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Àj 35: ì	}Ê¼“D
%È,í@à
({… §6.7)

qÛ°ƒbÑ p = D(x) /
ÒÀgÑ p, �»¾Ñ x,

àÇý.

¾‘6èGg D(x) DõGg p ÈôíÏç, ˚T¾‘

6”ì (consumers’ surplus).

àSl�¾‘6”ì?

ø [0, x] n �}, )ä–ÈÅ� ∆x = x
n 1Ê©_ä

–Èq¦¬«õ, )H[õ x1, x2, . . . , xn. †ú�ø_

∆x ÀPíÓ¹, ¾‘6BýèG D(x1), OõG p, ]

Býô-

D(x1)∆x − p∆x = [D(x1) − p]∆x

ú�ù_ ∆x ÀPíÓ¹, BýèG D(x2), OõG p,

]Býô-

D(x2)∆x − p∆x = [D(x2) − p]∆x

éR, ú|(ø_ ∆x ÀPíÓ¹, Býô-

[D(xn) − p]∆x
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¯9, )�» x KÓ¹, uªô-Bý

[D(x1) − p]∆x + [D(x2) − p]∆x + · · ·
+[D(xn) − p]∆x

= [D(x1) + D(x2) + · · · + D(xn)]∆x

− (p + · · · + p)︸ ︷︷ ︸
u n _

∆x

=
n∑

i=1

D(xi)∆x − np∆x =
n∑

i=1

D(xi)∆x − p x

w2�øá4©/ƒb D(x) Ê [0, x] ,í-�¸.

]I n → ∞ 1;Wì	}íì2, ªì2¾‘6”ì

CS
def
= lim

n→∞

 n∑
i=1

D(xi)∆x − p x


= lim

n→∞

n∑
i=1

D(xi)∆x − p x

=
∫ x

0
D(x)dx − p x

ÿu�k D(x) D p Èí–�Þ	. Ä¤, )

ì2. ¾‘6”ì

CS
def
=

∫ x

0
D(x)dx − p x =

∫ x

0
[D(x) − p]dx
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w2 D(x) ÑÛ°ƒb, p Ñ
ÒÀg/ x Ñ�»¾,

àÇý.

qX#ƒbÑ p = S(x) /
ÒÀgÑ p, X#¾Ñ x,

àÇý.

Þß6 (�¼) õ) (õY) g p Dè) (èY) g

S(x) ÈÖ)íÏç, ˚TÞß6”ì (producers’

surplus).

àSl�Þß6”ì?

ø [0, x] n �}, )ä–ÈÅ� ∆x = x
n 1Ê©_ä

–Èq¦¬«õ, )H[õ x1, x2, . . . , xn. †ú�ø_

∆x ÀPíÓ¹, Þß6BýÖ)

p∆x − S(x1)∆x = [p − S(x1)]∆x

ú�ù_ ∆x ÀPíÓ¹, Þß6BýÖ)

p∆x − S(x2)∆x = [p − S(x2)]∆x

...

éR, ú� n _ ∆x ÀPíÓ¹, Þß6BýÖ)

p∆x − S(xn)∆x = [p − S(xn)]∆x
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¯9, )X# x KÓ¹, uªÖ)Bý

[p − S(x1)]∆x + [p − S(x2)]∆x + · · ·
+[p − S(xn)]∆x

= [p + · · · + p]︸ ︷︷ ︸
u n á

∆x

−[S(x1) + S(x2) + · · · + S(xn)]∆x

= np∆x −
n∑

i=1

S(xi)∆x = p x −
n∑

i=1

S(xi)∆x

w2�ùá4©/ƒb S(x) Ê [0, x] ,í-�¸.

];Wì	}íì21I n → ∞, ªì2Þß6”ì

PS
def
= lim

n→∞

p x −
n∑

i=1

S(xi)


= p x − lim

n→∞

n∑
i=1

S(xi)∆x

= p x −
∫ x

0
S(x)dx

ÿu�k p D S(x) Èí–�Þ	. Ä¤, )

ì2. Þß6”ì

PS
def
= p x −

∫ x

0
S(x)dx =

∫ x

0
[p − S(x)]dx
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w2 S(x) ÑX#ƒb, p Ñ
ÒÀg/ x ÑX#¾,

àÇý.

W 1. q/¹��¨‰bAWšíÛ°ƒbÑ

p = D(x) = −0.001x2 + 250

/X#ƒbÑ

p = S(x) = 0.0006x2 + 0.02x + 100

(ÀP: x —0, p j). t°
ÒÀgqìÑ�©gí

CS D PS.

