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單元 18: 一階導函數的應用
({… §4.1)

N¬ƒbø¼ûƒbª«nƒbí]Ó, ]Á41ª7°

ƒbíóú”M.

ø. ƒbí]Ó, ]Á4 (À|4, monotonicity)

ì2. 1. ƒb f Ê (a, b) ,]Ó (increasing) J

/ñJú (a, b) 2íL< x1 < x2,

f(x1) < f(x2)

àÇý.

2. ƒb f Ê (a, b) ,]Á (decreasing) J/ñJ

ú (a, b) 2L<í x1 < x2,

f(x1) > f(x2)

àÇý.

3. ƒb f Ê x = c ]ÓJ/ñJæÊøÖ c í–È

(a, b) U) f Ê (a, b) ,]Ó. °Ü, ƒb f Ê

x = c ]ÁJ/ñJæÊøÖ c í–È (a, b) U) f

Ê (a, b) ,]Á, àÇý.
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J f Ê x = c íûƒb f ′(c) > 0, †âûƒbí‰“

0£~(é0<2, f Êõ (c, f(c)) í~(é0C‰“

0Ñ£, [ý f Ê x = c u]Óí, àÇý. °Ü, f

Ê x = c íûƒb f ′(c) < 0, † f Êõ (c, f(c))
í~(é0C‰“0ÑŠ, [ý f Ê x = c u]Áí,
àÇý.

ã¯,Hhô, )

ìÜ. (a) Jú (a, b) 2íL< x, f ′(x) > 0, † f

Ê (a, b) ,]Ó.

(b) Jú (a, b) 2íL< x, f ′(x) < 0, † f Ê

(a, b) ,]Á.

(c) Jú (a, b) 2íL< x, f ′(x) = 0, † f Ê

(a, b) ,Ñø�b.

½. àS‡iƒb f Sv]Ó, Sv]Á? 6ÿuz,
Ê哪_–È f u]Ó, 哪_–È f u]Á?

�. 根W¡根ìÜ, Jø©/ƒbÊø–È,³�根, †

¤ƒbÊ¤–È,.}‰U, ¹0£C0Š; ´†Ê¤–

ÈqBý�ø根7ßÞpe. ]ª根W,H!�, )
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‡iƒb]Ó, ]Á4í¥驟

1. °|F�U) f ′ = 0 C f ′ .©/í x M, 1根W

¥< x M}’õb(.

2. ‡ú¥驟 1 F}’í©øÇ–È, L²w2øb c 1

° f ′(c) í¯U.

(a) J f ′(c) > 0, † f ′ Ê¤–È0£, ] f Ê

¤–È]Ó.

(b) J f ′(c) < 0, † f ′ Ê¤–È0Š, ] f Ê

¤–È]Á.

W 1. t‡iƒb

f(x) = x3 − 3x2 − 24x + 32

í]Ó, ]Á4.

<j> 根W,H¥驟, lú x �}1“�, )

f ′(x) = 3x2 − 6x− 24

= 3(x2 − 2x− 8) = 3(x + 2)(x− 4)
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0©//ù根Ñ x = −2 D x = 4 1øõb(}’A

ú_ä–È.

QO, l� f ′ Ê©_ä–È,í¯U, )

(−∞,−2): f ′ = (−)(−) = (+), f ]Ó

(−2,4): f ′ = (+)(−) = (−), f ]Á

(4,∞): f ′ = (+)(+), f ]Ó

àÇý. Ä¤, f Ê (−∞,−2) D (4,∞) ,]Ó; Ê

(−2,4) ,]Á.

W 2. t‡iƒb f = x2/3 í]Ó, ]Á4.

<j> ú x �}1“�, )

f ′(x) =
2

3
x−1/3 =

2

3x1/3

] f ′ 0.Ñ 0 / f ′ Ê x = 0 .æÊ, Ä7.©/,

1øõb(}’Aù_ä–È.

QO, l� f ′ Ê©_ä–Èí¯U, )
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(−∞,0): f ′ = (+)
(−) = (−), f ]Á

(0,∞): f ′ = (+)
(+) = (+), f ]Ó

àÇý. Ä¤, f Ê (−∞,0) ,]Á; Ê (0,∞) ,]

Ó.

