1 D

λ2 íõ¶ÌÑŠJ/ÑJ

trA < 0 / detA > 0

<„> 8況 1. λ1, λ2 ÌÑõb.

“⇒”: cq λ1 < 0, λ2 < 0. †péË,

trA = λ1 + λ2 = (−) + (−) < 0

/

detA = λ1λ2 = (−)(−) > 0

“⇐”: âcq

detA = λ1λ2 > 0

ª) λ1 D λ2 °U. y根WÇøcq

trA = λ1 + λ2 < 0

16 2×bçÍ:PM
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ªû| λ1 D λ2 ÌÑŠ.

8況 2. λ1 D λ2 Ñùu軛複b, ?¹,

λ1 = x + iy, λ2 = x− iy

“⇒”: qõ¶ x < 0, †

trA = (x + iy) + (x− iy) = 2x < 0

/

detA = (x + iy)(x− iy)

= x2 − i2y2

= x2 + y2 > 0

“⇐”: âcq

trA = 2x < 0

ªû| x < 0. FJ, λ1 D λ2 íõ¶ x ÌÑŠ.

W 3. q

A =

[
−1 −3
1 −2

]
t„ A íÔ�Míõ¶ÌÑŠ.

17 2×bçÍ:PM
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<„> ÄÑ

trA = (−1) + (−2) = −3 < 0

/

detA = (−1)(−2)− (−3)(1) = 5 > 0

]ªû|Ô�Míõ¶ÌÑŠ.

註. .ÛbõÒ°|Ô�M, ¹ª‡i|Ô�Mõ¶í£

Š4.

ð„: ° λ1 D λ2 óçkj

det(A− λI) = 0

?¹,

det

[
−1− λ −3

1 −2− λ

]
= 0

Q6根WW��ít�, ,�óçk

det(A− λI) = (−1− λ)(−2− λ) + 3

= λ2 + 3λ + 5 = 0

FJ, 根WùŸ�ít�j,

λ1,2 =
−3±

√
9− 20

2
= −

3

2
±

1

2

√
11i

18 2×bçÍ:PM
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Ä¤, ùÔ�Míõ¶ÌÑ −3
2 < 0.

ú. GHø¦ (iterated maps)

5?©/½複íø¦

x → Ax→ A(Ax) = A2x→
A(A2x) = A3x→ · · · → Anx→ · · ·

w2í Anx ˚T� n _GHø¦:

x→ Anx

¤GHø¦?óçk

(i) lø A A n Ÿ) An (ø_õ複l�í¬˙).

(ii) � Anx

½. �Ì�Àj¶? �, à-Fý.

ì2. ùÝÉ²¾ x1 D x2 ˚T(4Ö (linearly
independent), J.æÊ a U)

x1 = ax2

19 2×bçÍ:PM



¹p»çÍ�	}(100ç��) Àj 37: (4ø¦, Ô�²¾DÔ�M

(?¹, (4Ö ⇔ .Ê°øò(,).

s_9õ:

(i) q A Ñøù¼j³/�Ô�M λ1 D λ2 J£ú@

íÔ�²¾ u1 D u2. J λ1 6= λ2 † u1 D u2

Ñ(4Ö.

<„> ¥„¶: qúk某_ a,

u2 = au1

†根WÔ�²¾í4”£à,ícq,

Au2 = λ2u2 = λ2au1 = aλ2u1

°Ü,

Au2 = Aau1 = aAu1 = aλ1u1

Ä¤, ªœJ,ù�, )

λ1 = λ2

¤4D·æícq

λ1 6= λ2

pe. ], .æÊ¤� a, 6ÿuz, ¤ùÔ�²¾

Ñ(4Ö.

20 2×bçÍ:PM
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(ii) J u1 D u2 (4Ö, †úLø 2× 1 W²¾ x

·æÊñøí a1 D a2 U)

x = a1u1 + a2u2

?¹, L<í x ·ªŸA u1 D u2 í(4 ¯.

