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單元 41: 瑕積分
({… §6.5)

根Wì2, ì	} ∫ b

a
f(x)dx

4b°

(1) 	}–È [a, b] íÅ��Ì.

(2) \	ƒb f(x) Ê [a, b] ,�ä.

J,述í� (1) á‘K.Å—, ?¹, Bý�ø	}äÌ

uÌ¤×, †˚¤é	}Ñ “Ì¤	}äÌí¡	}”

(improper integral with infinite limits of

integration), à ∫ ∞
0

e−xdx

w2-	}äÌÑ�ÌM 0, O,	}äÌÑ£Ì¤×,

7$A	}–ÈíÅ�ÑÌ¤×, C∫ ∞
−∞

1

x2 + 1
dx
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w2,-	}äÌ}�Ñ£Ì¤×DŠÌ¤×, 7$AÅ

�ÑÌ¤×í	}–È.

J,述í� (2) á‘K.Å—, ?¹, \	ƒbÊ [a, b]

q�Ì¤Ý©/õ, †˚¤é	}Ñ “Ì¤\	ƒbí¡

	}” (improper integral with infinite

integrand), à ∫ 5

1

1√
x− 1

dx

w2Ê x = 1 v, }母Ñ 0, 7û|

lim
x→1+

1√
x− 1

=
1

0+
= ∞

顯ý\	ƒbÊ x = 0 í¬邊ÑÌäË遞Ó, Ý�ä, C∫ 2

−2

1

(x + 1)2
dx

w2Ê x = −1 v, }母Ñ 0, 1â¤û|

lim
x→−1±

1

(x + 1)2
=

1

(0±)2
=

1

0+
= ∞

?¹, \	ƒbÊ x = −1 ís邊ÌÑÌäË遞Ó, 7Ý

�ä.

½. àS°¡	}?
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�. 根W.°é型í¡	}, �-述í.°j¶.

ø. Ì¤	}äÌí¡	}

(1) q\	ƒb f(x) Ê [a,∞) ,©/, †¡	}∫ ∞
a

f(x)dx
def
= lim

b→∞

∫ b

a
f(x)dx

?¹, lÊ�Ìí	}–È [a, b] q°ì	}
∫ b
a f(x)dx

(ÄÑ f(x) Ê閉–È [a, b] ,©/, ]øìæÊ), yø

,	}äÌ b 擴�ƒ£Ì¤×, °ì	}í”Ì, àÇý,
1˚T¬À邊¡	}.

(2) q\	ƒb f(x) Ê (−∞, b] ,©/, †¡	}∫ b

−∞
f(x)dx

def
= lim

a→−∞

∫ b

a
f(x)dx

?¹, lÊ�Ìí	}–È [a, b] q°ì	}
∫ b
a f(x)dx

(øìæÊ, ÄÑ f(x) Ê [a, b] ©/), y°-	}äÌ

擴�ƒŠÌ¤×í”Ì, àÇý, 1˚T˝À邊¡	}.

(3) q f(x) Ê (−∞,∞) ,©/, †L¦øõ c, )∫ ∞
−∞

f(x)dx

def
=

∫ c

−∞
f(x)dx +

∫ ∞
c

f(x)dx

= lim
a→−∞

∫ c

a
f(x)dx + lim

b→∞

∫ b

c
f(x)dx
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?¹, l¦Løõ c, ø,-	}äÌÌÑÌäí¡	},
Z寫A˝À邊¡	}D¬À邊¡	}í¸, y根W,述®

AÀ邊¡	}íì2°|¡	}, àÇý, 1˚TÂ邊¡

	}.

註. Ü�,, ªL<²¦ c, OJjZÑŸ†.

ì2. J,述úá�U¬邊í”ÌæÊ, †˚¡	}Y斂

(convergent); ´†, ˚¡	}Ñê散 (divergent).

W 1. t‡i-�®¡	}ÑY斂Cê散.

