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Àj 63: úiƒbí�}
({… §12.3)

íl«ns_”Ìt�,

1. lim
h→0

sinh

h
= 1

ÑSA? âÇý, ç x Ô¡ 0 v,

x ≈ sinx

]ªMí”Ì

lim
h→0

sinh

h
= 1

)„.

2. lim
h→0

cosh − 1

h
= 0

ÑSA? ø}ä, }‚°

cosh + 1

1;W�jÏt�

(a − b)(a + b) = a2 − b2
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£úi0��

sin2 h + cos2 h = 1

“�/;W�ø_”Ìt�, )

lim
h→0

cosh − 1

h
= lim

h→0

cos2 h − 1

h(cosh + 1)

= lim
h→0

− sin2 h

h(cosh + 1)

= −
(

lim
h→0

sinh

h

) (
lim
h→0

sinh

cosh + 1

)
= (−1)(1)

(
0

1 + 1

)
= 0

)„.

QO, âûƒbíì2£,Hs_”Ìt�, )

d

dx
(sinx) = lim

h→0

sin(x + h) − sinx

h

= lim
h→0

sinx cosh + cosx sinh − sinx

h

= lim
h→0

sinx(cosh − 1) + cosx sinh

h

= sinx lim
h→0

cosh − 1

h
+ cosx lim

h→0

sinh

h
= (sinx)(0) + (cosx)(1) = cosx
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w2�ù_�UA4;W¸it�

sin(α + β) = sinα cosβ + cosα sinβ

F_.

¢â©�d†, J f ª�, )

d

dx
[sin f(x)] = [cos f(x)]f ′(x)

W 1. t°-�®ƒbíûƒb.

(a) f(x) = x2 sinx

(b) g(x) = sin(2x + 1)

(c) h(x) = (x + sinx2)10

<j> (a) ;W£ýƒbí�}t�£¶d†, )

f ′(x) = 2x sinx + x2 cosx

= x(2 sinx + x cosx)
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(b) ;W£ýƒbí�}t�£©�d†,

g′(x) = cos(2x + 1) · (2x + 1)′

= 2cos(2x + 1)

(c) ;W©�d†££ýƒbí�}t�,

h′(x) = 10(x + sinx2)9(1 + cosx2 · (2x))

= 10(x + sinx2)9(1 + 2x cosx2)

¤Õ, â£ýDìýƒbíÉ[�

cosx = sin
(

π

2
− x

)
D sinx = cos

(
π

2
− x

)
J££ýƒbí�}t�D©�d†, )

d

dx
(cosx) =

d

dx
sin

(
π

2
− x

)
= cos

(
π

2
− x

) (
π

2
− x

)′

= (sinx)(−1) = − sinx

1â©�d†, J f Ñª�, )

d

dx
[cos f(x)] = −[sin f(x)]f ′(x)

W 2. t�}-�®ƒb.
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(a) f(x) = cos(2x2 − 1)

(b) g(x) =
√

cos 2x

(c) h(x) = esin 2x+cos3x

<j> (a) ;Wìýƒbí�}t�£©�d†,

f ′(x) = − sin(2x2 − 1) · (2x2 − 1)′

= −4x sin(2x2 − 1)

(b) ;W©�d†£ìýƒbí�}t�,

g′(x) =
1

2
(cos 2x)−1/2(− sin 2x)(2)

= −
sin 2x√
cos 2x

(c) ;W©�d†J£Nbƒb, £ýƒb, ìýƒbí

�}t�,

h′(x) = esin 2x+cos3x[cos 2x(2) − sin 3x(3)]

= (2 cos 2x − 3 sin 3x)esin 2x+cos3x
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|(, ;WÎ¶d†C©�d†ªRûÇÕû_úiƒb

íûƒb.

1.
d

dx
(tanx) = sec2 x

2.
d

dx
(cotx) = − csc2 x

3.
d

dx
(secx) = secx tanx

4.
d

dx
(cscx) = − cscx cotx

<„> 1. ;WÎ¶d†J££ýƒb, ìýƒbí�}

t�,

d

dx
(tanx) =

d

dx

(
sinx

cosx

)
=

cosx cosx − sinx(− sinx)

cos2 x

=
cos2 x + sin2 x

cos2 x
=

1

cos2 x
= sec2 x
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2. ;WÎ¶d†J££ýƒb, ìýƒbí�}t�,

d

dx
(cotx) =

d

dx

(
cosx

sinx

)
=

(− sinx)(sinx) − cosx(cosx)

sin2 x

= −
sin2 x + cos2 x

sin2 x
= −

1

sin2 x
= − csc2 x

3. ;W©�d†J£ìýƒbí�}t�,

d

dx
(secx) =

d

dx
[(cosx)−1]

= −(cosx)−2 · (− sinx)

=
sinx

cos2 x
=

1

cosx
·
sinx

cosx
= secx tanx

4. ;W©�d†J££ýƒbí�}t�,

d

dx
(cscx) =

d

dx
[(sinx)−1]

= −(sinx)−2 · cosx

= −
cosx

sin2 x
= −

1

sinx
·
cosx

sinx
= − cscx cotx
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y;W©�d†, J f ª�, †

1’.
d

dx
[tan f(x)] = [sec2 f(x)]f ′(x)

2’.
d

dx
[cot f(x)] = −[csc2 f(x)]f ′(x)

3’.
d

dx
[sec f(x)] = [sec f(x) tan f(x)]f ′(x)

4’.
d

dx
[csc f(x)] = −[csc f(x) cot f(x)]f ′(x)

W 3. t°ƒb f(x) = tan2x íÇ$,¬õ
(

π
8,1

)
í~(j˙�.

