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單元 58: 泰勒多項式
({… §10.5)

ø. Jø_½æÇá, àS,l e−x?

ÄÑ

ex =
∞∑

n=0

xn

n!
, −∞ < x < ∞

]%âHp −x í¯A«�, J£“�cÜ, )

e−x =
∞∑

n=0

(−x)n

n!

=
∞∑

n=0

(−1)nxn

n!

= 1− x +
x2

2!
−

x3

3!
+ · · ·

+
(−1)nxn

n!
+ · · ·

/ì2域

D = (−∞,∞)

OuÄÑ¤冪�buøÌ¤áí¸, ]Êõ�,u.ªW

í; ø_ªWíj¶Ñ, ¦B xn í‡Þ�Ìáí¸

Sn(x) = 1− x +
x2

2!
−

x3

3!
+ · · ·+

(−1)nxn

n!
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˚TJ c = 0 Ñ2-í n 階œ Öá� (nth-degree
Taylor polynomial), ,l e−x.

註. ø_ªâÇ[)ƒíp顯Û象Ñ, ç x 愈Q¡2-

õ c = 0, J£階b n 愈×v, ¤�,l愈Äü. ¤Û

象ªâ-述íìÜ8JÄüËzpDð„.

œ ìáìÜ (Taylor’s Theorem with
Remainder). J I Ñ/øÖ c í–È, /úkF� I

2í x, ƒb f(x) ª\微}B (n + 1) Ÿ, †úkF

� I 2í x,

f(x) = Sn(x) + Rn

w2

Sn(x) = f(c) + f ′(c)(x− c) +
f ′′(c)

2!
(x− c)2

+ · · ·+
f(n)(c)

n!
(x− c)n

˚TJ c Ñ2-íœ Öá�, /

Rn =
f(n+1)(z)

(n + 1)!
(x− c)n+1

˚T n 階ìá, w2 z Ñ/ø�k x D c 5Èí„ø

õ, àÇý, 6ÿuz, ƒb f(x) ª[ýA n 階œ Ö

á� Sn(x) D n 階ìá Rn í¸.
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註. Rn ªeÑJ n 階œ Öá� Sn(x) ,l f(x)

í n 階誤差, 它íMÌ¶üì, ÄÑw2í z MÌ¶ü

ì, Oª;W f(n+1)(x) Ê x D c FZAí–Èqí

,ä,l; â Rn ít�ªø它íÔ4Ñ, ç x 愈靠¡

2-õ c, J£階b n 愈×v, Rn }愈ü, J Sn(x)

,l f(x) }愈Äü.

W 1. tJ 4 階œ Öá�,l e−0.75, 1°|×í

誤差.

<j> ;Wœ ìáìÜJ£æ<, Ûl°| 4 階œ 

Öá� S4(x) D 4 階ìá R4. ÄÑu,lNbƒbÊ

x = −0.75

ø_靠¡ 0 íb, íM, ]ªI

f(x) = ex

1âJ 0 Ñ2-í冪�b[ý�

ex =
∞∑

n=0

xn

n!

) 4 階œ Öá�

S4(x) = 1 + x +
x2

2!
+

x3

3!
+

x4

4!
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J£ 4 階ìá

R4 =
f(5)(z)

5!
x5

w2 z ø_�k 0 D x Èí„øõ.

QO, Hp x = −0.75, )

e−0.75 ≈ S4(−0.75)

= 1− 0.75 +
(0.75)2

2!
−

(0.75)3

3!

+
(0.75)4

4!
≈ 0.474

1;W n 階ûƒb

f(n)(x) = ex

) 4 階ìá

R4 =
ez

5!
(−0.75)5

= −
ez

5!
(0.75)5, −0.75 < z < 0

|(, ÄÑ ex Ñø遞Óƒb, ]ç

−0.75 < z < 0
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v,

ez ≤ e0 = 1

1â 4 階ìá, )誤差

|R4| =
ez

5!
(0.75)5

≤
e0

5!
(0.75)5 =

1

120
(0.75)5

≈ 0.002

Ä¤, |×誤差�Ñ 0.002.

ù. Çø_½æ, àS,lì	}?

˛øíj¶Ñ, 2õ¶†, G$¶†, J£辛�R¶†�ú

_j¶.

ø_híj¶Ñ冪�b¶† (C˚œ Öá�¶†), JW

zpà-.

W 2. tJ e−x2
í 8 階œ Öá� S8(x) ,lì	

} ∫ 1

0
e−x2

dx
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<j> ÄÑ	}í¸圍u閉–È [0,1], ø_Ê 0 Ë¡

í¸圍, /\	ƒbÑNbƒb ex D −x2 í¯Aƒb,

]5?J 0 Ñ2-í冪�b[ý�

ex = 1 + x +
x2

2!
+

x3

3!
+

x4

4!
+ · · ·

1Hp −x2, J£“�cÜ, ) 8 階œ Öá�

S8(x) = 1− x2 +
x4

2
−

x6

6
+

x8

24

QO, ;Wœ ìáìÜ, ç 0 < x < 1 v,

e−x2
≈ S8(x)

1â¤û|∫ 1

0
e−x2

dx ≈
∫ 1

0
S8(x)dx

=
∫ 1

0

(
1− x2 +

x4

2
−

x6

6
+

x8

24

)
dx

=

(
x−

x3

3
+

x5

10
−

x7

42
+

x9

216

)∣∣∣∣∣
1

0

= 1−
1

3
+

1

10
−

1

42
+

1

216
≈ 0.747
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