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Àj 5: ,l}Ó¡bD¾}Pb

;WúÇ	xJ£ßÞ’eíœ„íw…, ª‡úSš

l•F)í’e8J/øÔ�œ0}Óí_�“. øç

²ìkUàíœ0}Ó(, ¦�.Û,lD¤}ÓóÉ

í¡b. …ıíñ™Ñ

1. «n,l.°œ0}Óí¡bD¾}Pbíj¶J

£¥<,l¾í]˝–Èí`¨j¶.

2. =$_ ÏW,Hj¶íý¸.

ø. ,l}Ó¡bíj¶

ú_|�àk,lœ0}Ó¡bíj¶Ñ: �Ï¶,l

¾ (method of moment estimator) (MME),

|×–N,l¾ (maximum likelihood

estimator) (MLE), J£|ü‰æ.R,l¾

(minimum variance unbiased

estimator)(MVUE).
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¡V�L-�Ï,l¾ (L-moment estimator) 6\

ùª, 1�àk®dd.2.

�<v`, ¥<j¶í,l¾ít�}�I�Ïæ, O

%�…bßÞó°ít�.

…�IH MMEs, MLEs D MVUEs *(í!…–

1à-. Bk L-moment estimator í��qñ,

~¡õ=$_ í.Œzpf.

1. ,l¾6uÓœ‰b

• J X [ýøÓœ‰b, x [ý%âš…7)í¤

Óœ‰bíø_hôM.

• I x1, x2, . . . , xn [ý/øÔ�œ0}Óí n _

hôM (%â‚š7)), †F�í,l¾

(estimator) ÌuUàâš…7)íhôMú‚

ñ¡b8J,l. J,–1í$� (t�) ª“

Ñ�I θ̂ [/‚ñ¡b θ í,l¾, †

θ̂ = h(x1, x2, . . . , xn)
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¤T h() [ý/ƒb. à, ,l‚ñ�ÌMíš…

�ÌM (sample mean) í h() Ñ

h(x1, x2, . . . , xn) =
1

n

n∑
i=1

xi

• âkš…u‰�í, ,l¾ÑÓœ‰bíƒb, ]

,l¾…™6uøÓœ‰b1�wú@íœ0}Ó.

2. �Ï¶,l¾ (MME)

!…–1Ñ, J’e°)íš…�Ï (sample
moments) ,lú@íœ0}Óí�Ï.

• X í}Óí r ¼�Ï (rth moment)

µ′r
def
= E(Xr)

Å. ø¼�Ï µ′1 = E(X) = µ (�àí¯U,
A˚ X í‚�M (mean)).

• r ¼š…�Ï (rth sample moment)

µ̂′r
def
=

1

n

n∑
i=1

xr
i
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TÑ r ¼�Ï µ′r í,l¾.

Å. ‚�Mí mme (method of moments

estimator)

µ̂mme = µ̂′1 =
1

n

n∑
i=1

xi = x̄

�kA˚íš…‚�M (sample mean).

• X í r ¼2Û�Ï (rth central moment)

µr
def
= E[(X − µ)r]

Å. X íù¼í2Û�Ï

µ2 = E[(X − µ)2] = σ2 (�àí¯U, A˚ X

í‰æb (variance)).

• r ¼š…2Û�Ï (rth sample central

moment)

µ̂r
def
=

1

n

n∑
i=1

(xi − x̄)r

Ñ r ¼2Û�Ï µr í,l¾.
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Å 1. ‰æbí mme

σ̂2
mme =

1

n

n∑
i=1

(xi − x̄)2 = s2m

�kA˚í�Rš…‰æb (biased sample

variance).

Å 2. ™ÄÏ sd í mme

σ̂mme =

√√√√1

n

n∑
i=1

(xi − x̄)2 = sm

�kA˚í�Rš…™ÄÏ (biased sample

sd), ¤T�RuN‰æbí,l¾Ñ�Rí.

