
%ÈÍ�	}(:¯`ç, 100ç��) Àj 19: ù¼ûƒbí@à

單元 1: 二階導函數的應用
({… §4.2)

ƒb f Ê (a, b) ,]Óª?J]Óí¥|Ó‹, ¹Ó‹

í§�‹—; 6ª?J]Áí¥|Ó‹, ¹Ó‹í§��

î, àÇý. °Ü, ƒb f Ê (a, b) ,]Áª?J]Á

í¥|Áý, ¹Áýí§�‹—; 6ª?J]Óí¥|Á

ý, ¹Áýí§��î, àÇý. ªN¬ƒbíù¼ûƒ

b«n‰“0 (f ′ > 0, ]Ó; f ′ < 0, ]Á) ‹—C�

îF×Û|íƒbÇ$í凹4, 1ª7°)ƒbÇ$,ß

Þ凹4Z‰í¥曲õ.

ø. 凹4 (concavity)

ì2. Iƒb f Ê (a, b) ,ª�. 1. J f ′ Ê (a, b)

,]Ó, †˚ f Ê (a, b) ,凹 (concave upward).

2. J f ′ Ê (a, b) ,]Á, †˚ f Ê (a, b) -凹

(concave downward).

3. ƒb f Ê x = c ,凹JæÊøÖ c í (a, b) U)

f Ê (a, b) ,凹. °Ü, ƒb f Ê x = c -凹JæÊ

øÖ c í (a, b) U) f Ê (a, b) -凹, àÇý.

1 2×bçÍ:PM



%ÈÍ�	}(:¯`ç, 100ç��) Àj 19: ù¼ûƒbí@à

â�Síi�, ø曲(,凹[ý¤曲(PÊ~(,j; ø

曲(-凹[ý¤曲(PÊ~(-j, àÇý.

qƒb f íù¼ûƒb f ′′ æÊ. âk f ′′ [ý¬ f Ç

$,õ (x, f(x)) í~(é0 (¹ f í‰“0) í‰“

0, ]Ê (a, b) ,, J

f ′′(x) =
d

dx
f ′(x) > 0

† f Ç$,©øõí~(é0 (¹ f í‰“0) f ′ Ê

(a, b) ,u]Óí, Ä7根W凹4íì2, f Ê (a, b) ,

凹. °Ü, JÊ (a, b) ,

f ′′(x) =
d

dx
f ′(x) < 0

† f ′ Ê (a, b) ,]Á, Ä7 f Ê (a, b) -凹. ã¯,

H, )

ìÜ. 1. Jú (a, b) 2íL< x, f ′′(x) > 0, † f

Ê (a, b) ,凹. 2. Jú (a, b) 2íL< x,

f ′′(x) < 0, † f Ê (a, b) -凹.

éNk‡iƒbÀ|4í¬˙ (¹J f ′′ ¦H f ′), )

‡iƒb凹4í¥驟
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1. °|F�U) f ′′ = 0 C f ′′ .©/í x M, 1根

W¥< x M}’õb( (ypüËz, }’ f íì

2域).

2. ‡ú¥驟 1 F}’í©øÇ–È, L²w2øb c 1

l� f ′′(c) í¯U.

(a) J f ′′(c) > 0, † f ′ Ê¤–È]Ó, ] f Ê

¤–È,凹.

(b) J f ′′(c) < 0, † f ′ Ê¤–È]Á, ] f Ê

¤–È-凹.

W 1. t‡iƒb

f(x) = x3 − 3x2 − 24x + 32

í凹4.

<j> ø f ú x �}sŸ1“�, )

f ′(x) = 3x2 − 6x− 24

J£

f ′′(x) = 6x− 6 = 6(x− 1)
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/ f ′′ 0©/. ]I f ′′(x) = 0, ) x = 1 1øõb

(}’Aù_ä–È.

QO, l� f ′′ Ê©_ä–Èí¯U, )

(−∞,1): f ′′ = (−), f -凹

(1,∞): f ′′ = (+), f ,凹

àÇý. Ä¤, f Ê (−∞,1) -凹/Ê (1,∞) ,凹.

W 2. t‡iƒb

f(x) = x +
1

x

í凹4.

<j> %âùŸ�}1“�, )

f ′(x) = 1−
1

x2

£

f ′′(x) = 2x−3 =
2

x3

] f ′′ 0.Ñ 0 /Ê x = 0 .©/.
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QO, l� f ′′ Ê¤õ x = 0 F}’|íù_ä–È,

í¯U, )

(−∞,0): f ′′ = (+)
(−) = (−), f -凹

(0,∞): f ′′ = (+)
(+) = (+), f ,凹

àÇý. Ä¤, f Ê (−∞,0) -凹/Ê (0,∞) ,凹.

