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單元 15: 線性近似與誤差衍生
({… §4.8)

Wä. q N Ñ氮%¾ (nitrogen level), Y Ñ T

Óß¾ (crop yield), /…bÉ[Ñ

Y (N) = Ymax
N

K + N

w2 Ymax Ñ|×ß¾ , K Ñø£�b, àÇý. J

N0 ÑÛÊí氮%¾, /d<ríZ‰ ∆N , †ú@í 

ß¾Z‰7

∆Y = Y (N0 + ∆N)− Y (N0)

=
Y (N0 + ∆N)− Y (N0)

∆N
·∆N (1)

≈ Y ′(N0)∆N

|(ø�A
4ÄÑ

Y ′(N0) = lim
∆N→0

Y (N0 + ∆N)− Y (N0)

∆N

â¤), ¾Ï¼

Y (N0 + ∆N)− Y (N0)

∆N
≈ Y ′(N0)

FJ, Hp (1) �, )

∆Y ≈ Y ′(N0)∆N
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J£

Y (N0 + ∆N) ≈ Y (N0) + Y ′(N0)∆N

1˚¤�¡NÑ(4¡N (linear approximation) C

~(¡N (tangent line approximation).

ì2. q y = f(x) Ê x = a ª微, †˚

L(x) = f(a) + f ′(a)(x− a)

Ñ f Ê x = a í(4“ (linearization) C(4¡N

C~(¡N.

9õ,,

L(x) = f(a) + f ′(a)(x− a)

Ñ¬õ (a, f(a)) í~(. ¤4ÄÑâõ斜�)~(Ñ

y − f(a) = f ′(a)(x− a)

?óçk

y = f(a) + f ′(a)(x− a)

Ä¤, ªJà¤~(V¡NÊ a Ë¡í f(x), ?即, J

|x− a| Düv,

f(x) ≈ L(x) = f(a) + f ′(a)(x− a)
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àÇý.

W 1. t° f(x) =
√

x Ê x = 49 í(4¡N1J

¤估l
√

50.

<j> 根W(4¡Nít�, Ûl°) f(x) íû函b

f ′(x) =
1

2
√

x

FJ, f Ê x = 49 í(4¡N

L(x) = f(49) + f ′(49)(x− 49)

=
√

49 +
1

2
√

49
(x− 49)

= 7 +
x− 49

14
ªàk估lÊ x = 49 Ë¡í f(x). Ä¤,

√
50 = f(50) (Ê 49 Ë¡í f 值)

≈ L(50) = 7 +
50− 49

14

= 7 +
1

14
= 7.0714

Å. Dl�Âí!‹:
√

50 = 7.0711 · · · óø_, O

卻ªÊ.àl�Âí8$-, 'ñqË°|.
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W 2. t° f(x) = ex Ê x = 0 í(4¡N.

<j> íl,

f ′(x) = ex

FJ, ex Ê x = 0 í(4¡N

L(x) = f(0) + f ′(0)(x− 0)

= e0 + e0(x)

= 1 + x

Ä¤, Ê 0 Ë¡í

ex ≈ L(x) = 1 + x

à,

e0.01 ≈ L(0.01) = 1 + 0.01 = 1.01

e−0.01 ≈ L(−0.01) = 1− 0.01 = 0.99

e0.001 ≈ L(0.001) = 1 + 0.001 = 1.001

...

W 3. I N(t) Ñ t ví族ˇ×ü. qÀPAÅ率

(per capita growth rate) Ñ 2%. ˛ø
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N(10) = 250, tJ(4¡N估lÊ t = 10.2 í族ˇ

×ü.

<j> ÄÑ 10.2 Q¡ 10, FJ, ª5?Ê t = 10 í

(4¡N

L(t) = N(10) + N ′(10)(t− 10)

1J¤估lÊ t = 10.2 í族ˇ×ü. ˛ø

N(10) = 250, 根W,�, ´Ûbø− N ′(10) ÑS.

ÄÑÀPAÅ率Ñ 2%, âwì2¤4óçk

1

N

dN

dt
= 0.02

â¤Rû|

N ′(t) = 0.02N(t)

FJ,

N ′(10) = (0.02)N(10)

= (0.02)(250)

= 5

Ä¤, (4¡N

L(t) = N(10) + N ′(10)(t− 10)

= 250 + 5(t− 10)
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|(, 欲估lí族ˇ×ü

N(10.2) ≈ L(10.2)

= 250 + 5(10.2− 10)

= 251

ÏÏðÞ (Error propagation)

球Õ�, (spherical cell) í[Þ	 (suface area)

S = 4πr2

w2 r Ñ�,íš徑. FJ,

° S ⇔ �¾ r

cq

r íÄü� = 2%

¤4óçkI

r : �¾š徑 (measured radius)

/

r0 : ö£š徑 (true radius)

†"úÏÏ (absolute error; Cñ忍�, tolerence)

|∆r| def
= |r − r0|
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/

100

∣∣∣∣∣∆r

r0

∣∣∣∣∣ = 2

Å.
∣∣∣∆r

r0

∣∣∣ ˚TóúÏÏ (relative error); 100
∣∣∣∆r

r0

∣∣∣
˚Tì}ÏÏ (percentage error), ¢˚TÄü�.

Wà, r0 = 3 毫�, †

|∆r| = 3 毫�

(
2

100

)
= 0.06 毫�

/�¾š徑

r = 3± 0.06 = 2.94 C 3.06 毫�

½. Êš徑íÄü�Ñ 2% -, [Þ	íÄü�ÑS?