W 3. t‡iƒb

f(x) = x +
1

x

í]Ó, ]Á4.

<j> íl, ú x �}1“�, )

f ′(x) = 1−
1

x2
=

x2 − 1

x2

ÄÑ f ′ = 0 óçk}ä

x2 − 1 = (x− 1)(x + 1) = 0

)ù根 x = −1 D x = 1.

¢ f ′ .©/�gk}母

x2 = 0
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) x = 0.

QO, l� f ′ Ê¤úõøõb(F}’íû_ä–È,

í¯U, )

(−∞,−1): f ′ = (+)
(+) = (+), f ]Ó

(−1,0): f ′ = (−)
(+) = (−), f ]Á

(0,1): f ′ = (−)
(+) = (−), f ]Á

(1,∞): f ′ = (+)
(+) = (+), f ]Ó

àÇý. Ä¤, f Ê (−∞,−1) D (1,∞) ,]Ó; Ê

(−1,0) D (0,1) ,]Á.

註. à,W, %¬ x = 0 v, f ′ „‰U, „×Û>替í

Û象, 6ÿuz, %¬ f ′ = 0 C f ′ .©/í x Mv,

f ′ .øì}‰U, ]�.üõl� f ′ Ê©øä–Èí¯

U.

ù. óú”M
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ì2. 1. ƒb f Ê x = c �óú”×M (relative

maximum) J/ñJæÊøÖ c íÇ–È (a, b) U)

úF� (a, b) 2í x,

f(x) ≤ f(c)

àÇý.

2. ƒb f Ê x = c �óú”üM (relative

minimum) J/ñJæÊøÖ c íÇ–È (a, b) U)

úF� (a, b) 2í x,

f(x) ≥ f(c)

àÇý.

3. óú”×MDóú”üM$˚Ñóú”M (relative

extremum).

½. àSvóú”M? àÇý, J f ÊÖ c í (a, b)

,ª�/Ê x = c �óú”×M, †ç x â c í˝iB

¬iv, f íÇ$×Û]ÓBõ (c, f(c)) (, y]Áí

Û象, 6ÿuz, D f íÇ$ó~í~(é0 f ′(x) }

â£‰BŠ1Êõ (c, f(c)) �ø®�~(, ]

f ′(c) = 0. °Ü, àÇý, Jª�ƒb f Ê x = c �

óú”üM, † f ′(c) = 0. ¤4ª�ƒbíóú”MÔ
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�, 6ÿuz, Jª�ƒb f Ê x = c �óú”M, †

f ′(c) = 0.

註 1. ,HÔ�íLÅH.A
, ¹J f ′(c) = 0, † f

Ê x = c .øì�óú”M, à f(x) = x3, †

f ′(x) = 3x2 / f ′(0) = 0

O f Ê x = 0 ³�óú”M, àÇý. ¹ f ′(c) = 0
cuª�ƒb f Ê x = c �óú”Mí.b‘K7.u

k}‘K, É[ýÊ x = c ª?�óú”M, /Êw它û

ƒbæÊO.Ñ 0 íËj.}�óú”M.

註 2. Çøª?ßÞóú”MíËjÑûƒb f ′ .æÊ

íËj, à

f(x) = −|x| D g(x) = x2/3

† f D g íÇ$Ê x = 0 Ì�ø�i (corner), ¹

f ′(0) D g′(0) Ì.æÊ, O f Ê x = 0 �øóú”

×M/ g Ê x = 0 �øóú”üM, àÇý. Í7ûƒ

b.æÊíËj1.\„}�óú”M, à

h(x) = x1/3

†

h′(x) =
1

3x2/3
, x 6= 0 O h′(0) .æÊ
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/ h Ê x = 0 ³�óú”M, àÇý.

â,Hù註jø, v f íóú”Mv, cÛ�ÌÊ f í

ì2域2ûƒbæÊ/Ñ 0 J£ûƒb.æÊíËj¹

ª, 1˚¤�ª?ßÞóú”MíbÑ@äb (critical

number), ì2à-.

ì2. Êƒb f íì2域qU) f ′(x) = 0 C f ′(x)
.æÊí x ˚T f í@äb.