W 3. t‡i f(x) = x2/3 í凹4.

<j> %âùŸ�}1“�, )

f ′(x) =
2

3
x−1/3 =

2

3x1/3

£

f ′′(x) =
2

3

(
−

1

3

)
x−4/3 = −

2

9x4/3

] f ′′ 0.Ñ 0 /Ê x = 0 .©/.

QO, l� f ′′ Ê¤õF}’|íùä–È,í¯U, )

(−∞,0): f ′′ = (−)(+)
(+) = (−), f -凹

5 2×bçÍ:PM



%ÈÍ�	}(:¯`ç, 100ç��) Àj 19: ù¼ûƒbí@à

(0,∞): f ′′ = (−)(+)
(+) = (−), f -凹

àÇý. Ä¤, f Ê (−∞,0) D (0,∞) Ì-凹, ¹0

-凹.

註. éNk‡iÀ|4í8況, f ′′ „‰U, 6ÿuz, %

¬ f ′′ = 0 C f ′′ .©/í x íMv, f ′′ .øì}‰

U, �.üõl� f ′′ Ê©_ä–Èí¯U.

ù. ¥曲õ (inflection points)

q某汽š˛|`¨¼íÐ“ç S D�µ‘à x íÉ[�

Ñ

S(x) = −0.01x3 + 1.5x2 + 200, 0 ≤ x ≤ 100

àÇý, éý|¤©/ƒbÇ$í凹4Êõ (50,2700)

â,凹‰Ñ-凹, /˚¤�Êw˝¬凹4Z‰ (â,凹‰

Ñ-凹Câ-凹‰Ñ,凹) íõÑ¥曲õ, FH[í<2

Ñ, �Çá, Ð“çóçîMËAÅ, OÓO�µ‘àíy

ÖIp, Ð“ç×幅0§ËAÅ, ¥@|�µí^‹. Í

7, %¬¥曲õ(, çÕí�µ‘àYÍ=UÐ“çAÅ,

OºJœü幅�, îMËAÅ, ]¤�¥曲õ (â,凹‰
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Ñ-凹) ¢�˚TÑ{衰¢õ (point of diminishing

returns). Ñ7«n¥�凹4Z‰íõ, �à-í

ì2. ©/ƒb f íÇ$,~(æÊ/凹4Z‰íõ˚

T¥曲õ (inflection point).

ø_Û象u, ƒbíÇ$Ê¥曲õ}¡¬~(, àÇý.

éNk°óú”Mí¬˙ (¹ø f ′ ²A f ′′), )

°¥曲õí¥驟. q f Ñ©/ƒb.

1. l� f ′′.

2. ° f íì2域qU) f ′′(x) = 0 C f ′′(x) .æÊ

í x M, ˚T¥曲`²b (candidates of

inflection points).

3. l�¥驟 2 2©øb (¥曲(²b) x = c ˝¬í¯

U. J¬ x = c v, f ′′(x) ‰U (¹â£‰ŠCâ

Š‰£), † (c, f(c)) Ñø¥曲õ, ´† (c, f(c))

.u¥曲õ.
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註. ƒb f í¥曲õÉª?êÞÊ f íì2域qU)

f ′′ = 0 C f ′′ .æÊí x M (]˚T¥曲(²b), /

Ûªø¥üw, à f(x) = x4, †

f ′(x) = 4x3, f ′′(x) = 12x2 / f ′′(0) = 0

O¬ x = 0 v, f ′′ 0£, „‰U, ]

(0, f(0)) = (0,0)

.u¥曲õ, àÇý. ¢à g(x) = x2/3, †

g′(x) =
2

3x1/3
, g′′(x) = −

2

9x4/3

/ g′′ Ê x = 0 .æÊ. O¬ x = 0 v, g′′ 0Š, „

‰U, ]

(0, g(0)) = (0,0)

.u¥曲õ, àÇý.

W 4. t‡iƒb

f(x) = (x− 1)5/3

í凹41°¥曲õ.

<j> 1. v¥曲`²b. %âùŸ�}1“�, )

f ′(x) =
5

3
(x− 1)2/3
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J£

f ′′(x) =
10

9
(x− 1)−1/3 =

10

9(x− 1)1/3

] f ′′ 0.Ñ 0 (ÄÑ}ä.Ñ 0) / f ′′ .æÊ�gk

}母

9(x− 1)1/3 = 0

)ñøí¥曲`²b x = 1.

2. ð„. l� f ′′ Ê}’|íùä–È,í¯U, )

(−∞,1): f ′′ = (+)
(−) = (−), f -凹

(1,∞): f ′′ = (+)
(+) = (+), f ,凹

àÇý. Ä¤, f Ê (−∞,1) ,凹, Ê (1,∞) -凹/

¬ x = 1 v, 凹4Z‰, ])¥曲õ

(1, f(1)) = (1,0)

W 5. t‡iƒb

f(x) =
1

x2 + 1
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í凹41°¥曲õ.

