
%È系,‹À系(ÂU)�	}(99ç��) Àj 56: p-�bDªM�ì¶

單元 56: p-級數與比值檢定法
({… §10.3)

ø. p-�b

ì2. I p > 0, 型à

∞∑
n=1

1

np
= 1 +

1

2p
+

1

3p
+ · · ·+

1

np
+ · · ·

í�b, ˚T p-�b.

ç p = 1 v, )øÔW,

∞∑
n=1

1

n
= 1 +

1

2
+

1

3
+ · · ·+

1

n
+ · · ·

˚T|¸�b (harmonic series).

½. àS‡i p-�bÑY斂Cêà?

p-�b�ì¶: #ìø p-�b

∞∑
n=1

1

np
= 1 +

1

2p
+

1

3p
+ · · ·

†
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(1) ¤ p-�bY斂, J p > 1.

(2) ¤ p-�bêà, J 0 < p ≤ 1.

W 1. t‡i-�®�bÑY斂Cêà.

(a)
∞∑

n=1

1
√

n

(b)
∞∑

n=1

1

n0.9

(c)
∞∑

n=1

1

nπ

(d)
∞∑

n=1

3n

5n + 1

(e)
∞∑

n=1

5
(
−

2

3

)n
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(f)
∞∑

n=1

1

n

<j> ‡i�bÑY斂Cêàí�ø¥, ub辨…|¤�

bu哪øéí�b, à�ª�b, C p-�b, Cuø般�

b, y根Wú@í�ì¶‡i, àÑ�ª�b, †Û�ìt

ªí"úM |r| u´ük 1, JÑ p-�b, †Û�ì p

Mu´×k 1, 7‡iÑY斂Cêà; àÑø般�b, ñ

‡É?根Wø般áí”Ì.Ñ 0 v, 7‡iÑêà, C根

Wì2, J‡ n á¸ Sn í”Ìu´æÊ, ‡iÑY斂C

êà. mÍÛ辨…|S��b, ¢Û根Wú@í�ì¶,

]Ö‹*3J培養|òg, u.bíç3¬˙.

(a) ÄÑø般áªZ寫Ñ

1
√

n
=

1

n1/2

]%â辨…, Ÿ�Ñ

p =
1

2
≤ 1

í p-�b. Ä¤, 根W p-�b�ì¶, p-�b

∞∑
n=1

1
√

n

êà.
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(b) p顯Ë, Ÿ�Ñ

p = 0.9 ≤ 1

í p-�b, ]根W p-�b�ì¶, p-�b

∞∑
n=1

1

n0.9

êà.

(c) 顯ÍË, Ÿ�Ñ

p = π > 1

í p-�b, ]根W p-�b�ì¶, p-�b

∞∑
n=1

1

nπ

Y斂.

註. (a) üæí�bíø般á”Ì

lim
n→∞

1
√

n
= 0

O�bêà; ¢ (c) üæí�bíø般á”Ì

lim
n→∞

1

nπ
= 0
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O�bºY斂; ÖÍø般áí”ÌÌÑ 0, º)|s�r

Í.°í!‹. ¤4zp, ø般áí”Ì�k 0 v, 1.

uø_k}íÜâ, ª‡i|�bÑY斂Cêà, 7Ì¶

d|!�. yŸ#|, ø般á�ì¶, ÉÊø般áí”Ì

lim
n→∞ an 6= 0

v, n?d|êàí!�.

(d) %â辨…, Ÿ�m.u�ª�b, 6.u p-�b, 7

uø般é�b, ]lþtø般á�ì¶, %â}ä}母°

ÎJ n ít型T¶, J£Hp¶, )ø般áí”Ì

lim
n→∞

3n

5n + 1
= lim

n→∞
3

5 + 1/n
=

3

5
6= 0

]根Wø般á�ì¶, ø般é�b

∞∑
n=1

3n

5n + 1

êà.