<j> íl, ;W£~ƒbí�}t�D©�d†,

f ′(x) = sec2(2x)(2) = 2 sec2(2x)

)é0

f ′
(

π

8

)
= 2sec2

(
π

4

)
= 2(

√
2)2 = 4
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Ä¤, ~(Ñ

y − 1 = 4
(
x −

π

8

)
¹

y = 4x +
(
1 −

π

2

)

W 4. qÊ t ~, /å% (predator, ªë6) íb¾

Ñ

P1(t) = 1000 + 100 sin
(

πt

12

)
/43 (prey, ,Ó) íb¾Ñ

P2(t) = 20,000 + 4000cos
(

πt

12

)
t° t = 2 í®íˇ‰“0.

<j> íl, ;W£ýƒb, ìýƒbí�}t�£©�

d†,

P ′
1(t) = 100

[
cos

(
πt

12

)] (
π

12

)
=

25π

3
cos

(
πt

12

)
/

P ′
2(t) = 4000

[
− sin

(
πt

12

)] (
π

12

)
= −

1000π

3
sin

(
πt

12

)
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H t = 2, )

P ′
1(2) =

25π

3
cos

(
π

6

)
=

25π

3

(√
3

2

)
≈ 22.7

¹Ê 2 ~v, ©~�Ó 22.7 Á, J£

P ′
2(2) = −

1000π

3
sin

(
π

6

)
= −

1000π

3

(
1

2

)
≈ −523.6

¹Ê 2 ~v, ©~�ý 523.6 Á.

W 5. tú

f(x) = sin2 x, 0 ≤ x ≤ π

íÇ$.

<j> (a) ;W©�d†D£ýƒbí�}t�, â

f ′(x) = 2 sinx cosx = sin2x = 0

)

2x = 0, π, 2π

¹@äb x = 0, x = π
2 D x = π. QO, ° f ′ Ê®

ä–Èí¯U, )

(
0, π

2

)
: f ′ = (+), ]Ó
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(
π
2, π

)
: f ′ = (−), ]Á

àÇý. Ä¤, f Ê ä–È
(
0, π

2

)
,]Ó/Ê

(
π
2, π

)
,]Á.

(b) âÇø, )"ú|×M

f

(
π

2

)
= sin2

(
π

2

)
= 1

¢

f(0) = 0, f(π) = sin2 π = 0

)"ú|üM 0.

(c) ;W©�d†D£ýƒbí�}t�, âùŸûƒb

f ′′(x) = 2cos 2x = 0

)

2x =
π

2
,

3π

2

¹¥�(²b x = π
4 D x = 3π

4 . QO, ° f ′′ Ê®ä

–Èí¯U, )

(
0, π

4

)
: f ′′ = (+), ,p
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(
π
4, 3π

4

)
: f ′′ = (−), -p

(
3π
4 , π

)
: f ′′ = (+): ,p

àÇý. Ä¤, f Êä–È
(
0, π

4

)
D

(
3π
4 , π

)
,p/Ê(

π
4, 3π

4

)
-p1)ù¥�õ(

π

4
,
1

2

)
D

(
3π

4
,
1

2

)

(d) ·õD©!. ™ý"ú”MD¥�õ1ø f ′ D f ′′

í¯UÇ}�0k x-Wí,, -j/â˝B¬, Ê©_ä

–È,, ;WÀ|4£p4J�Ë�(©!, )

(
0, π

4

)
: f ′ = (+), f ′′ = (+), ]Ó, ,p

(
π
4, π

2

)
: f ′ = (+), f ′′ = (−), ]Ó, -p

(
π
2, 3π

4

)
: f ′ = (−), f ′′ = (−), ]Á, -p

(
3π
4 , π

)
: f ′ = (−), f ′′ = (+), ]Á, ,p

àÇý.
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W 6. q/ö�â 6 ~Çáí� t UíYïÑ

R(t) = 2
(
5 − 4cos

π

6
t

)
, 0 ≤ t ≤ 12

t½SvYïÓ‹|0?