<j> 1. v¥曲`²b. íl, 根W©�d†1“�, )

f ′(x) = −(x2 + 1)−2(2x) =
−2x

(x2 + 1)2

y根WÎ¶d†1“�, )

f ′′(x) =
−2(x2 + 1)2 + 2x(2)(x2 + 1)(2x)

(x2 + 1)4

=
(x2 + 1)[−2(x2 + 1) + 8x2]

(x2 + 1)4

=
2(3x2 − 1)

(x2 + 1)3

] f ′′ 0©/ (0æÊ) ÄÑ}母0£, .Ñ 0. ¢

f ′′ = 0 �gk}ä

3x2 − 1 = 0

) x = −
√

3
3 D x =

√
3

3 .

2. ð„. l� f ′′ Ê}’|íùä–È,í¯U, )(
−∞,−

√
3

3

)
: f ′′ = (+)

(+) = (+), f ,凹

(
−
√

3
3 ,

√
3

3

)
: f ′′ = (−)

(+) = (−), f -凹
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(√
3

3 ,∞
)
: f ′′ = (+)

(+) = (+), f ,凹

àÇý. Ä¤, f Ê

(
−∞,−

√
3

3

)
D

(√
3

3 ,∞
)

,凹

/Ê

(
−
√

3
3 ,

√
3

3

)
-凹. ¢¬ x = −

√
3

3 D x =
√

3
3

v, f ′′ Ì‰U, ])ù¥曲õ(
−
√

3

3
, f

(
−
√

3

3

))
=

(
−
√

3

3
,
3

4

)
D (√

3

3
, f

(√
3

3

))
=

(√
3

3
.
3

4

)

W 6. t根W-Hƒb f í4”:

f(−1) = 4, f(0) = 2, f(1) = 0,

D

f ′(−1) = 0, f ′(1) = 0

J£

(−∞,−1) ∪ (1,∞) : f ′ > 0; (−1,1) : f ′ < 0

D

(−∞,0) : f ′′ < 0; (0,∞) : f ′′ > 0
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·ú|ƒbíÇ$.

<j> 1. ]Ó, ]Á4Dóú”M. â

f ′(−1) = 0 D f ′(1) = 0

)ù@äb x = −1 D x = 1, 1根W f ′ Ê¤ùb}

’|íú_ä–È,í¯U, ) f ′ í¯UÇ, àÇý. Ä

¤, f Êõ (−1,4) �óú”×M/Êõ (1,0) �óú

”üM.

2. °凹4£¥曲õ. âæ<, ) f ′′ í¯UÇ, àÇý,

6ÿuz, ¬ x = 0 v, f ′′ ‰U, ]õ (0,2) Ñø¥

曲õ.

3. ·õD©!. ™ý,H°)íóú”M£¥曲õ1ø

f ′ í¯UÇ0k x-軸,j, f ′′ í¯UÇ0k x-軸-j

/Y序Ê©_ä–È,根W f í]Ó, ]Á4£凹4J�

滑曲(©!™ýíõ7ú|ƒb f íÇ$, àÇý.

W 7. q某%Èñí¾‘6ÓgNb (CPI) Ñ

I(t) = −0.2t3 + 3t2 + 100, 0 ≤ t ≤ 10

w2 t = 0 ú@k 2000 ���. t°1j„ƒb I

í¥曲õ.
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<j> øƒb I ú t �}sŸ1“�, )

I ′(t) = −0.6t2 + 6t = −0.6t(t− 10)

J£

I ′′(t) = −1.2t + 6 = −1.2(t− 5)

] I ′′ ©//I I ′′ = 0 )ñøí¥曲`²b t = 5.

QO, l� I ′′ Ê}’íù_ä–È,í¯U, )

(0,5): I ′′ = (−)(−) = (+), I ,凹

(5,10): I ′′ = (−)(+) = (−), I -凹

àÇý, ¹¬ t = 5 v, I ′′ ‰U, ])¥曲õ

(5, I(5)) = (5,−25 + 75 + 100) = (5,150)

ÄÑ I ′′ �¾ CPI í‰“0

I ′ > 0, 0 ≤ t ≤ 10

í‰“0 (‰“˙�), ]¾‘6ÓgNb×幅Ó‹B

t = 5 (, 幅��î, 6ÿuz, ¦Œ膨脹0 t = 5 v|

ò, 1â 2005 ���(Çá舒î.

