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Àj 46: r�}�
({… §8.6)

µ3. q y = f(x), A‰b x íÓ¾ (increment)

ì2Ñ ∆x, @‰b y íÓ¾

∆y = f(x + ∆x) − f(x)

/�}�Ñ

dx = ∆x (A‰b)

J£

dy = f ′(x)dx (@‰b)

@àÑ

∆y ≈ dy = f ′(x)dx

ç dx k}üv, àÇý.

R�. q z = f(x, y), A‰b x D y íÓ¾ì2Ñ

∆x, ∆y; @‰b z íÓ¾

∆z = f(x + ∆x, y + ∆y) − f(x, y)

/�}�Ñ

dx = ∆x, dy = ∆y (A‰b)
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J£

dz =
∂f

∂x
dx +

∂f

∂y
dy (@‰b)

¢˚Tr�}� (total differential), 4 dx D dy í

(4ƒb.

@àÑ

∆z ≈ dz =
∂f

∂x
dx +

∂f

∂y
dy

ç ∆x = dx, ∆y = dy k}üv, àÇý.

W 1. I z = f(x, y) = 2x2 − xy.

(a) âì2, z íÓ¾

∆z = f(x + ∆x, y + ∆y) − f(x, y)

= [2(x + ∆x)2 − (x + ∆x)(y + ∆y)]

−(2x2 − xy)

= 2x2 + 4x∆x + 2(∆x)2 − xy − x∆y

−y∆x − ∆x∆y − 2x2 + xy

= (4x − y)∆x − x∆y + 2(∆x)2 − ∆x∆y

(b) J (x, y) â (1,1) ‰B (0.98,1.03) v,

∆x = 0.98 − 1 = −0.02
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/

∆y = 1.03 − 1 = 0.03

J£

∆z = (4 − 1)(−0.02) − (0.03)

+2(−0.02)2 − (−0.02)(0.03)

= −0.06 − 0.03 + 0.0008 + 0.0006

= −0.09 + 0.0014 = −0.0886

W 2. I z = f(x, y) = 2x2y + y3.

(a) ;Wì2, r�}�

dz =
∂f

∂x
dx +

∂f

∂y
dy

= 4xydx + (2x2 + 3y2)dy

(b) ç x â x = 1 ‰B x = 1.01 / y â y = 2
B y = 1.98 v, z í¡N‰“

dz = 4(1)(2)(1.01 − 1)

+(2 + 12)(1.98 − 2)

= 8(0.01) + 14(−0.02) = 0.08 − 0.28

= −0.20
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(c) ;Wì2, z íö£‰“

∆z = f(1.01,1.98) − f(1,2)

= [2(1.01)2(1.98) + (1.98)3]

−[2(1)2(2) + (2)3]

= 11.801988 − 12 = −0.1988 ≈ −0.20

¹ ∆z ≈ dz.

W 3. ±;ÂíYïƒb

R(x, y) = −
1

4
x2 −

3

8
y2 −

1

4
xy + 300x + 240y

ç _� x â 200 ÓB 206 /AŒ� y â 60 ÓB

64 v,

∆x = 206 − 200 = 6, ∆y = 64 − 60 = 4

/YïíZ‰¾

∆R ≈ dR =
∂R

∂x
dx +

∂R

∂y
dy

∣∣∣∣∣
x=200,y=60

dx=6,dy=4

=
(
−

1

2
x −

1

4
y + 300

)
dx

+
(
−

3

4
y −

1

4
x + 240

)
dy

∣∣∣∣x=200,y=60

dx=6,dy=4

= (−100 − 15 + 300)(6)

+(−45 − 50 + 240)(4)

= 185(6) + 145(4) = 1690
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W 4. ùD(/ÅðíÞß¾ƒbÑ

z = f(x, y) = 30x2/3y1/3

J�‰‹ x â 125 ÁB 123 /’…‹ y â 27 ÓB

29 v, ß¾‰“

∆z ≈ dz = fxdx + fydy
∣∣∣x=125,y=27

dx=−2,dy=2

= 20
(

y

x

)1/3
dx

+ 10

(
x

y

)2/3

dy

∣∣∣∣∣∣
x=125,y=27

dx=−2,dy=2

= 20
(

27

125

)1/3
(−2) + 10

(
125

27

)2/3
(2)

= 20
(
3

5

)
(−2) + 10

(
25

9

)
(2)

= −24 +
500

9
= −24 + 55

5

9
= 31

5

9

¹Ó‹’…‹íI’u�‚í, D §8.2, W 4 í�‡’

¯.