?即, 100
∣∣∣∆S

S

∣∣∣ ÑS? ¤T

∆S
def
= S(r)− S(r0)

= S(r0 + ∆r)− S(r0)

/ S = S(r0).

Å. ∆S ˚TðÞÏÏ (propagated error).
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<j> íl, â(4¡N, )

∆S ≈ S′(r0)∆r

¢

S′(r) = 8πr

/˛øš徑 r íì}ÏÏ

100

∣∣∣∣∣∆r

r0

∣∣∣∣∣ = 2

]ø[Þ	íì}ÏÏ[A r íì}ÏÏ. )[Þ	íì

}ÏÏ

100

∣∣∣∣∣ ∆S

S(r0)

∣∣∣∣∣ ≈ 100

∣∣∣∣∣S′(r0)∆r

S(r0)

∣∣∣∣∣
= 100

∣∣∣∣∣∆r

r0

∣∣∣∣∣
∣∣∣∣∣S′(r0)r0S(r0)

∣∣∣∣∣
= 2

8πr20
4πr20

= 4

?即, [Þ	íÄü�Ñ 4%, óçkš徑íÄü�í 2

倍.

W 4. q f(x) = cxr. t½ x íÄü� (ì}ÏÏ,

percentage error) D f(x) íÄü�È5É[ÑS?
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<j> q x íÏÏÑ ∆x, †â(4¡N, )ú@í f

íÏÏ

∆f = f(x + ∆x)− f(x)

≈ f ′(x)∆x

QO, f ′(x) = crxr−1, ]ø f íÄü�[A x íÄ

ü�, ) f íÄü�

100

∣∣∣∣∣∆f

f

∣∣∣∣∣ ≈ 100

∣∣∣∣∣f ′(x)∆x

f

∣∣∣∣∣
= 100

∣∣∣∣∆x

x

∣∣∣∣
∣∣∣∣∣f ′(x)xf(x)

∣∣∣∣∣
= 100

∣∣∣∣∆x

x

∣∣∣∣
∣∣∣∣∣crxr

cxr

∣∣∣∣∣
= |r|

(
100

∣∣∣∣∆x

x

∣∣∣∣)

6ÿuz, f íÄü� (percentage error) ≈ x íÄ

ü� (percentage error) í |r| 倍.

W 5. 根W’e (bW) 繪Ç)É[�:[
樹sÞ	

]
∝

[
樹áò徑

]1.84

FJ, �¾樹áò徑ªû|ú,樹sÞ	í估l.
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½. �¾樹áò徑vbÖ�üJ_k估l樹sÞ	v, Ï

ÏÊ 10% q?

<j1> q

A = 樹sÞ	

/

d = 樹áò徑

†

A(d) = cd1.84

¢Ÿ½æóçk°

100
|∆d|

d

J_k

100
|∆A|

A
= 10

QO, 根W(4¡N, 1[Aò徑 d íì}ÏÏ, )

100
|∆A|

A
≈ (100)

∣∣∣∣∣A′(d)∆d

A

∣∣∣∣∣
= 100

∣∣∣∣∆d

d

∣∣∣∣
∣∣∣∣∣c(1.84)d0.84−1d

cd1.84

∣∣∣∣∣
= 1.84

(
100

∣∣∣∣∆d

d

∣∣∣∣)
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FJ,

100
∣∣∣∣∆d

d

∣∣∣∣ ≈ 1

1.84

(
100

∣∣∣∣∆A

A

∣∣∣∣) =
10

1.84
= 5.4

Ä¤, 樹áò徑íÏÏ.ÛÊ 5.4% q, 才?\„估l樹

sÞ	v, ÏÏÊ 10% q.

<j2> âW 4, ç A(d) = cd1.84 v, |r| = 1.84 /

100
∣∣∣∣∆A

A

∣∣∣∣ ≈ |r|
(
100

∣∣∣∣∆d

d

∣∣∣∣)
FJ,

100
∣∣∣∣∆d

d

∣∣∣∣ ≈ 1

|r|

(
100

∣∣∣∣∆A

A

∣∣∣∣) =
10

1.84
= 5.4

W 6. q f(x) = lnx. t°ç x Ñ 10 /�¾íì

}ÏÏÑ 2% v, f(x) íì}ÏÏ.

<j> âì2, (4¡N ∆f ≈ f ′(x)∆x, 1ø f(x)
íì}ÏÏ[A˛øí x íì}ÏÏ 100

∣∣∣∆x
x

∣∣∣, )

100

∣∣∣∣∣∆f

f

∣∣∣∣∣ ≈ 100

∣∣∣∣∣f ′(x)∆x

f(x)

∣∣∣∣∣
= 100

∣∣∣∣∆x

x

∣∣∣∣
∣∣∣∣∣xf ′(x)

f(x)

∣∣∣∣∣
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¢ f ′(x) = 1
x, ]Hpöõ值 x = 10 J£˛øíì}

ÏÏ 100
∣∣∣∆x

x

∣∣∣ = 2, )

100

∣∣∣∣∣∆f

f

∣∣∣∣∣ ≈ 100
∣∣∣∣∆x

x

∣∣∣∣
∣∣∣∣∣xf ′(x)

f(x)

∣∣∣∣∣
∣∣∣∣∣
x=10

= 2
(10)(1/10)

ln 10

=
2

ln10
≈ 0.869

即 f(x) = lnx íì}ÏÏ¡Nk 0.9%.
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