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({… §7.2)

µ3. Bñ‡ÑB, Fçí	}¶†Ñ

1.
∫

xndx =
1

n + 1
xn+1 + C, n 6= −1

2.
∫ 1

x
dx = ln |x| + C

3.
∫

exdx = ex + C

4.
∫

lnxdx = x lnx − x + C

ù�	}j¶Ñ

1. Hp¶. ¦

u = g(x), du = g′(x)dx

1 2×bçÍ:PM



�Í�	}(AÚ, 102ç��) Àj 37: 	}[	}

Hp, )∫
f(g(x))g′(x)dx =

∫
f(u)du

2. }¶	}. ¦ u D dv, l� du D v, )∫
udv = uv −

∫
vdu

Çø�j¶ÑŒ[	}, ;W˛øí	}t�, ø\	ƒ

b�²A_çít�y	}. 	}[}éÑ

1. Ö a + bu í�� (t� 1-6)

2. Ö

√
a2 + u2, a > 0 í�� (t� 7-12)

3. Ö

√
u2 − a2, a > 0 í�� (t� 13-18)

4. Ö

√
a2 − u2, a > 0 í�� (t� 19-22)

5. Ö eau D lnu í�� (t� 23-29)
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·<9á. ÛlJHp¶Cw…Hb¶�²Aêró°

ít�(, nªUà.

W 1. t°.ì	}

∫ 2x√
3 + x

dx.

<j> ;Wt� 5:∫
u√

a + bu
du =

2

3b2
(bu − 2a)

√
a + bu + C

1I u = x, a = 3, b = 1, )

Ÿ� = 2
∫

x√
3 + x

dx

= 2
[
2

3
(x − 6)

√
3 + x

]
+ C

=
4

3
(x − 6)

√
3 + x + C

W 2. t°.ì	}

∫
x2

√
3 + x2dx.

<j> ;Wt� 8:∫
u2

√
a2 + u2du =

u

8
(a2 + 2u2)

√
a2 + u2 −

a4

8
ln |u +

√
a2 + u2| + C
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1I u = x, a =
√

3, )

Ÿ� =
x

8
(3 + 2x2)

√
3 + x2

−
9

8
ln |x +

√
3 + x2| + C

W 3. t°ì	}

∫ 4

3

dx

x2
√

50 − 2x2
.

<j> ;Wt� 21:

∫
du

u2
√

a2 − u2
= −

√
a2 − u2

a2u
+ C

ø}‚2í 2 T|“�, 1I u = x, a = 5, l°.ì

	}, )∫
dx

x2
√

50 − 2x2
=

1√
2

∫
dx

x2
√

25 − x2

=
1√
2

−

√
25 − x2

25x
+ C


= −

(√
2

50

) √
25 − x2

x
+ C
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QO, ;W�	}!…ìÜ, )

Ÿ� = −
√

2

50

(√
25 − 16

4
−

√
25 − 9

3

)

= −
√

2

50

(
3

4
−

4

3

)
= −

√
2

50

(−7

12

)
=

7
√

2

600

W 4. t°.ì	}

∫
e2x

√
5 + 2exdx.

<j> lJHp¶“�, ¹I u = ex, du = exdx, )∫
e2x

√
5 + 2exdx =

∫
ex

√
5 + 2exexdx

=
∫

u
√

5 + 2udu

QO, ;Wt� 4:∫
u

√
a + budu =

2

15b2
(3bu−2a)(a+ bu)3/2+C

1I a = 5, b = 2 /ø u = ex H�, )

Ÿ� =
2

15(4)
[3(2)u − 2(5)](5 + 2u)3/2 + C

=
1

15
(3u − 5)(5 + 2u)3/2 + C

=
1

15
(3ex − 5)(5 + 2ex)3/2 + C
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W 5. t°.ì	}

∫
x2e(−1/2)xdx.

<j> ;Wt� 24:

∫
uneaudu =

1

a
uneau −

n

a

∫
un−1eaudu

lH n = 2, a = −1/2, u = x (, y�ùŸUàó

°t�, H n = 1, a = −1/2, u = x, )∫
x2e(−1/2)xdx

= −2x2e(−1/2)x + 4
∫

xe(−1/2)xdx

= −2x2e−x/2

+4
(
−2xe−x/2 + 2

∫
e−x/2dx

)
= −2x2e−x/2 − 8xe−1/2x

+8(−2)e−x/2 + C

= −2(x2 + 4x + 8)e−x/2 + C

W 6. ã,„V 2 �q, t ~(í”ƒú �‚0Ñ

r(t) =
6t + 75

t + 10
, 0 ≤ t ≤ 24
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t° 12 _~qí�Ì”ƒú �‚0.

