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單元 40: 數值積分
({… §6.4)

.u©ø_ì	}·ªvƒø_基…ƒbÑw\	ƒbí

¥ûƒb, 7J�	}基…ìÜ°M, ]ÛbJbM	}

(numerical integration) íj¶,lì	}íM.

«nú�,lì	}íbM	}x巧, à-述.

ø. 2õ¶† (Midpoint Rule)

ø–È [a, b] T n �}, )ä–ÈÅ�

∆x =
b − a

n

¦©_ä–Èí2õ, )2õ

x1, x2, . . . , xn

J2õíƒbMÑò, $A n _Åj‘, àÇý.

|(, âÇý, )∫ b

a
f(x)dx ≈ n _Åj‘íÞ	¸

=
b − a

n
[f(x1) + · · ·+ f(xn)]
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ù. 梯$¶† (Trapezoidal Rule)

ø–È [a, b] T n �}, ) (n + 1) _«õ

a = x0, x1, . . . , xn−1, xn = b

J£ä–ÈÅ�

∆x =
b − a

n

J«õíƒbMÑ,-�, $A n _梯$, àÇý, 1根

W梯$Þ	t�, )

�ø_梯$Þ	 =

[
f(x0) + f(x1)

2

]
·
b − a

n

�ù_梯$Þ	 =

[
f(x1) + f(x2)

2

]
·
b − a

n
...

� n _梯$Þ	 =

[
f(xn−1) + f(xn)

2

]
·
b − a

n

Ä¤, âÇýJ£,�, )∫ b

a
f(x)dx

≈ n _梯$Þ	¸

=
b − a

2n
[f(x0) + f(x1) + f(x1) + f(x2) + · · ·

+f(xn−2) + f(xn−1) + f(xn−1) + f(xn)]
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QO, âÇýø, Î7�ø_«õ x0 D|(ø_«õ xn

Õ, wì (n− 1) _«õíƒbM}�TÑ˝邊梯$í-

�D¬邊梯$í,�, ]k,�2½複 2 Ÿ, %â¯9c

Ü, )∫ b

a
f(x)dx ≈

b − a

2n
[f(x0) + 2f(x1) + 2f(x2)

+ · · ·+ 2f(xn−1) + f(xn)]

註. 梯$¶†í[b型�Ñ

1,2,2, . . . ,2,1

W 1. tJ n = 4 D n = 8 í梯$¶†,lì	}∫ 1

0
exdx

1Dö£íMªœ.

<j> (1) n = 4. û�}	}–È [0,1], )ä–È

Å�

∆x =
1− 0

4
=

1

4

J£«õ

0,
1

4
,

1

2
,

3

4
, 1
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àÇý.

Ä¤, 根W梯$¶†,∫ 1

0
exdx

≈
1

2
·
1

4
[e0 + 2e0.25 + 2e0.5 + 2e0.75 + e1]

≈ 1.7272

(2) n = 8. ÿ�}	}–È [0,1], )ä–ÈÅ�

∆x =
1− 0

8
=

1

8

J£«õ

0,
1

8
,

1

4
,

3

8
,

1

2
,

5

8
,

3

4
,

7

8
, 1

àÇý.

], â梯$¶†, )∫ 1

0
exdx

≈
1

16
[e0 + 2e0.125 + 2e0.25 + 2e0.375 +

2e0.5 + 2e0.625 + 2e0.75 + 2e0.875 + e1]

≈ 1.7205
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(3) 根W�	}基…ìÜ,

ö£M =
∫ 1

0
exdx

= ex
∣∣∣1
0

= e1 − 1 ≈ 1.718282

!�. ä–Èí_b n B×, BÄü.

註. ÄÑuJò(©!Ç$,ísõ, 7$A梯$, ]梯

$¶†¢˚TøŸÖá�¡N.

ú. 辛普森¶† (Simpson’s Rule)

¥uø_ùŸÖá�¡N, à-述. íl, ø–È [a, b]

�}A n (Xb) _ä–È, )«õ

x0, x1, x2, . . . , xn−2, xn−1, xn

J£ä–ÈÅ�

∆x =
b − a

n

針ú©©/s_ä–Èíú_«õ, ¬¤ú_«õF$A

íú_õ, à

(x0, f(x0)), (x1, f(x1)), (x2, f(x2))
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JùŸÖá� p(x) ¡N f(x), àÇý, )∫ x2

x0

f(x)dx ≈
∫ x2

x0

p(x)dx (1)

QO, 根W�	}基…ìÜ1“�cÜ (AWð„), )∫ x2

x0

p(x)dx

=
x2 − x0

6

[
p(x0) + 4p

(
x0 + x2

2

)
+ p(x2)

]
¢

x2 − x0 = 2∆x = 2
(

b − a

n

)
/

x0 + x2

2
= x1

J£ f(x) D p(x) u°¬¤úõ, ]â,�, )∫ x2

x0

p(x)dx

=
b − a

3n
[p(x0) + 4p(x1) + p(x2)]

=
b − a

3n
[f(x0) + 4f(x1) + f(x2)] (2)

|(, 根W (1) �D (2) �, )∫ x2

x0

f(x)dx ≈
b − a

3n
[f(x0) + 4f(x1) + f(x2)]
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°Ü, 針úQOís_©/ä–È [x2, x3] D [x3, x4],
)∫ x4

x2

f(x)dx ≈
b − a

3n
[f(x2) + 4f(x3) + f(x4)]

...