R�. ú‰bƒb w = f(x, y, z) r�}�

dw
def
=

∂f

∂x
dx +

∂f

∂y
dy +

∂f

∂z
dz
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w2 dx = ∆x, dy = ∆y, dz = ∆z / x â a ‰

B a + ∆x, y â b ‰B b + ∆y J£ z â c ‰B

c + ∆z.

W 5. �¾øÅj$]äÅ,  , òí|×ÏÏÑ 1%

v, ñ	í|×ì}ÏÏ (maximum percentage

error) ÑS?

<j> q�¾íÅ òÑ x, y, z, öõíÅ òÑ a,

b, c. âæ<,

|∆x|
a

=
|x − a|

a
≤ 0.01

¹

|∆x| = |x − a| ≤ 0.01a

°Ü,

|∆y| = |y − b| ≤ 0.01b

/

|∆z| = |z − c| ≤ 0.01c

Ä¤, ñ	

V = f(x, y, z) = xyz
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/

|∆V | ≈ |dV |

=

∣∣∣∣∣∂f

∂x
dx +

∂f

∂y
dy +

∂f

∂z
dz

∣∣∣∣∣
∣∣∣∣∣
x=a,y=b,z=c

= |yzdx + xzdy + xydz|
∣∣∣
x=a,y=b,z=c

= |bcdx + acdy + abdz|
≤ bc|dx| + ac|dy| + ab|dz|
≤ bc(0.01a) + ac(0.01b) + ab(0.01c)

= 0.03(abc)

w2Jb�ú_.��4;Wúi.��

|a + b + c| ≤ |a| + |b| + |c|
¢ö£ñ	Ñ V = abc, ]ì}ÏÏÑ

|∆V |
V |(a,b,c)

100% ≤
(0.03)abc

abc
100% = 3%

¹|×ì}ÏÏÑ 3%.

Exercises

11. q z = f(x, y) = x2ey + y lnx, †r�}�

dz = fxdx + fydy

=
(
2xey +

y

x

)
dx + (x2ey + lnx)dy
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18. q w = f(x, y, z) =
√

ex + ey + zexy, r�}

�

dw =
ex + yzexy

2
√

ex + ey + zexydx

+
ey + xzexy

2
√

ex + ey + zexydy

+
exy

2
√

ex + ey + zexydz

=
1

2
√

ex + ey + zexy [(e
x + yzexy)dx

+(ey + xzexy)dy + exydz]

30. q z = f(x, y) = ln(xy)1/2 / (x, y) â

(5,10) ‰B (5.04,9.94). ;Wúb
ZŸ, )

z = f(x, y) =
1

2
lnx +

1

2
ln y

J£

∆z ≈ dz

=
1

2x
dx +

1

2y
dy

∣∣∣∣∣
x=5,y=10

dx=0.04,dy=−0.06

=
1

10
(0.04) +

1

20
(−0.06)

=
0.04 − 0.03

10
= 0.001
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40. qÞßƒb

z = f(x, y) = 50x1/3y2/3

J�‰‹Ó‹ 2% /’…‹Ó‹ 1%, ¹

dx = 0.02x, dy = 0.01y

†

∆z ≈ dz

=
50

3

(
y

x

)2/3
dx

+
100

3

(
x

y

)1/3

dy

∣∣∣∣∣∣
dx=0.02x,dy=0.01y

=
50

3
(0.02)x1/3y2/3

+
100

3
(0.01)x1/3y2/3

=
(
0.02

3
+

0.02

3

)
(50x1/3y2/3)

=
0.04

3
z

Ä¤, ì}‰“ (percentage change)

∆z

z
≈

dz

z
=

0.04
3 z

z
=

0.04

3
≈ 0.0133

¹� 1.33%.
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44. q��0í¦¼¾Ñ

V =
πpr4

8kl

w2 p, k Ñ�b. JÅ� l í�¾ÏÏÑ 2%, š

� r í�¾ÏÏÑ 1%, ¹

dl = 0.02l, dr = 0.01r

†

∆V ≈ dV

=
∂V

∂l
dl +

∂V

∂r
dr

∣∣∣∣
dl=0.02l,dr=0.01r

=
πp

8k

(
−

r4

l2
dl +

4r3

l
dr

)∣∣∣∣∣
dl=0.02l,dr=0.01r

=
πp

8k

[
−

r4

l2
(0.02l) +

4r3

l
(0.01r)

]

=
πpr4

8kl
(−0.02 + 0.04) = 0.02V

Ä¤, ì}‰“ (percentage change)

∆V

V
≈

dV

V
=

0.02V

V
= 0.02

¹� 2%.
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