(a)
∫ ∞
1

1

x2
dx

(b)
∫ ∞
1

1

x
dx

(c)
∫ 0

−∞
2xe−x2

dx

(d)
∫ 0

−∞

1

(1− 2x)3/2
dx
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<j> (a) ÄÑ,	}äÌÑ£Ì¤×, ]ÑøÌ¤	}

äÌí¡	} (C¬À邊¡	}), /根Wì2,∫ ∞
1

1

x2
dx = lim

b→∞

∫ b

1

1

x2
dx

àÇý. ¢ì	}∫ b

1

1

x2
dx = −

1

x

∣∣∣∣b
1

= −
1

b
− (−1) = 1−

1

b

QO, ¦”Ì, )

Ÿ� = lim
b→∞

[
1−

1

b

]
= 1−

1

∞
= 1− 0 = 1

FJ, ¡	}Y斂. �S<24[ý, â 1/x2 Ê 1 í

¬邊F$AíÌä–域íÞ	Ñ 1, àÇý.

(b) ° (a), Ñø¬À邊¡	}, ]âì2,∫ ∞
1

1

x
dx = lim

b→∞

∫ b

1

1

x
dx

àÇý. ¢ì	}∫ b

1

1

x
dx = ln |x|

∣∣∣b
1

= ln b− ln 1 = ln b

5 2×bçÍ:PM



%ÈÍ,‹ÀÍ(ÂU)微	}(99ç��) Àj 41: ¡	}

Ä¤,

Ÿ� = lim
b→∞

ln b = ln∞ = ∞

Ñê散. �S<24[ý, â 1/x Ê 1 í¬邊F$Aí

Ìä–域íÞ	ÑÌ¤×, àÇý.

註. ÖÍ 1/x2 D 1/x Ê 1 í¬邊F$Aí–域ÌÑ

Ìä–域, Oâk 1/x2 ª 1/x, Ê×í x Mv, y靠

¡ 0, 7�rÍ.°íÞ	Ô4, øÑ�ÌM, ÇøÑÌ

ÌM, àÇý.

(c) Ÿ�Ñø-	}äÌÑŠÌ¤×íÌ¤	}äÌí¡

	} (C˝À邊¡	}), ]根Wì2,∫ 0

−∞
2xe−x2

dx = lim
a→−∞

∫ 0

a
2xe−x2

dx

àÇý. ¢根W¦

u = −x2, du = −2xdx

íHp¶, ì	}∫ 0

a
2xe−x2

dx = −
∫ 0

a
e−x2︸ ︷︷ ︸

eu
(−2x)dx︸ ︷︷ ︸

du

= −e−x2∣∣∣0
a

= −e0 −
(
−e−a2

)
= e−a2

− 1
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QO, ¦”Ì, )

Ÿ� = lim
a→−∞

(
e−a2

− 1
)

= e−∞ − 1 = 0− 1 = −1

]¡	}Y斂.

(d) ° (c), Ñø˝À邊¡	}, ]âì2,∫ 0

−∞

1

(1− 2x)3/2
dx = lim

a→−∞

∫ 0

a

1

(1− 2x)3/2
dx

¢根W¦

u = 1− 2x, du = −2dx

íHp¶, ì	}∫ 0

a

1

(1− 2x)3/2
dx

= −
1

2

∫ 0

a

1

(1− 2x)3/2︸ ︷︷ ︸
u−3/2

(−2)dx︸ ︷︷ ︸
du

= −
1

2
· (−2)

1√
1− 2x

∣∣∣∣∣
0

a

= 1−
1√

1− 2a

Ä¤,

Ÿ� = lim
a→−∞

(
1−

1√
1− 2a

)
= 1−

1
√
∞

= 1− 0 = 1
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ÑY斂.

ù. Ì¤\	ƒbí¡	}

(1) \	ƒb f(x) Ê [a, b) ,©/, OÊ x = b �Ì

¤Ý©/õ, †¡	}∫ b

a
f(x)dx

def
= lim

c→b−

∫ c

a
f(x)dx

?¹, lÊœüí–È [a, c] q°ì	} (ÄÑ f(x) Ê

閉–È [a, c] ,©/, ]øìæÊ), yø,	}äÌ c

L<Ë靠¡ b, °ì	}í˝À邊”Ì, àÇý.

(2) \	ƒb f(x) Ê (a, b] ,©/, OÊ x = a �

Ì¤Ý©/õ, †¡	}∫ b

a
f(x)dx

def
= lim

c→a+

∫ b

c
f(x)dx

?¹, lÊœüí–È [c, b] q°ì	} (øìæÊ, Ä

Ñ f(x) Ê [c, b] ,©/), yø-	}äÌ c L<Ë靠

¡ a, °ì	}í¬À邊”Ì, àÇý.

