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單元 51: 三角函數的導函數
({… §8.4)

ø. ù_”Ìt�

-述ÑRûúiƒbíûƒbFÛít�,

(i) ç x 趨¡k 0 v, °v}趨¡k 0 í sinx D x

B¡N, ?¹,

lim
x→0

sinx

x
= 1

„p, 暫I, J(y„; Oªàl�Âð„, à{…;

?ªâÇýø, ç x → 0 v, x ≈ sinx, Ä7óª

í”Ì趨¡k 1, ?¹,

lim
x→0

sinx

x
= 1

àF°.

(ii) ç x 趨¡k 0 v, 趨¡k 0 í 1− cosx }±ü

k?趨¡ 0 í x, ?¹,

lim
x→0

1− cosx

x
= 0
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<„> íl, }ä}母°
J (1 + cosx), 1根W

�j差J£úi0��“�, )

1− cosx

x
=

(1− cosx)(1 + cosx)

x(1 + cosx)

=
1− cos2 x

x(1 + cosx)

=
sin2 x

x(1 + cosx)

=
sinx

x
·

sinx

1 + cosx

QO, ÄÑ sinx D cosx Ìu©/ƒb, 1根W°

”Ìí¶†J£ (i) 2ít�, â,�)

lim
x→0

1− cosx

x
= lim

x→0

sinx

x
· lim
x→0

sinx

1 + cosx

= 1 ·
sin 0

1 + cos0

= 1 ·
0

1 + 1
= 1 · 0 = 0

àF°.

ù. úiƒbíûƒb

根W,述ít�, )-述ý_úiƒbíûƒb,
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(1)
d

dx
[sinx] = cosx

(2)
d

dx
[cosx] = − sinx

(3)
d

dx
[tanx] = sec2 x

(4)
d

dx
[cotx] = − csc2 x

(5)
d

dx
[secx] = secx tanx

(6)
d

dx
[cscx] = − cscx cotx

<„> (1) íl, 根Wûƒbíì2,

d

dx
[sinx] = lim

∆x→0

sin(x + ∆x)− sinx

∆x

QO, 根Wúiƒbí¸it�

sin(θ ± φ) = sin θ cosφ± cos θ sinφ
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J£“�cÜ, â,�)

¬邊}� =
sinx cos∆x + cosx sin∆x− sinx

∆x

= cosx ·
sin∆x

∆x
− sinx ·

1− cos∆x

∆x
|(, I ∆x → 0, ¦”Ì, 1根W°”Ìí¶†, J£

t� (i) Dt� (ii), â,�)

d

dx
[sinx] = cosx · lim

∆x→0

sin∆x

∆x

− sinx · lim
∆x→0

1− cos∆x

∆x
= cosx · 1− sinx · 0
= cosx

)„.

(2) íl, 根Wûƒbíì2,

d

dx
[cosx] = lim

∆x→0

cos(x + ∆x)− cosx

∆x

QO, 根Wúiƒbí¸it�

cos(θ ± φ) = cos θ cosφ∓ sin θ sinφ

J£“�cÜ, â,�)

¬邊}� =
cosx cos∆x− sinx sin∆x− cosx

∆x

= − sinx ·
sin∆x

∆x
− cosx ·

1− cos∆x

∆x
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|(, I ∆x → 0, ¦”Ì, 1根W°”Ìí¶†, J£

t� (i) Dt� (ii), â,�)

d

dx
[cosx] = − sinx · lim

∆x→0

sin∆x

∆x

− cosx · lim
∆x→0

1− cos∆x

∆x
= − sinx · 1− cosx · 0
= − sinx

)„.

(3) 根W tanx íì2, �}íÎ¶d†, J£,述°)

í sinx D cosx íûƒb, 1Júi0��“�, /â

secx íì2, )

d

dx
[tanx] =

d

dx

[
sinx

cosx

]

=
d
dx[sinx](cosx)− (sinx) d

dx[cosx]

cos2 x

=
(cosx)(cosx)− (sinx)(− sinx)

cos2 x

=
cos2 x + sin2 x

cos2 x

=
1

cos2 x
= sec2 x

àF°.
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(4) 根W cotx íì2, �}íÎ¶d†, J£,述°)

í sinx D cosx íûƒb, 1Júi0��“�, /â

cscx íì2, )

d

dx
[cotx] =

d

dx

[
cosx

sinx

]
=

(cosx)′ sinx− cosx(sinx)′

sin2 x

=
(− sinx)(sinx)− (cosx)(cosx)

sin2 x

=
−(sin2 x + cos2 x)

sin2 x

= −
1

sin2 x
= − csc2 x

àF°.

(5) 根W secx íì2, �}í�2冪Ÿd†, J£,述

°)í cosx íûƒb, 1cÜ“�, )

d

dx
[secx] =

d

dx

[
1

cosx

]
=

d

dx

[
(cosx)−1

]
= −(cosx)−2 ·

d

dx
[cosx]

= −(cosx)−2 · (− sinx)

=
1

cosx
·
sinx

cosx
= secx tanx
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)„.

(6) 根W cscx íì2, �}í�2冪Ÿd†, J£,述

°)í sinx íûƒb, 1cÜ“�, )

d

dx
[cscx] =

d

dx

[
1

sinx

]
=

d

dx

[
(sinx)−1

]
= −(sinx)−2 ·

d

dx
[sinx]

= −(sinx)−2 · (cosx)

= −
1

sinx
·
cosx

sinx
= − cscx cotx

)„.