!�: J x = a1u1 + a2u2, †

Ax = A(a1u1 + a2u2)

= a1Au1 + a2Au2

= a1λ1u1 + a2λ2u2

A2x = A(Ax)

= A(a1λ1u1 + a2λ2u2)

= a1λ1Au1 + a2λ2Au2

= a1λ1λ1u1 + a2λ2λ2u2

= a1λ2
1u1 + a2λ2

2u2

...

Anx = a1λn
1u1 + a2λn

2u2 (2)

6ÿuz, .Ûbl� An, cÛl� λn
1 D λn

2 ¹ªâ

(2) �°| Anx.

21 2×bçÍ:PM
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W 4. I

A =

[
1 2
3 2

]
/

x =

[
4
1

]

t° A10x.

<j> (i) vÔ�M λ1 D λ2 J£ú@íÔ�²¾ u1
D u2: 根WÔ�Míì2, Ûbj

det(A− λI) = det

[
1− λ 2

3 2− λ

]
= (1− λ)(2− λ)− 6 = 0

?óçkj

λ2 − 3λ− 4 = (λ− 4)(λ + 1) = 0

], )Ô�M

λ1 = −1 D λ2 = 4

QO, °®Ô�MFú@íÔ�²¾à-.

λ1 = −1: 根WÔ�²¾íì2, Ûb°

A

[
x1
x2

]
= −1

[
x1
x2

]

22 2×bçÍ:PM
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ø�U˝iÇ(, ¤4óçkj(4j˙�Í$

x1 + 2x2 = −x1

3x1 + 2x2 = −x2

?óçkj

2x1 + 2x2 = 0

3x1 + 3x2 = 0

â¤)

x1 + x2 = 0

FJ, ª¦

u1 =

[
1
−1

]
λ2 = 4: Ûb°

A

[
x1
x2

]
= 4

[
x1
x2

]
?¹, j

x1 + 2x2 = 4x1

3x1 + 2x2 = 4x2

?óçkj

−3x1 + 2x2 = 0

3x1 − 2x2 = 0

23 2×bçÍ:PM
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â¤)

3x1 − 2x2 = 0

Ä¤, ª¦

u2 =

[
2
3

]

(ii) v

x =

[
4
1

]
í(4 ¯[ý¶: v a1 D a2 U)

a1

[
1
−1

]
+ a2

[
2
3

]
=

[
4
1

]

¤4óçkj(4j˙�Í$

a1 + 2a2 = 4

−a1 + 3a2 = 1

ø,s�ó‹(, )

5a2 = 5

FJ,

a2 = 1 J£ a1 = 2

24 2×bçÍ:PM
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Ä¤, [
4
1

]
= 2

[
1
−1

]
+ 1

[
2
3

]

(iii) |(, 根W (2) �,

A10x = a1λ10
1 u1 + a2λ10

2 u2

= 2 · (−1)10
[

1
−1

]
+ 1 · (4)10

[
2
3

]

=

[
2
−2

]
+ (1024)(1024)

[
2
3

]

=

[
2097154
3145726

]

Leslie 矩³íy«n:

ø_9õ: qø 2× 2 Leslie 矩³� 2 _Ô�M λ1

D λ2, †

(i) ×íÔ�M = í群AÅ0

(ii) ×íÔ�MFú@íÔ�²¾ =  ì�齡µ}Ó
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JWzpà-:

Ê §9.2 W 8 2, J Leslie 矩³

L =

[
1.5 2
0.08 0

]
†J

N(0) =

[
100
100

]
Çá, ç t D×v, )

(1) N(t) = 1.6N(t− 1), ?¹,

í群AÅ0 = 1.6

(×íÔ�M).

(2)  ì�齡µ}ÓÑ [
2000
100

]
(×íÔ�M 1.6 Fú@íÔ�²¾).