<j> ;W�ÌMíì2£t� 1:∫
u

a + bu
du =

1

b2
(a + bu − a ln |a + bu|) + C

1H a = 10, b = 1, u = t, )�Ì”ƒú �‚0

A =
1

12 − 0

∫ 12

0

6t + 75

t + 10
dt

=
1

12

(∫ 12

0

6t

t + 10
dt +

∫ 12

0

75

t + 10
dt

)

=
1

2

∫ 12

0

t

t + 10
dt +

25

4

∫ 12

0

1

t + 10
dt

=
1

2
[10 + t − 10 ln(t + 10)]

∣∣∣∣12

0

+
25

4
ln(t + 10)

∣∣∣∣12

0

=
1

2
(10 + t)

∣∣∣∣12

0
+

(
−5 +

25

4

)
ln(t + 10)

∣∣∣∣12

0

=
1

2
(22 − 10) +

5

4
ln(t + 10)

∣∣∣∣12

0

= 6 +
5

4
(ln 22 − ln 10)

= 6 +
5

4
ln

(
22

10

)
= 6 +

5

4
ln

(
11

5

)
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Self-Check Exercises

1. t°ì	}

∫ 2

0

dx

(5 − x2)3/2
.

<j> ;Wt� 22:∫
du

(a2 − u2)3/2
=

u

a2
√

a2 − u2
+ C

1H u = x, a =
√

5, )

∫ 2

0

dx

(5 − x2)3/2
=

x

5
√

5 − x2

∣∣∣∣∣∣∣
2

0

=
2

5
√

5 − 4
=

2

5

2. q¼>
ê t Ù(í>2bÑ

N(t) =
200

1 + 9e−0.8t

t°¼>
ê(, ‡ 10 Ùí�Ì>2Ab.

<j> âì2, �Ì>2b

A =
1

10 − 0

∫ 10

0

200

1 + 9e−0.8t
dt

= 20
∫ 10

0

1

1 + 9e−0.8t
dt
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;Wt� 25:∫
du

1 + beau
= u −

1

a
ln(1 + beau) + C

H a = −0.8, b = 9, J£ u = t, )

A = 20
∫ 10

0

1

1 + 9e−0.8t
dt

= 20
[
t +

1

0.8
ln(1 + 9e−0.8t)

]∣∣∣∣10

0

= 20
[(

10 +
5

4
ln(1 + 9e−8)

)
−

(
0 +

5

4
ln(1 + 9)

)]
= 200 + 25 ln

(
1 + 9e−8

10

)
≈ 143

Exercises

10. t°.ì	}

∫
dx

x
√

4 + 8x2
.

<j> ;Wt� 10:

∫
du

u
√

a2 + u2
= −

1

a
ln

∣∣∣∣∣∣∣
√

a2 + u2 + a

u

∣∣∣∣∣∣∣ + C
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ø}‚;Uqí 8 T|“�, 1I u = x, a = 1√
2
, )

.ì	}∫
dx

x
√

4 + 8x2
=

∫
dx

x
√

8
√

1
2 + x2

=
1

2
√

2

∫
dx

x

√(
1√
2

)2
+ x2

=
1

2
√

2

−
√

2 ln

∣∣∣∣∣∣∣
√

1
2 + x2 + 1√

2

x

∣∣∣∣∣∣∣
 + C

= −
1

2
ln

∣∣∣∣∣∣∣∣
1√
2
(
√

1 + 2x2 + 1)

x

∣∣∣∣∣∣∣∣ + C

= −
1

2
ln

∣∣∣∣∣∣∣
√

1 + 2x2 + 1

x

∣∣∣∣∣∣∣ −
1

2
ln

1√
2

+ C

= −
1

2
ln

∣∣∣∣∣∣∣
√

1 + 2x2 + 1

x

∣∣∣∣∣∣∣ + C

w2|(ø_�UA
, 4ÄÑ −1
2 ln 1√

2
+ C EÑø

�b, ;W�ì, J C [ý.