<j> àÇý, °>õ)�©g£X�¾, 4óçkj

−0.001x2 + 250 = 0.0006x2 + 0.02x + 100

¹

0.0016x2 + 0.02x − 150 = 0

°
 10000, )

16x2 + 200x − 1,500,000 = 0

°Î 8, )

2x2 + 25x − 187,500 = 0
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}j, )

(x − 300)(2x + 625) = 0

] x = 300 / x = −625
2 (.¯). H x = 300, )

p = −0.001(300)2 + 250 = −90 + 250 = 160

Ä¤, XÛ�©õÑ (300,160) /;Wæ<, 
ÒíÀ

g p = 160 /X�¾ x = 300. |(, ;Wì2, ¾

‘6”ì

CS =
∫ 300

0
(−0.001x2 + 250)dx

−(160)(300)

= −
0.001

3
x3 + 250x

∣∣∣∣300

0
− 48,000

=

[
−

(300)3

3000
+ 250(300) − 0

]
− 48,000

= −9,000 + 75,000 − 48,000 = 18,000

¹ $18,000,000. ¢Þß6”ì

PS = (160)(300) −∫ 300

0
(0.0006x2 + 0.02x + 100)dx

= 48,000 −
(0.0002x3 + 0.01x2 + 100x)

∣∣∣300

0
= 48,000 − (5400 + 900 + 30,000)

= 11,700
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¹ $11,700,000.

àSl�ø¨‚Ìq, Yp¼ (income stream) y�

I’(í,„VM (total future value) CÚ	„V

M (accumulated future value)?

q R(t) ÑÊ t víYpßÞ0 (rate of income

generation) (j/�), r Ñ©/µ‚í�‚0/ T Ñ

‚Ì (term) (�).

ø [0, T ] n �}, )©_ä–ÈíÅ� ∆t = T
n /Ê

©_ä–Èq¦¬«õ, )H[õ t1, t2, . . . , tn = T ,

àÇý. †Ê�ø_ ∆t vÈq,

Yp ≈ R(t1)∆t

1J‚Ì T − t1 í©/µ‚�I’, ),„VM (;W

t� A = Pert)

R(t1)∆ter(T−t1)

Ê�ù_ ∆t vÈq,

Yp ≈ R(t2)∆t

1J‚Ì T − t2 í©/µ‚�I’, ),„VM

R(t2)∆ter(T−t2)
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éR, Ê� n _ ∆t vÈq,

Yp ≈ R(tn)∆t

1J‚Ì T − tn í©/µ‚�I’, ),„VM

R(tn)∆ter(T−tn)

¯9, Ê [0, T ] q, Yp¼í

,„VM

≈ R(t1)e
r(T−t1)∆t + R(t2)e

r(T−t2)∆t + · · ·
+R(tn)e

r(T−tn)∆t

= erT [R(t1)e
−rt1 + R(t2)e

−rt2 + · · ·
+R(tn)e

−rtn]∆t

= erT

 n∑
i=1

R(ti)e
−rti∆t


w2Ú‹¸Ñ©/ƒb R(t)e−rt Ê [0, T ] ,í-�¸.
];Wì	}íì21I n → ∞, ªì2Yp¼í,

(Ú	) „VM

A
def
= lim

n→∞ erT

 n∑
i=1

R(ti)e
−rti∆t


= erT · lim

n→∞

n∑
i=1

R(ti)e
−rti∆t

= erT
∫ T

0
R(t)e−rtdt

8 2×bçÍ:PM



�Í�	}(AÚ, 102ç��) Àj 35: ì	}Ê¼“D%È,í@à

Ä¤, )

ì2. Yp¼ (ßÞ0) R(t) (j/�) Ê©/µ‚�

‚0 r -, T �‚í, (Ú	) „VM

A = erT
∫ T

0
R(t)e−rtdt

W 2. qø�št−Ê„V 5 �q, t �(íÐY0Ñ

$40,000 1øYpJóçk©/µ‚ 12% �I’. t

° 5 �(¤Yp¼í,Ú	M.

<j> H R(t) = 40,000, r = 0.12, T = 5, )„

VM

A = e0.12(5)
∫ 5

0
40,000e−0.12tdt

= e0.6
(
−

40,000

0.12
e−0.12t

)∣∣∣∣5
0

= −
40,000

0.12
e0.6(e−0.6 − 1)

=
4,000,000

12
(e0.6 − 1)

=
1,000,000

3
(e0.6 − 1)

≈ 274,039.6
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Çø�¾Yp¼íj�Ñl�¤Yp¼íÛM, ì2ÑÊ

�‚0 r í©/µ‚-, ?ßÞDYp¼„VMó°!ì

í’À P , ¹;W!ìt� A = Pert, ¤’À P Ê©

/µ‚í!ì

PerT = erT
∫ T

0
R(t)e−rtdt

Yp¼í„VM.