¤ù!‹ªâ,Hí9õ×), à-H.
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(i) °Ô�M λ1 D λ2: Ûj

det(L− λI) = 0

?¹, j

det

[
1.5− λ 2
0.08 −λ

]
= 0

l�W��(, )

(1.5− λ)(−λ)− 2(0.08) = 0

?óçk

λ2 − 1.5λ− 0.16 = 0

%âÄ�}j, )

(λ− 1.6)(λ + 0.1) = 0

FJ, s_Ô�MÑ

λ1 = 1.6 D λ2 = −0.1

w2×íÔ�M 1.6 = í群AÅ0.

(ii) ° λ1 = 1.6 Fú@íÔ�²¾: Ûb°

L

[
x1
x2

]
= 1.6

[
x1
x2

]
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¤4óçkj

1.5x1 + 2x2 = 1.6x1

0.08x1 + 0x2 = 1.6x2

?óçkj

−0.1x1 + 2x2 = 0

0.08x1 − 1.6x2 = 0

�ø� ×(−10), �ù� ÷0.08 (, )�gí(4j

˙�Í$

x1 − 20x2 = 0

x1 − 20x2 = 0

â¤)

x1 = 20x2

Ä¤, ª¦

u1 =

[
20
1

]
,

[
40
2

]
, . . . ,

[
200
10

]
,

[
2000
100

]
, . . .

¥<·u ì�齡µ}Ó.

½. ÑS}�,H!‹?
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�. JWzp, q

N(0) =

[
105
1

]
íl根W‡Hí!‹, Ô�M λ1 = 1.6 Fú@íÔ�²

¾

u1 =

[
20
1

]

QO, °Ô�M λ2 = −0.1 Fú@íÔ�²¾. 根WÔ

�²¾íì2, ¤4óçkj矩³j˙�

L

[
x1
x2

]
= −0.1

[
x1
x2

]
ø,�Ç(, )ø(4j˙�Í$

1.5x1 + 2x2 = −0.1x1

0.08x1 = −0.1x2

?óçk

1.6x1 + 2x2 = 0

0.08x1 + 0.1x2 = 0

ø,�2í “�ø� ÷2” J£ “�ù� ×10”, ª)

�gíj˙�

0.8x1 + x2 = 0
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Ä¤, ª¦

u2 =

[
5
−4

]

¢, 'péËªø

N(0) =

[
105
1

]
[ýAÔ�²¾ u1 D u2 í(4 ¯, à-Fý:[

105
1

]
= 5

[
20
1

]
+

[
5
−4

]
= 5u1 + u2

Ä¤, 根WGHø¦í!�,

N(t) = Lt

[
105
1

]
= Lt(5u1 + u2)

= 5(1.6)t

[
20
1

]
+ (−0.1)t

[
5
−4

]

ÄÑ

lim
t→∞

(−0.1)t = 0

], ç t D×v,

N(t) ≈ 5(1.6)t

[
20
1

]
(3)
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Ä¤, 根W (3) �, ç t D×v,

N(t) ≈ (1.6)5(1.6)t−1
[

20
1

]
≈ 1.6N(t− 1)

FJ, â|(ø�ª)à-íùõ!�:

(1) ×íÔ�M 1.6 = í群AÅ0

(2) J

N(0) =

[
20
1

]
= 1 · u1 + 0 · u2

†, 根WGHø¦í!�,

N(t) = Lt

[
20
1

]

= 1 · (1.6)t

[
20
1

]
+ 0 · (−0.1)t

[
5
−4

]

= (1.6)t

[
20
1

]

FJ, ÊL<í t v, �齡 0 F´íª0

q0(t) =
(1.6)t20

(1.6)t20 + (1.6)t
=

20

20 + 1
= q0(0)
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�ßÿuÊ 0 v, �齡 0 F´íª0. Ä¤, 根Wì2,

|×Ô�MFú@íÔ�²¾

u1 =

[
20
1

]
uø ì�齡µ}Ó. 9õ,, úL<í a > 0,

a

[
20
1

]
Ìu ì�齡µ}Ó.
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