(e) %â辨…, Ÿ�Ñø�ª�b, /tªí"úM

|r| =
∣∣∣∣−2

3

∣∣∣∣ = 2

3
< 1

]根W�ª�b�ì¶, �ª�bY斂, /Hp

íá = 5
(
−

2

3

)
= −

10

3
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J£tª

r = −
2

3

)

∞∑
n=1

5
(
−

2

3

)n
=

−10/3

1− (−2/3)

=
(
−

10

3

)(
3

5

)
= −2

(f) 顯ÍË, Ÿ�Ñ

p = 1 ≤ 1

í p-�b, ]根W p-�b�ì¶, p-�b, ?˚T|¸�

b

∞∑
n=1

1

n

êà.

註. JSàø般á�ì¶, |¸�bíø般á”Ì

lim
n→∞

1

n
= 0

Ì¶)|LS!�; ¤êàí!�4u根W p-�b�ì¶

‡i|í.
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yŸT醒, ø般á�ì¶uàV‡iêàí, /çø般á

í”Ì

lim
n→∞ an = 0

v, Ì¶-!�.

ù. ªM�ì¶

çø般é�bíø般áÖ�NbƒbC階ƒbv, ø_

‡iY斂Cêàí�^j¶Ñ-述íªM�ì¶ (ratio

test).

ªM�ì¶: I
∞∑

n=1

an Ñø_.Ö� 0 áíÌ窮�b,

†

(1) ¤�bY斂, J(áD‡áªMí"úMí”Ì

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ < 1

(2) ¤�bêà, J(áD‡áªMí"úMí”Ì

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ > 1
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(3) Ì¶-!�, J(áD‡áªMí"úMí”Ì

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = 1

W 2. t‡i-�®�bÑY斂Cêà.

(a)
∞∑

n=0

(−2)n

n!

(b)
∞∑

n=1

n2

2n

(c)
∞∑

n=1

3n

n5

(d)
∞∑

n=0

(−1)ne−n

<j> (a) %â辨…, Ÿ�b.u�ª�b, 6.uø_

p-�b, 7uÖ�階ƒb£Nbƒbíø般é�b, ]
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ªþtªM�ì¶, ÖÍø般á�ì¶6uø_¯Üíþ

t, O根W‡述íø_®éƒb×üÉ[

úbƒb � Öá�ƒb � Nbƒb � 階ƒb

Ê}äuÌä遞ÓDÌä遞ÁË震盪, 7}母±×k}ä

í8況-, )ø般áí”Ì

lim
n→∞

(−2)n

n!
= lim

n→∞
±2n

n!
= 0

4Ì¶‡i.

QOþtªM�ì¶. 根WÎJøb�k,¤bí顛J

b, 1%â“�cÜ, J£Hp¶, )(áª‡áí"úM

í”Ì

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣(−2)n+1

(n + 1)!
·

n!

(−2)n

∣∣∣∣∣
= lim

n→∞
n!

(n + 1)!
·
2n+1

2n

= lim
n→∞

2

n + 1
= 0 < 1

], 根WªM�ì¶, �b

∞∑
n=0

(−2)n

n!

Y斂.
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(b) ÄÑŸ�.u�ª�b, 6.u p-�b, 7uÖ�N

bƒbíø般é�b, ]根WªM�ì¶, 1%â“�c

Ü, J£Hp¶, )(áª‡áí"úMí”Ì

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

(n + 1)2

2n+1
·
2n

n2

= lim
n→∞

1

2

(
1 +

1

n

)2

=
1

2
(1 + 0)2

=
1

2
< 1

1â¤û|�b

∞∑
n=1

n2

2n

Y斂.

註. ÄÑø般áí}äÑøÖá�, ±ük}母íNbƒ

b, )ø般áí”Ì

lim
n→∞

n2

2n
= 0

]Ì¶根Wø般á�ì¶‡i.

(c) ÄÑŸ�uø_ÖNbƒbíø般é�b, ]根W‡

述í%ð, ø_¯ÜíþtuªM�ì¶. %â“�cÜ,
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}ä}母°ÎJ n ít型T¶, J£Hp¶, )(áª‡

áí"úMí”Ì

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣ 3n+1

(n + 1)5
·
n5

3n

∣∣∣∣∣
= lim

n→∞3
(

n

n + 1

)5

= 3 · lim
n→∞

(
1

1 + 1/n

)5

= 3
(

1

1 + 0

)5

= 3 > 1

], 根WªM�ì¶, �b

∞∑
n=1

3n

n5

êà.