°Î erT , )Yp¼ (ßÞ0) R(t) (j/�) Ê©/µ

‚�‚0 r -, T �‚íÛM

PV =
∫ T

0
R(t)e−rtdt

W 3 jÍ4ª�s�Z¾%Ðíj�. j� A ÑI’

$250,000 /ã,„V 3 �´Yp¼íßÞ0Ñ

f(t) = 630,000 j/�

j� B ÑI’ $180,000 /ã,„V 3 �´Yp¼í

ßÞ0Ñ

g(t) = 580,000 j/�

J„V 5 �í�‚0Ñ 10%, t½ 3 �(, ¨_j�

�œòí´Yp (net income)?
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<j> J´YpíÛMªœ. j� A, ´Ypí

ÛMA =
∫ 3

0
630,000e−0.1tdt − 250,000

=
630,000

−0.1
e−0.1t

∣∣∣∣3
0
− 250,000

= −6,300,000(e−0.3 − 1) − 250,000

= 6,300,000(1 − e−0.3) − 250,000

≈ 1,382,845

j� B, ´Ypí

ÛMB =
∫ 3

0
580,000e−0.1tdt − 180,000

=
580,000

−0.1
e−0.1t

∣∣∣∣3
0
− 180,000

= −5,800,000(e−0.3 − 1) − 180,000

= 5,800,000(1 − e−0.3) − 180,000

≈ 1,323,254

ªœ(, j� A Ê 3 �(�œòí´Yp.

øå�íì‚ (regular time intervals) XGç (I

’, payments) ˚T�À (annuity),

�À,ç (amount, !ì) ÑXG,ç£‚7í¸.
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àS°? q P Ñ©ŸíXGç, r Ñ©/µ‚í�‚0,

T Ñ‚Ì (�) / m Ñø�íXGŸb, †�ÀíXG

4$AøYpÞß0Ñ R(t) = mP í�bYp¼, ]

T �‚�À,ç

A = erT
∫ T

0
R(t)e−rtdt

= erT
∫ T

0
mPe−rtdt = mPerT

(
−

e−rt

r

)∣∣∣∣∣
T

0

= mPerT

(
−

e−rT

r
+

1

r

)
=

mP

r
(erT − 1)

Ä¤, �À,ç

A =
mP

r
(erT − 1)

W 4. â 1994 � 1 ~ 1 nÇá, ø�øŸæ

$2000 Bø©/µ‚ 5% Þ7í_A¢*×E (IRA,

Individual Retirement Account) q. t½B

2010 ���¤_A¢*×Eí,çÑS?

<j> H P = 2000, m = 1, r = 0.05 J£

T = 2010 − 1994 = 16
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),ç

A =
2000

0.05
(e0.05(16) − 1)

= 40,000(e0.8 − 1) ≈ 49,021.64

âì2, �ÀíÛM PV Å—

PV erT =
mP

r
(erT − 1)

°Î erT , )�ÀíÛM

PV =
mP

r
(1 − e−rT )

W 5. JÊ„V 10 �â!À©~Tä $1000 /¤!

ÀªJ 6% í©/µ‚Þ7, t½ÛbÖýÀçA
¤!

À?

<j> ;W,�, H P = 1000, m = 12, T = 10

J£�‚0 r = 0.06, )

PV =
(12)(1000)

0.06
(1 − e−0.06(10))

= 200,000(1 − e−0.6) ≈ 90,237.70

¹ÛÀç $90,237.70 A
¤!À.
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ø��¾Yp}Ó (income distribution) íj¶Ñ

Lorentz curve, f(x), 0 ≤ x ≤ 1, ì2Ñ 100x%

í|Q,YpA¨´r¶,Ypíª0.

à, f(0.3) = 0.1 [ý 30% í|QYp6íYp´r

¶Ypí 10%.

Lorentz curve f í4”Ñ

1. ì2�Ñ [0,1].

2. M�Ñ [0,1].

3. f(0) = 0 / f(1) = 1.

4. f(x) ≤ x, x ∈ [0,1].

5. f ]Ó.

t�íÇ$àÇý.
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Å 1. y = f(x) = x ˚Têró�( (line of

complete equality), ÄÑ 100x% |QYp6íY

p2,Ypí 100x%.

W 6. qøÇê2ÅðíYp}ÓÑ

f(x) =
19

20
x2 +

1

20
x

àÇý. †

f(0.2) =
19

20
(0.2)2 +

1

20
(0.2) = 0.048

[ý 20% í|QYp6íYp,¸´,Ypí 4.8%.

¢

f(0.8) =
19

20
(0.8)2 +

1

20
0(0.8) = 0.648

[ý 80% í|QYp6íYp¸´,Ypí 64.8%.

Å 2. Lorentz curve BÔ¡êró�(, öóÏ�B

ü, àÇý.