(3) \	ƒb f(x) Ê [a, b] 2í某õ c �Ì¤Ý©/

õÕ, Ì©/, †¡	}∫ b

a
f(x)dx

def
=

∫ c

a
f(x)dx +

∫ b

c
f(x)dx
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?¹, øŸ¡	}Z寫A� (1) éD� (2) é¡	}í

¸, y根W®é¡	}íì2°|¡	}, àÇý.

ì2. J,述úá�U¬邊í”ÌæÊ, †˚¡	}Y斂

(convergent); ´†, ˚¡	}Ñê散 (divergent).

W 2. t°-�®¡	}.

(a)
∫ 2

1

1√
x− 1

dx

(b)
∫ 2

1

2

x2 − 2x
dx

(c)
∫ 2

−1

1

x3
dx

<j> (a) ÄÑ	}–ÈíÅ��Ì, ]ÑÌ¤\	ƒb

í¡	}, 7Ûl找|Ì¤Ý©/õ, y根Wú@íì2

°¡	}. íl, \	ƒb 1√
x−1

Ê x = 1 �Ì¤Ý©

/õ, ÄÑ}母Ñ 0, 7û_

lim
x→1+

1√
x− 1

=
1√
0+

=
1

0+
= ∞
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], 根Wì2, ¡	}∫ 2

1

1√
x− 1

dx = lim
c→1+

∫ 2

c

1√
x− 1

dx

àÇý. ¢ì	}∫ 2

c

1√
x− 1

dx = 2
√

x− 1
∣∣∣2
c

= 2− 2
√

c− 1

Ä¤, ¦ x = 1 í¬À邊”Ì, )

Ÿ� = lim
c→1+

(
2− 2

√
c− 1

)
= 2− 2

√
1− 1 = 2− 0 = 2

ÑY斂.

(b) ° (a), ÑøÌ¤\	ƒbí¡	}. %â}j}母,
)

Ÿ� =
∫ 2

1

2

x(x− 2)
dx

]Ê	}–È [1,2] qí x = 2 �Ì¤Ý©/õ, ÄÑ

Ê¤õ}母 0, 7û_

lim
x→2−

2

x(x− 2)
=

2

2 · 0−
=

2

0−
= −∞

Ä¤, 根Wì2, ¡	}∫ 2

1

2

x2 − 2x
dx = lim

c→2−

∫ c

1

2

x(x− 2)
dx
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àÇý. ¢根W¶}}�, )ì	}∫ c

1

2

x(x− 2)
dx

=
∫ c

1

(
1

x− 2
−

1

x

)
dx

= ln |x− 2| − ln |x|
∣∣∣c
1

= (ln(2− c)− ln c)− (ln 1− ln 1)

= ln(2− c)− ln c

QO, ¦ x = 2 í˝À邊”Ì, )

Ÿ� = lim
c→2−

[ln(2− c)− ln c]

= ln 0+ − ln 2

= −∞− ln 2 = −∞

]¡	}ê散.

(c) ° (a), ÑøÌ¤\	ƒbí¡	}. ¢Ê x = 0

�Ì¤Ý©/õ, ÄÑ}母Ñ 0, 1û_

lim
x→0−

1

x3
=

1

(0−)3
=

1

0−
= −∞

/

lim
x→0+

1

x3
=

1

(0+)3
=

1

0+
= ∞
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], 根Wì2, ¡	}∫ 2

−1

1

x3
dx =

∫ 0

−1

1

x3
dx +

∫ 2

0

1

x3
dx

[A�øéD�ùé¡	}í¸, àÇý. ¢¡	}∫ 2

0

1

x3
dx = lim

c→0+

∫ 2

c

1

x3
dx

= lim
c→0+

(
−

1

2x2

∣∣∣∣2
c

)

= lim
c→0+

(
1

2c2
−

1

8

)
=

1

0+
−

1

8
= ∞

Ñê散. Ä¤, Ÿ�ê散.

註. çø_¡	}[As_¡	}í¸v, 根Wì2, Û

b�U¬邊ís_¡	}ÌY歛, Ÿ¡	}才Y斂. Ä¤,

çw2ø_¡	}Ñê散v, Ÿ¡	}¹ê散, 7.Ûb

‡i|Çø_¡	}ÑY斂Cê散(, y-!�; OçŸ

¡	}ÑY斂v, ÿÛb‡i|s_¡	}ÌY歛(, 才

ª-!�.
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