<j> YïÓ‹0Ñ

R′(t) = −8
(
− sin

π

6
t

) (
π

6

)
=

4π

3
sin

πt

6

âæ<, Û|×“ R′(t). â

R′′(t) =
4π

3

(
cos

πt

6

) (
π

6

)
=

2π2

9
cos

πt

6
= 0

)

πt

6
=

π

2
,

3π

2

¹ R′(t) í@äbÑ t = 3 D t = 9. ¢ R′(t) Ê

[0,12] ,©/, ]"ú”MêÞÊ@äbC«õ,, %â

l�, )

R′(0) = 0, R′(3) =
4π

3

R′(9) = −
4π

3
, R′(12) = 0

ªœ, ) R′(t) í|×MÑ 4π
3 /êÞÊ 6 ~Çáí�

3 U.
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W 7. D`¨ødiÞÑ-�u 1 ”íG$/VÞÑ 6

”Å, 1 ” íä$ïü (trough), àÇý. t°|×

ñ¾í i θ.

<j> ÄÑ

ñ	 = diÞ	 × 6

]|×“ñ	�gk|×“diÞ	

A(θ) =
1

2
[1 + (1 + 2cos θ)] sin θ

= (1 + cos θ) sin θ, 0 ≤ θ ≤
π

2

w2�ø_�U4;WÇý, 1 Ñ-�, 1 + 2cos θ Ñ

,�J£G$Þ	t�F_. â

A′(θ) = − sin2 θ + (1 + cos θ) cos θ

= −(1 − cos2 θ) + cos θ + cos2 θ

= 2cos2 θ + cos θ − 1

= (2cos θ − 1)(cos θ + 1) = 0

)

cos θ =
1

2
C cos θ = −1

¹@äb θ = π
3 C θ = π (.¯, ÄÑ×k π

2). ¢l

� A′(θ) Ê®ä–Èí¯U, )
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(
0, π

3

)
: A′(θ) = (+)(+) = (+), ]Ó

(
π
3, π

2

)
: A′(θ) = (−)(+) = (−), ]Á

àÇý. ]ç θ = π
3 v, ñ	|×. Cl� A Ê@ä

bD«õíM, )

A(0) = (1 + 1)(0) = 0

A

(
π

3

)
=

(
1 +

1

2

) (√
3

2

)
=

3
√

3

4

A

(
π

2

)
= (1 + 0)(1) = 1

%âªœ, ç θ = π
3 v�|×diÞ	, ¹ñ	|×.

Exercises

8. #ì

f(x) = cot
√

x

;W©�d†£ì~ƒbí�}t�, )

f ′(x) = − csc2√
x

(
1

2
√

x

)

= −
1

2
√

x
csc2√

x
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19. #ìƒb

f(x) = x cos
1

x

;W¶d†, ©�d†£ìýƒbí�}t�, )

f ′(x) = cos
1

x
+ x

(
− sin

1

x

) (
−

1

x2

)
= cos

1

x
+

1

x
sin

1

x

21. #ìƒb

f(x) =
x − sinx

1 + cosx

;WÎ¶d†££ý, ìýƒbí�}t�, )ûƒ

bí}äÑ

(1 − cosx)(1 + cosx)

−(x − sinx)(− sinx)

= 1 − cos2 x + x sinx − sin2 x = x sinx

]

f ′(x) =
x sinx

(1 + cosx)2

15. #ì

f(x) = sin
√

x2 − 1
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;W©�d†££ýƒbí�}t�, )

f ′(x) = cos
√

x2 − 1

 2x

2
√

x2 − 1


=

x cos
√

x2 − 1√
x2 − 1

17. #ìƒb

f(x) = ex cscx

;W¶d†£NbDì’ƒbí�}t�, )

f ′(x) = ex cscx + ex(− cscx cotx)

= ex cscx(1 − cotx)

48. t°ç�×Ñ 13,000 ”, /J 480 ”/” Ó‹

v, φ í‰“§�.

<j> ° z D φ íÉ[�, )

12,000

z
= cosφ

w2 z D φ ÌÓvÈ t 7‰. ]J©�d†ú t
�}, )

d

dt

(
12,000

z

)
=

d

dt
cosφ
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¹

−12,000

z2

dz

dt
= − sinφ

dφ

dt

)

dφ

dt
=

12,000

z2 sinφ

dz

dt

âæ<, H z = 13,0000, dz
dt = 480 J£ú@í

sinφ =
y

z
=

√
(13000)2 − (12000)2

13000

=
5000

13000
=

5

13

)

dφ

dt
=

12000

(13000)2
(

5
13

)(480)

=
12(480)

(13000)(5)
=

(12)(96)

13000
=

144

1625

57. T, ÄÑ

lim
x→0

tanx

x
=

(
lim
x→0

sinx

x

) (
lim
x→0

1

cosx

)
= 1 ·

1

1
= 1
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58. T, ÄÑ

f ′(x) = 1 − cosx ≥ 0, −∞ < x < ∞

] f Ý]Á.

59. F, ¥W, f(x) = cosx Ê x = π �óú”üM

f(π) = cosπ = −1

O g(x) = sinx Ê x = π Ñ

g(π) = sinπ = 0

.uóú”×M.

60. T, â

f(x) = sinx + cosx

)

f ′(x) = cosx − sinx

J£

f ′′(x) = − sinx − cosx

= −(sinx + cosx) < 0, 0 < x <
π

2

] f Ê–È
(
0, π

2

)
-p.
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51.

52.
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