註. ?ªSàø般á�ì¶, 1根W}äíNbƒb±×

k}母íÖá�ƒb, )ø般áí”Ì

lim
n→∞

3n

n5
=∞ 6= 0

]�bêà, Ñøœ�Àí‡i¶. ¤4zp, ‡i�b

Y斂Cêàíj¶.uñøí, Éb¯Ü¹ª, O根W%

ð累	íòg, ²Ï�qí�ì¶?uM)½eí.

11 2×bç系:PM



%È系,‹À系(ÂU)�	}(99ç��) Àj 56: p-�bDªM�ì¶

(d) %âø般áÖ�Nbƒbí辨…, J£“�cÜ, 1

根W�bí”Ìÿu�b…™, )(áª‡áí"úMí

”Ì

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣∣(−1)n+1e−(n+1)

(−1)ne−n

∣∣∣∣∣∣
= lim

n→∞
en

en+1

= lim
n→∞

1

e

=
1

e
< 1

Ä¤, 根WªM�ì¶, �b

∞∑
n=0

(−1)ne−n

Y斂.

註. %âZ寫, )

Ÿ� =
∞∑

n=0

(−1

e

)n

4ø�ª�b, /tªí"úM

|r| =
∣∣∣∣−1

e

∣∣∣∣ = 1

e
< 1
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]�bY斂, /Hp

íá =
(−1

e

)0
= 1

J£tª

r =
−1

e

(, )

∞∑
n=0

(−1)ne−n =
1

1− −1
e

=
e

e + 1

¤4Çø�‡i¶, .O�q, yª°|¤�bíM.

ú. �b�ì¶¿b

根W‡述í«n, uû��b�ì¶, }�Ñ

(1) ø般á�ì¶, �ìø般é�b

∞∑
n=0

an

Ì¶‡iY斂; çø般á”Ì

lim
n→∞ an 6= 0
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v, �bêà; çø般á”Ì

lim
n→∞ an = 0

v, Ì¶‡i.

(2) �ª�b�ì¶, �ì�ª�b

∞∑
n=0

arn

çtªí"úM

|r| < 1

v, �bY斂, /�bíM

∞∑
n=0

arn =
a

1− r
C

íá

1−tª

çtªí"úM

|r| ≥ 1

v, �bêà; øìª‡i|�ª�bÑY斂Cêà.

(3) p-�b�ì¶, �ì p-�b

∞∑
n=1

1

np
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ç

p > 1

v, �bY斂; ç

0 < p ≤ 1

v, �bêà; øìª‡i| p-�bÑY斂Cêà,

O³��Àí°Mt�.

(4) ªM�ì¶, �ìø般é�b

∞∑
n=1

an

Ô�uø般áÖ�NbƒbC階ƒbv, ç(áª

‡áí"úMí”Ì

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ < 1

v, �bY斂; ç(áª‡áí"úMí”Ì

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ > 1

v, �bêà; ç(áª‡áí"úMí”Ì ���

���

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = 1
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v, Ì¶‡i.

註. Bñ‡Ñ¢, É��ª�bY斂v, n�°Mít�.

W 3. t‡i-�®�bÑY斂Cêà.

(a)
∞∑

n=1

1

4n

(b)
∞∑

n=1

1

n4

(c)
∞∑

n=1

5

n

(d)
∞∑

n=1

(
1

n2
−

1

3n

)

(e)
∞∑

n=2

lnn
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(f)
∞∑

n=1

n(0.7)n

<j> ‡i�bÑY斂Cêà, .bv, ílâ%âZ寫

7辨…|u哪øé型í�b, y根Wú@í�ì¶, J£

�bíÔ�, ²Ï,述¿b2適çí�ì¶, 8J‡i.

(a) %âZ寫, )

∞∑
n=1

1

4n
=

∞∑
n=1

(
1

4

)n

4ø�ª�b, /tªí"úM

|r| =
1

4
< 1

]�bY斂, /Hp

íá =
(
1

4

)1
=

1

4

J£tª

r =
1

4

(, )

∞∑
n=1

1

4n
=

1/4

1− 1/4
=

1

4
·
4

3
=

1

3
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(b) p顯Ë, Ÿ�Ñ

p = 4 > 1

í p-�b, ]根W p-�b�ì¶, p-�b

∞∑
n=1

1

n4

Y斂.