òB|(s_©/ä–È [xn−2, xn−1] D [xn−1, xn],
) ∫ xn

xn−2

f(x)dx

≈
b − a

3n
[f(xn−2) + 4f(xn−1) + f(xn)]

ø,述�ø_©/ùä–Èí¡N, òB|(ø_ (� n
2

_, ÄÑ n ÑXb) ©/ùä–Èí¡N¯9, 1cÜu

àí«õ, )∫ b

a
f(x)dx

=
b − a

3n
[f(x0) + 4f(x1) + f(x2) +

f(x2) + 4f(x3) + f(x4) + · · ·+
f(xn−2) + 4f(xn−1) + f(xn)]

=
b − a

3n
[f(x0) + 4f(x1) + 2f(x2) +

4f(x3) + · · ·+ 4f(xn−1) + f(xn)]
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註. 辛普森¶†í[b型�Ñ

1,4,2,4,2, . . . ,4,2,4,1

W 2. tJ n = 4 D n = 8 í辛普森¶†,lì	}∫ 1

0
exdx

1Dö£íMªœ.

<j> (1) n = 4. û�} [0,1], )ä–ÈÅ�

∆x =
1− 0

4
=

1

4

J£«õ

0,
1

4
,

1

2
,

3

4
, 1

/ú@í[bÑ

1, 4, 2, 4, 1

]â辛普森¶†, )∫ 1

0
exdx

≈
1

12
[e0 + 4e0.25 + 2e0.5 + 4e0.75 + e1]

≈ 1.718319
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ª n = 4 í梯$¶†ß.

(2) n = 8. ÿ�} [0,1], )ä–ÈÅ�

∆x =
1− 0

8
=

1

8
J£«õ

0,
1

8
,

1

4
,

3

8
,

1

2
,

5

8
,

3

4
,

7

8
, 1

/ú@í[bÑ

1, 4, 2, 4, 2, 4, 2, 4, 1

Ä¤, 根W辛普森¶†, )∫ 1

0
exdx

≈
1

24
[e0 + 4e0.125 + 2e0.25 + 4e0.375 +

2e0.5 + 4e0.625 + 2e0.75 + 4e0.875 + e1]

≈ 1.718284

ª n = 8 í梯$¶†ß.

!�. 根W,述íW 1 DW 2, )

(1) çä–È_b n ó°v, 辛普森¶†ª梯$¶†ß.
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(2) ä–È_b n B×, BÄü.

½. àS²¦適çíäÈ_b n, 7®ƒb°íÄü�?

�. ª根W-述í誤差}析 (Error Analysis).

q n �} [a, b], 1J E [ý誤差, ?¹,

E =
∫ b

a
f(x)dx − ,lM

†梯$¶†í

|E| ≤
(b − a)3

12n2

[
max

a≤x≤b

∣∣∣f ′′(x)∣∣∣]
/辛普森¶†í

|E| ≤
(b − a)5

180n4

[
max

a≤x≤b

∣∣∣f(4)(x)
∣∣∣]

â¤ªû|

(1) ä–È_b n B×, |E| Bü, ],lBÄü, ÄÑ

n Ê,ù�2í}母.
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(2) 辛普森¶†í |E| ük梯$¶†í |E|, ]辛普森¶

†œ梯$¶†ß, ÄÑ3bíÄÖÑ,ù�2, 辛普

森¶†í}母� n4, ±×k梯$¶†}母í n2.

D根W‡ùWFû|í!�ø_.

W 3. tÊ誤差ük 0.01 -, J梯$¶†,l∫ 1

0
e−x2

dx

<j> ‡ùW·uÊpüíä–È_b-, J梯$¶†C

辛普森¶†°,lM, 7¤W1Ì#|püíä–È_b,
cb°誤差ük某øÄü� (à, 0.01) ¹ª, ]Û根W

‡述í誤差}析, l°|適çíä–È_b n. 根W梯$

¶†í誤差t�

|E| ≤
(b − a)3

12n2

[
max

a≤x≤b

∣∣∣f ′′(x)∣∣∣]
ø, ä–È_b n Å—

(b − a)3

12n2

[
max

a≤x≤b

∣∣∣f ′′(x)∣∣∣] < 0.01 (3)

¹ªû|

|E| < 0.01

11 2×bçÍ:PM
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¯¯æ<íb°. QO, ø a = 0 D b = 1 Hp (3)
�, ) n ?óçkÅ—

1

12n2

[
max

0≤x≤1

∣∣∣f ′′(x)∣∣∣] < 0.01 (4)

FJÛb°|

max
0≤x≤1

∣∣∣f ′′(x)∣∣∣
JZj n, w2

f(x) = e−x2

cq˛ø

max
0≤x≤1

∣∣∣f ′′(x)∣∣∣ = 2

~AW根W,ç‚°”Míj¶ð„, ø_óçßí*3,
†â (4) �, ) n Å—

1

12n2
(2) < 0.01

¹ª. %«�(, ?óçkÅ—

6n2 >
1

0.01
= 100

QO, ªõÒj,述í.��, CJþtíj�, H

n = 4, )

6(4)2 = 96 < 100
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.¯, 7H n = 5, )

6(5)2 = 150 > 100

¯¯b°, ]¦ n = 5 ¹ª.

QO, ü�} [0,1], )ä–ÈÅ�

∆x =
1− 0

5
=

1

5

J£«õ

0,
1

5
,

2

5
,

3

5
,

4

5
, 1

1â梯$¶†,∫ 1

0
e−x2

dx

≈
1

10

[
1

e0
+

2

e0.04
+

2

e0.16
+

2

e0.36
+

2

e0.64
+

1

e

]
≈ 0.744

/

|誤差| < 0.01
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