19. t°.ì	}

∫
dx

(x + 1) ln(x + 1)
.
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<j> ;WHp¶, ¦

u = ln(x + 1), du =
1

x + 1
dx

)∫
dx

(x + 1) ln(x + 1)
=

∫ 1

ln(x + 1)︸ ︷︷ ︸
1/u

1

x + 1
dx︸ ︷︷ ︸

du

= ln | ln(x + 1)| + C

20. t°.ì	}

∫
x

(x2 + 1) ln(x2 + 1)
dx.

<j> ;WHp¶, ¦

u = ln(x2 + 1), du =
2x

x2 + 1
dx

1|c[b, )∫
x

(x2 + 1) ln(x2 + 1)
dx

=
1

2

∫ 1

ln(x2 + 1)︸ ︷︷ ︸
1/u

2x

x2 + 1
dx︸ ︷︷ ︸

du

=
1

2
ln |u| + C =

1

2
ln(ln(x2 + 1)) + C

w2|(ø�í ln(x2 +1) 0.ÑŠ, ]ª[Aü�U.
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23. t°.ì	}

∫ 3ex

1 + ex/2
dx.

<j> ;WHp¶, ¦

u = 1 + ex/2, du =
1

2
ex/2dx

1|c[b, ycÜ}ä, )∫ 3ex

1 + ex/2
dx = 3(2)

∫
ex/2

1 + ex/2

(
1

2
ex/2

)
dx

= 6
∫

u

1 + u
du = 6

∫ 1 + u − 1

1 + u
du

= 6
∫ (

1 −
1

1 + u

)
du = 6(u − ln |1 + u|) + C

= 6[ex/2 − ln(1 + ex/2)] + C

24. t°.ì	}

∫ 1

1 − 2e−x
dx.

<j> l°
Î ex, y;WHp¶, ¦

u = ex − 2, du = exdx

)∫ 1

1 − 2e−x
dx =

∫
ex

ex − 2
dx =

∫ 1

ex − 2︸ ︷︷ ︸
1/u

exdx︸ ︷︷ ︸
du

= ln |ex − 2| + C
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25. t°.ì	}

∫ lnx

x(2 + 3 lnx)
dx.

<j> l;WHp¶, ¦

u = lnx, du =
1

x
dx

y;Wt� 1:∫
udu

a + bu
=

1

b2
(a + bu − a ln |a + bu|) + C

¦ a = 2, b = 3, )∫ lnx

x(2 + 3 lnx)
dx =

∫ lnx

2 + 3 lnx

1

x
dx

=
∫

u

2 + 3u
du

=
1

9
(2 + 3u − 2 ln |2 + 3u|) + C

=
1

9
(2 + 3 lnx − 2 ln |2 + 3 lnx|) + C

<Çj> ;WHp¶, ¦

u = 2 + 3 lnx, du =
3

x
dx

J£

lnx =
u − 2

3
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1|c[b, )∫ lnx

x(2 + 3 lnx)
dx =

1

3

∫ 1

2 + 3 lnx
(lnx)

(
3

x

)
dx

=
1

3

∫ 1

u

(
u − 2

3

)
du =

1

9

∫ (
1 −

2

u

)
du

=
1

9
(u − 2 ln |u|) + C

=
1

9
(2 + 3 lnx − 2 ln |2 + 3 lnx|) + C

30. t°.ì	}

∫
x3 lnxdx.

<j> ;W}¶	}, ¦

u = lnx, dv = x3dx

)

du =
1

x
dx, v =

1

4
x4

J£ ∫
x3 lnxdx =

1

4
x4 lnx −

1

4

∫
x3dx

=
1

4
x4 lnx −

1

16
x4 + C

31. t°.ì	}

∫
(lnx)3dx.
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<j> ;W}¶	}, ¦

u = (lnx)3, dv = dx

)

du = 3(lnx)2
1

x
dx, v = x

J£∫
(lnx)3dx = x(lnx)3 − 3

∫
(lnx)2dx (1)

yøŸ;W}¶	}, ¦

u = (lnx)2, dv = dx

)

du = 2(lnx)
1

x
dx, v = x

J£â (1) �,∫
(lnx)3dx

= x(lnx)3 − 3
[
x(lnx)2 − 2

∫
lnxdx

]
= x(lnx)3 − 3x(lnx)2 + 6

∫
lnxdx (2)

�úŸ;W}¶	}, ¦

u = lnx, dv = dx
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)

du =
1

x
dx, v = x

J£â (2) �,∫
(lnx)3dx

= x(lnx)3 − 3x(lnx)2 + 6
(
x lnx −

∫
1dx

)
= x(lnx)3 − 3x(lnx)2 + 6x lnx − 6x + C
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