註 3. ƒb f íóú”MÉª?êÞÊ@äbíËj,

]尋vóú”Mí¸圍ªâc_ì2域òÁB@äb¹ª.

yŸ#|, @äbÉuª?ßÞóú”MíËj, àÇý,

Ê x = a, b D c, f ′(x) = 0 /Ê x = d D e,

f ′(x) .æÊ, øÑ�i, øÑŒ垂~(, ÌÑ f í@ä

b; OcÊ x = a, b D d �óú”M, Ê x = c D e

ºÌóú”M, ]Ûªø¥üw, ø_j¶Ñ

ø¼ûƒb�ì¶ (first derivative test). q f

Ñ©/ƒb. vóú”Mí¥驟Ñ

1. ° f í@äb.
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2. l� f ′ Ê©ø@äb˝¬sií¯U.

(a) J%¬@äb x = c v, f ′ â (+) ‰Ñ

(−), †Ê x = c �óú”×M f(c), àÇý.

(b) J%¬@äb x = c v, f ′ â (−) ‰Ñ

(+), †Ê x = c �óú”üv f(c), àÇý.

(c) J%¬@äb x = c v, f ′ „‰U, ¹â

(+) B (+) Câ (−) B (−), †Ê x = c

³�óú”M, 6ÿuz, f(c) .uøóú”M,

àÇý.

W 4. t° f(x) = x2/3 íóú”M.

<j> 1. v@äb. ÄÑ

f ′(x) =
1

3
x−1/3 =

2

3x1/3

] f ′ .Ñ 0 / f ′ Ê x = 0 .æÊ. Ä¤, x = 0 u

ñøí@äb.

2. ð„. ø¤ø@äb™ýÊõb(,1l� f ′ Ê}

’|íù_ä–È,í¯U, )
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(−∞,0): f ′ = (+)
(−) = (−), f ]Á

(0,∞): f ′ = (+)
(+) = (+), f ]Ó

àÇý. Ä¤, âø¼ûƒb�ì¶, f Ê x = 0 �ó

ú”üM

f(0) = 0

W 5. t°ƒb

f(x) = x3 − 3x2 − 24x + 32

íóú”M.

<j> 1. v@äb. ÄÑ

f ′(x) = 3x2 − 6x− 24 = 3(x + 2)(x− 4)

0æÊ, ]I f ′ = 0, c)ù_@äb x = −2 D

x = 4.

2. ð„. ø¤ù@äb™ýÊõb(,1l� f ′ Ê}

’|íú_ä–È,í¯U, )

(−∞,−2): f ′ = (−)(−) = (+), f ]Ó
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(−2,4): f ′ = (+)(−) = (−), f ]Á

(4,∞): f ′ = (+)(+) = (+), f ]Ó

àÇý.

Ä¤, 根Wø¼ûƒb�ì¶, f Ê x = −2 �óú”

×M

f(−2) = (−2)3 − 3(−2)2 − 24(−2) + 32

= −8− 12 + 48 + 32 = 60

/Ê x = 4 �óú”üM

f(4) = (4)3 − 3(4)2 − 24(4) + 32

= 64− 48− 96 + 32 = −48

W 6. t°ƒb

f(x) = x +
1

x

íóú”M.

<j> 1. v@äb. ú x �}1“�, )

f ′(x) = 1−
1

x2
=

x2 − 1

x2
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ÄÑ f ′ = 0 �gk}ä

x2 − 1 = (x− 1)(x + 1) = 0

)ù@äb x = −1 D x = 1.

¢ f ′ Ê x = 0 .æÊ, OŸƒb f Ê x = 0 „ì2,

¹ x = 0 .Ê f íì2域q, ]â@äbíì2,

x = 0 .u@äb. Ä¤c)ù_@äb x = −1 D

x = 1.