ú. úi¯Aƒbíûƒb

I u Ñ x íª�ƒb, †根W,述t�J£©鎖d†,
ý_úi¯Aƒbíûƒbà-,

(1)
d

dx
[sinu] = cosu ·

du

dx

(2)
d

dx
[cosu] = − sinu ·

du

dx
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(3)
d

dx
[tanu] = sec2 u ·

du

dx

(4)
d

dx
[cotu] = − csc2 u ·

du

dx

(5)
d

dx
[secu] = secu tanu ·

du

dx

(6)
d

dx
[cscu] = − cscu cotu ·

du

dx

W 1. t°-�®áíûƒb.

(a) y = sin(x2 − 1)

(b) y = tan(ex)

(c) f(x) = tan4(3x)

(d) y = csc
(

x

3

)
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(e) g(t) =
√

sin 5t

(f) h(x) =
cosx

x

(g) y = ln | secx + tanx|

<j> (a) 根W sin ¯Aƒbí�}t�, 6ÿuz, â

©鎖d†, lú sin ƒb�}) cos ƒb, 1Hpq¶

ƒb x2 − 1 (, y
, x2 − 1 íûƒb, ª)

y′ = cos(x2 − 1)
d

dx
[x2 − 1]

= 2x cos(x2 − 1)

(b) 根W tan ¯Aƒbí�}t�, lú tan ƒb�}

) sec2 ƒb, 1Hpq¶ƒb ex (, y
, ex íû

ƒb, ª)

y′ = sec2(ex)
d

dx
[ex]

= ex sec2(ex)

(c) 根WUà¶,

f(x) = tan4(3x) = [tan(3x)]4
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4ø tan ¯Aƒbí 4 Ÿj.

]â�2冪Ÿd†, J£ tan ¯Aƒbí�}t�, )

f ′(x) = 4 [tan(3x)]3 ·
d

dx
[tan(3x)]

= 4 tan3(3x) · sec2(3x)
d

dx
[3x]

= 12 tan3(3x) sec2(3x)

(d) 根W csc ¯Aƒbí�}t�, lú csc ƒb�}

) − csc cot ƒb, 1Hpq¶ƒb x
3 (, y
, x

3 í

ûƒb, ª)

y′ = − csc
(

x

3

)
cot

(
x

3

)
d

dx

[
x

3

]
= −

1

3
csc

(
x

3

)
cot

(
x

3

)

(e) Ÿƒbuø sin ¯Aƒbí 1
2 Ÿj, ]根W�2冪

Ÿd†, J£ sin ¯Aƒbí�}t�, 1ø冪ŸÑŠí

�B}母í“�cÜ, )

g′(t) =
1

2
(sin 5t)−1/2 ·

d

dt
[sin 5t]

=
1

2
(sin 5t)−1/2 · cos(5t)

d

dt
[5t]

=
5cos 5t

2
√

sin 5t
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(f) 根W�}íÎ¶d†J£ cos ƒbí�}t�, )

h′(x) =
x d

dx[cosx]− cosx d
dx[x]

x2

=
−x sinx− cosx

x2

(g) ¥uø_úb¯Aƒb, ]根W©鎖d†, úbƒb,
sec ƒb, J£ tan ƒbí�}t�, 1“�cÜ, )

y′ =
1

secx + tanx
·

d

dx
[secx + tanx]

=
1

secx + tanx
(secx tanx + sec2 x)

=
secx(tanx + secx)

secx + tanx
= secx

W 2. t°

f(x) = 2 sinx− cos 2x

Ê (0,2π] ,íóú”M.

<j> (1) v@äb, ?¹, óú”M`²b. íl, 根

W sin D cos ƒbí�}t�, )

f ′(x) = 2cosx− (− sin 2x · 2)

= 2cosx + 2sin 2x
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Êõb(,0ì2.

]c��øé@äb, ?¹, f ′(x) = 0 í x M, ¤4ó

çkj

cosx + sin2x = 0

%âIit�, ?óçkj

cosx + 2sinx cosx = cosx(1 + 2 sinx) = 0

Ä¤,

cosx = 0

1â¤)|Ê (0,2π] qí@äb

x =
π

2
,

3π

2

C

1 + 2sinx = 0

?óçk

sinx = −
1

2

J£Ê (0,2π] qú@í@äb

x =
7π

6
,

11π

6
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(2) ð„. ,述°)íû_@äbø (0,2π) }’Aü

_ä–È, /Ê©_ä–Èqø階ûƒb

f ′(x) = 2cosx(1 + 2 sinx)

í¯Uà-述£Çý.

(
0, π

2

)
: f ′ = (+)(+) = (+), 遞Ó.

(
π
2, 7π

6

)
: f ′ = (−)(+) = (−), 遞Á.

(
7π
6 , 3π

2

)
: f ′ = (−)(−) = (+), 遞Ó.

(
3π
2 , 11π

6

)
: f ′ = (+)(−) = (−), 遞Á.

(
11π
6 ,2π

)
: f ′ = (+)(+) = (+), 遞Ó.

Ä¤, 根Wø階ûƒb�ì¶,

f(x) = 2 sinx− cos 2x

Ê x = π
2 D x = 3π

2 �óú|×M

f

(
π

2

)
= 2sin

(
π

2

)
− cos(π)

= 2(1)− (−1) = 3
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D

f

(
3π

2

)
= 2sin

(
3π

2

)
− cos(3π)

= −2− (−1) = −1

/Ê x = 7π
6 D 11π

6 �óú|üM

f

(
7π

6

)
= 2sin

(
7π

6

)
− cos

(
7π

3

)
= 2

(
−

1

2

)
−

1

2
= −

3

2

D

f

(
11π

6

)
= 2sin

(
11π

6

)
− cos

(
11π

3

)
= 2

(
−

1

2

)
−

1

2
= −

3

2
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