ú. ù¼ûƒb�ì¶
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àÇý, ƒb f Ê x = c �øóú”×M/¬õ

(c, f(c)) �ø®�~(J£-凹, ¹

f ′(c) = 0 / f ′′(c) < 0

°Ü, ƒb f Ê x = c �øóú”üM/¬õ

(c, f(c)) �ø®�~(J£,凹, ¹

f ′(c) = 0 / f ′′(c) > 0

çù¼ûƒb f ′′ æÊv, â,H!�)Çé‡ióú”

Mí

ù¼ûƒb�ì¶ (second derivative test). q

f Ñ©/ƒb. vóú”Mí¥驟Ñ

1. l� f ′(x) D f ′′(x).

2. °F�U) f ′(x) = 0 í@äb.

3. ‡ú¥驟 2 2í©ø@äb c, l� f ′′(c).

(a) J f ′′(c) < 0, † f Ê x = c -凹, ])ó

ú”×M f(c), àÇý.
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(b) J f ′′(c) > 0, † f Ê x = c ,凹, ])ó

ú”üM f(c), àÇý.

(c) J f ′′(c) = 0, Ì¶‡i.

註. J f ′(c) = 0 O f ′′(c) = 0 C f ′′(c) .æÊv,

ù¼ûƒb�ì¶Ì¶‡i, Wà

f(x) = x4, g(x) = −x4, h(x) = x3

†

f ′(0) = 0, g′(0) = 0, h′(0) = 0

/

f ′′(0) = 0, g′′(0) = 0, h′′(0) = 0

OÊ@äb x = 0, f �óú”üM, g �óú”×M/

h Ìóú”M, àÇý, <¹Ê@äbíù¼ûƒbÑ 0

v, �®�ª?47Ì¶‡i.

¢à,

f(x) = x4/3, g(x) = −x4/3, h(x) = x5/3

†

f ′(0) = 0, g′(0) = 0, h′(0) = 0
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/

f ′′(0) .æÊ, g′′(0) .æÊ, h′′(0) .æÊ

OÊ@äb x = 0, f �óú”üM, g �óú”×M/

h Ìóú”M, àÇý, ¹Ê@äbíù¼ûƒb.æÊ

v, �®�ª?47Ì¶‡i.

¤Õ, úk f ′(x) .æÊí@äb, ù¼ûƒb?Ì¶‡

i, Wà

f(x) = x2/3, g(x) = −x2/3, h(x) = x1/3

†

f ′(0) .æÊ, g′(0) .æÊ, h′(0) .æÊ

OÊ@äb x = 0, f �óú”üM, g �óú”×M/

h Ìóú”M, àÇý, ¹.ªUàù¼ûƒb‡iø¼

ûƒb.æÊí@äb.

,H4#|, ù¼ûƒb�ì¶�Ì„ (É?‡i

f ′ = 0 í@äb) /�盲õ (ç f ′′ = 0 C f ′′ .æÊ

v, Ì¶‡i). ¤vÛSàÌÌ„?Ì盲õíø¼ûƒb

�ì¶. ~AW*3, Jø¼ûƒbüw,HWäí!�.

W 8. tJù¼ûƒb�ì¶°ƒb

f(x) = 2x3 + 3x2 − 12x− 4
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íóú”M.

<j> íl, ú x �}1“�, )

f ′(x) = 6x2 + 6x− 12 = 6(x2 + x− 2)

= 6(x + 2)(x− 1)

0©/, ]I f ′ = 0 )ù@äb x = −2 D x = 1.

QO, yú x �}1“�, )

f ′′(x) = 12x + 6 = 6(2x + 1)

H x = −2, )

f ′′(−2) = 6(−3) = −18 < 0, f -凹

àÇý, ]根Wù¼ûƒb�ì¶, f Ê x = −2 �ó

ú”×M

f(−2) = −16 + 12 + 24− 4 = 16

H x = 1, )

f ′′(1) = 6(3) = 18 > 0, f ,凹

àÇý, ]根Wù¼ûƒb�ì¶, f Ê x = 1 �óú

”üM

f(1) = 2 + 3− 12− 4 = −11
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註. âø¼ûƒb f ′ ª«n f í]Ó, ]Á41°ó

ú”M.

âù¼ûƒb f ′′ ª«n f í凹41°¥曲õ.

û�À|4D凹4í ¯£ú@í曲(Ñ

1. f ′ > 0, f ′′ > 0: f ]Ó, ,凹

2. f ′ > 0, f ′′ < 0: f ]Ó, -凹

3. f ′ < 0, f ′′ > 0: f ]Á, ,凹

4. f ′ < 0, f ′′ < 0: f ]Á, -凹

àÇý, 6ÿuz, !¯À|4D凹4ÿªpüËÊ©_

ä–È,·ú|曲(7)ƒbíÇ$.
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