2. ð„. øù@äb x = −1 D x = 1 D f ′ .æÊ

íÝ@äb x = 0 Ì™ýÊõb(,, 1J˛-Æ[ý

.Êì2域qí x = 0 (¹Ê¤T.}�óú”M, ¹U

%¬ x = 0 v, f ′ ‰U) J£l� f ′ Ê}’|íû_

ä–È,í¯U, )

(−∞,−1): f ′ = (+)
(+) = (+), f ]Ó

(−1,0): f ′ = (−)
(+) = (−), f ]Á

(0,1): f ′ = (−)
(+) = (−), f ]Á

(1,∞): f ′ = (+)
(+) = (+), f ]Ó
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àÇý. Ä¤, 根Wø¼ûƒb�ì¶, f Ê x = −1

�óú”×M

f(−1) = −1− 1 = −2

/Ê x = 1 �óú”üM

f(1) = 1 + 1 = 2

註. ,Wíóú”×Mükóú”üM, ¥uª?êÞí,

ÄÑóú”Mcuƒbí�¶4”, 1.\„óú”MÈ

í×üÉ[.

W 7. q某t−í‚潤ƒbÑ

P (x) = −0.02x2 + 300x− 200,000

t½Sv‚潤]Ó, Sv]Á?

<j> I

P ′(x) = −0.04x + 300 = −0.04(x− 7500) = 0

) x = 7500. QO, l� P ′ Ê}’|íù_ä–È,

í¯U, )

(0,7500): P ′ = (−)(−) = (+), P ]Ó
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(7500,∞): P ′ = (−)(+) = (−), P ]Á

àÇý. Ä¤, ‚潤Ê (0,7500) ,]Ó/Ê

(7500,∞) ,]Á.

W 8. q某Í
â 2001 �B 2008 �í"罪b�Ñ

N(t) = −0.1t3 + 1.5t2 + 100, 0 ≤ t ≤ 7

w2 t = 0 ú@k 2001 ���. t½¤Í
í"罪b

Sv]Ó, Sv]Á?

<j> ÄÑ

N ′(t) = −0.3t2 + 3t = −0.3t(t− 10)

]l� N ′ Ê–È (0,7) ,í¯U, )

(0,7): N ′ = (−)(+)(−) = (+), N ]Ó

¹"罪bâ 2001 �B 2008 �Ì×Û]Ó.

W 9. t°ƒb

f(x) =
1

2
x4 − 3x2 + 4x− 8
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íóú”M.

<j> 1. v@äb. ÄÑ

f ′(x) = 2x3 − 6x + 4 = 2(x− 1)(x2 + x− 2)

= 2(x− 1)2(x + 2)

0æÊ, ]I f ′ = 0 c)ù@äb x = −2 D

x = 1.

2. ð„. ø¤ù@äb™ýÊõb(,1l� f ′ Ê}

’|íú_ä–È,í¯U, )�

(−∞,−2): f ′ = (+)(−) = (−), f ]Á

(−2,1): f ′ = (+)(+) = (+), f ]Ó

(1,∞): f ′ = (+)(+), f ]Ó

àÇý. Ä¤, 根Wø¼ûƒb�ì¶, f cÊ x = −2

�óú”üM

f(−2) =
1

2
(−2)4 − 3(−2)3 + 4(−2)− 8

= 8− 12− 8− 8 = −20

/Ê x = 1 Ìóú”M.
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W 10. qƒb

g(x) =
x

x2 − 1

t‡i g í]Ó, ]Á41° g íóú”M.

<j> 1. v@äb. 根WÎ¶d†1“�, )

g′(x) =
(x2 − 1)− x(2x)

(x2 − 1)2
= −

x2 + 1

(x2 − 1)2

ÄÑ}ä x2 + 1 > 0, ] g′ 0.Ñ 0. ¢ g′ .æÊ

�gk}母

(x2 − 1)2 = 0

) x = −1 D x = 1, OŸƒb g Ê¤ùb„ì2, ¹

¤ùb.Ê g íì2域q, ] x = −1 D x = 1 .u

@äb. Ä¤, g ³�@äb, Ä7³�óú”M.

2. l� g′ í¯U. ø g′ .æíÝ@äb, ?u.Ê g

íì2域qí x = −1 D x = 1 J˛-Æ™ýÊõb

(,, /Ä

g′ = (−)
(+)

(+)
= (−)

0ÑŠ, àÇý, ] g Ê (−∞,−1), (−1,1) D

(1,∞) ,Ì]Á.
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