註. (a) üæD (b) üæí差æcÊkú| 4 D n í

P0, º)|s_êr.°í�b, ]£üË辨…|�b

íé型, 1Sà適çí�ì¶, u�ÕËÉ鍵D½b.

(c) ø�b 5 â累‹符UqT|, )

Ÿ� = 5 ·
∞∑

n=1

1

n

4ø�b,ø_�b.

QO, ª辨…|,��U¬邊í�ùáÑ

p = 1 ≤ 1

í p-�b, ]根W p-�b�ì¶, ¤ p-�bêà, 4Ì

äË遞Ó, â¤û|,�b 5 J(í�b

∞∑
n=1

5

n
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¹Ÿ�, YÍuÌäË遞Ó, 7êà.

註 1. (c) üæ4zp, ª透¬�bí�b	4”, ø

Ÿ�bZ寫Aª辨…í�b(, y根W適çí�ì¶‡i.
°Ü, ?ª%â�bí¸C差í4”, lWZ寫, y‡i,
à-述í (d) üæ.

註 2. J (b) D (c) üæSàªM�ì¶v, %â“�

cÜ, J£ÊÌ窮±”Ìít型T¶, )(áª‡áí"

úM”Ì

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣ 1

(n + 1)4
·
n4

1

∣∣∣∣∣
= lim

n→∞

(
n

n + 1

)4

= lim
n→∞

(
1

1 + 1/n

)4

= 1

J£

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣ 5

n + 1
·
n

5

∣∣∣∣
= lim

n→∞
n

n + 1

= lim
n→∞

1

1 + 1/n
= 1
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ÌÌ¶‡i, 4ªM�ì¶Ü^í8況.

°Ü, JSàø般á�ì¶, )ø般áí”Ì

lim
n→∞

1

n4
= 0

J£

lim
n→∞

5

n
= 0

ÌÑ 0, ?Ì¶‡i.

~p, §Sà,述s�Ì¶‡iíj�d|LS!�, ¹

U!�£ü, O邏輯RÜ錯誤, YÍ.ú, .8l}.

(d) íl, 根W�bí¸C差í4”, )

Ÿ� =
∞∑

n=1

1

n2
−

∞∑
n=1

1

3n

w2�U¬邊�øáÑ

p = 2 > 1

í p-�b, ]根W p-�b�ì¶, Y斂, 4øõb; ¢�

ùáÑtªí"úM

|r| =
1

3
< 1
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í�ª�b, 根W�ª�b�ì¶, ?Y斂ƒøõb. Ä

¤, Ÿ�

∞∑
n=1

(
1

n2
−

1

3n

)
Ñù_ÌY斂ƒõbí�bí差, óÁ(YÍuøõb,

7Y斂.

(e) ÄÑŸ�.u�ª�b, ?.u p-�b, 4.ÖNb

ƒbD階ƒbíø般é�b, /p顯Ë, ø般áí”Ì

lim
n→∞ lnn =∞ 6= 0

]根Wø般á�ì¶, �b

∞∑
n=1

lnn

êà.

(f) ÄÑŸ�íø般áÖ�Nbƒb, ]%â“�cÜ,

J£Hp¶, )(áª‡áí"úM”Ì

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣(n + 1)(0.7)n+1

n(0.7)n

∣∣∣∣∣
= 0.7 · lim

n→∞

(
1 +

1

n

)
= 0.7 < 1
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/根WªM�ì¶, �b

∞∑
n=1

n(0.7)n

Y斂.

註. JSàø般á�ì¶, %âZ寫, J£}母4ø�b

×k 1 íNbƒb, ±×k}äíÖá�, )ø般á”Ì

lim
n→∞n(0.7)n = lim

n→∞
n(

10
7

)n = 0

Ì¶-!�. yŸT醒, §根Wø般á”ÌÑ 0 í!�,

d|LS‡i, 7ÛZàw它適àí�ì¶T‡i.
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