Å 3. ¤�Q¡í˙�ªâ.�[b (coefficient of

inequality) ·H, ì2Ñ Loreztz curve Dêró
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�(Èí–�Þ	Dêró�(-í–�Þ	íªM, à

Çý, ¹

.�[b
def
=

R1 íÞ	

R íÞ	

=

∫ 1
0 [x − f(x)]dx

1
2(1)(1)

= 2
∫ 1

0
[x − f(x)]dx

4ø�k 0 D 1 Èíb, BÔ¡ 0, Yp}ÓBÌG; 0
[ýYp}Óê1ÌG (perfectly uniform).

Ä¤, ø Lorentz curve í.�[bC Gini index

L = 2
∫ 1

0
[x − f(x)]dx

W 7. q»ÞíYp}ÓÑ

f(x) =
14

15
x2 +

1

15
x

/ÆºíYp}ÓÑ

g(x) =
5

8
x4 +

3

8
x

t°®Aí.�[b1½¨�<“íYpœÌG (more
equitable)?
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<j> ;Wt�, »Þí.�[b

L1 = 2
∫ 1

0

[
x −

(
14

15
x2 +

1

15
x

)]
dx

= 2
∫ 1

0

(
14

15
x −

14

15
x2

)
dx

=
28

15

(
1

2
x2 −

1

3
x3

)∣∣∣∣1
0

=
28

15

(
1

2
−

1

3

)
=

28

15
·
1

6
=

14

45
≈ 0.311

¢Æºí.�[b

L2 = 2
∫ 1

0

[
x −

(
5

8
x4 +

3

8
x

)]
dx

= 2
∫ 1

0

(
5

8
x −

5

8
x4

)
dx

=
5

4

(
1

2
x2 −

1

5
x5

)∣∣∣∣1
0

=
5

4

(
1

2
−

1

5

)
=

5

4
·

3

10
=

3

8
≈ 0.375

ÄÑ L1 < L2, ]»ÞíYpœÌG (more even

distributed).

Self-Check Exercises
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q«�AWšíÛ°ƒbÑ

p = d(x) =
√

9 − 0.02x

/X#ƒbÑ

p = s(x) =
√

1 + 0.02x

t°Ê�©Àgí¾‘6”ìDÞß6”ì.

<j> l°�©õ, ¹j

√
9 − 0.02x =

√
1 + 0.02x

�j, )

9 − 0.02x = 1 + 0.02x

¹

0.04x = 8, x =
8

0.04
=

800

4
= 200

/

p =
√

1 + 0.02(200) =
√

1 + 4 =
√

5

àÇý. Ä¤, ;Wì2, ¾‘6”ì

CS =
∫ 200

0

√
9 − 0.02xdx − (

√
5)200

/Þß6”ì

PS = (
√

5)200 −
∫ 200

0

√
1 + 0.02xdx
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QO, ;W(4�², ¾‘6”ì

CS = −
1

0.02

(
2

3

)
(9 − 0.02x)3/2

∣∣∣∣200

0
− 200

√
5

= −
100

3
(53/2 − 93/2) − 200

√
5

=
100

3
(27 − 5

√
5) − 200

√
5

= 900 −
500

3

√
5 − 200

√
5

= 900 −
1100

3

√
5 ≈ 79.32

/Þß6”ì

PS = 200
√

5 −
1

0.02

(
2

3

)
(1 + 0.02x)3/2

∣∣∣∣200

0

= 200
√

5 −
100

3
(53/2 − 1)

= 200
√

5 −
100

3
(5

√
5 − 1)

= 200
√

5 −
500

3

√
5 +

100

3

=
100

3

√
5 +

100

3
≈ 108.66

18. —N2ÝÀçí#Gj�Ñ©�©Ÿ $50,000 u

20 �. J�‚0Ñ 6% í©/µ‚, t°2³ÀçíÛ

M.
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<j> H P = 50,000, r = 0.06, T = 20, J£

m = 1, )ÛM

PV =
(1)(50,000)

0.06
(1 − e−0.06(20))

=
5,000,000

6
(1 − e−1.2)

=
2,500,000

3
(1 − e−1.2) ≈ 582338.2

19. kC~ø RAM (reverse annuity mortgage)

J_k„V 10 �í¢*YpÑ $300/~. J�‚0Ñ

8% í©/µ‚, ½Ûú ÖýÀç?

<j> âæ<, 4óçk°�ÀíÛM, ]H P = 300,

r = 0.08, m = 12, J£ T = 10, )ú Àç

PV =
(12)(300)

0.08
(1 − e0.08(10))

=
360,000

8
(1 − e−0.8)

= 45,000(1 − e−0.8) ≈ 24780.2

20 2×bçÍ:PM