W 1. �G}Óí MME

�G}Óâ‚�M (µ) £‰æb (σ2) (C µ £™Ä

Ï (σ)) F…•. ¥<¡b (…•|}ÓÔ”í¾) í

MME à-:

µ̂mme = x̄, σ̂2
mme = s2m, σ̂mme = sm

W 2. úb�G}Óí MME
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�ù_j�…•|úb�G}ÓíÔ”:

1. â‚�M (θ) D™ÄÏ (η) (C‚�M (θ) D
CV (τ))

2. âúb�²(í‚�M (µ) D™ÄÏ (σ)

ú@í MME à-:

1. θ̂mme = x̄, η̂2
mme = s2m C

η̂mme = sm, τ̂mme = sm/x̄

2. µ̂mme = ȳ, σ̂2
mme = s2y,m, σ̂mme = sy,m

w2

yi = log(xi), i = 1,2, . . . , n

ȳ =
1

n

n∑
i=1

yi

s2y,m =
1

n

n∑
i=1

(yi − ȳ)2
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sy,m =

√√√√1

n

n∑
i=1

(yi − ȳ)2

W 3. ùá}Óí MME

âù¡b n [ýtðíŸbD p [ýøŸtðAŠí

œ0, u°…•|ùá}ÓíÔ”. âk n 9lqì,

cÛ,l p à-. J

X ∼ B(n, p)

†

E(X) = µ = np

]

p =
µ

n

ÄÑ X [ýÊ n Ÿtð2AŠíŸb/ø_Àøhô

MÑ x, FJ, J¤ÀøhôM7)í

µ̂mme = x

Ä¤, p í MME

p̂mme =
µ̂mme

n
=

x

n
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¹ ”AŠ” œ0í MME = (AŠíŸb)/(tðí

Ÿb).

Çéhõ:

X ∼ B(n, p) =
n∑

i=1

Xi

w2

Xi
iid∼ B(1, p)

FJ,

p̂mme =
x

n
=

1

n

n∑
i=1

xi = x̄

3. |×–N,l¾ (MLE)

!…–1Ñ¡bM@ÑU)¤Ôy!‹êÞíœ0Ñ|

×. 6ÿuz, .°í¡bMú@|¤Ôy!‹êÞí

œ0, 7ñ‡hôƒ7¤Ôy!‹, ¥<‚O¤Ôy!

‹êÞíœ0Ñ|×, ]¡bM@ÑßÞ¤Ôy!‹í

|×êÞœ0íµø_¡bM (C¤Ôy!‹í|×ê

Þœ0Fú@íµø_¡bM).
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à, Õ�$ 100 Ÿ, |Û 80 Ÿ£Þ, 20Ÿ¥Þ. ½

|Û£Þíœ0œª?Ñ 0.5 C 0.8?

J p = 0.5, †

P (¤Ôy!‹) =
(100

80

)
(0.5)80(0.5)20

≈ 0.422× 10−9

(�˛.ª?|Û)

J p = 0.8, †

P (¤Ôy!‹) =
(100

80

)
(0.8)80(0.2)20 ≈ 0.099

(¤œ0 � p = 0.5 víœ0)

7ñ‡¤Ôy!‹êÞ7, ]¡b@ÑU)êÞœ0Ñ

|×íµø_¡b. Ä¤, “¿|Û£Þíœ0Ñ 0.8

œ¯Ü. ÇÕ, 6ªú B(100,0.5) D B(100,0.8)

íœ0ò�ƒbÇ$, 1âÇ$)ø B(100,0.8) í

}Ó|ª?ßÞ ”100 ŸIÕ2}|Û 80 Ÿ£Þ”

í!‹.

• –Nƒb (The Likelihood Function) Jœ0

ò�ƒb (pdf) °œ0v, cq}Ó¡b˛ø (?
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¹, �püí}Ó), yhô!‹1°¤!‹êÞí

œ0.

Í7 MLE j¶�ßçJ,Hcq7Ñ: hô!‹

˛ø, O}Ó¡b„ø, ¤v pdf �²A

likelihood function.

à, X ∼ B(n, p) í pdf

f(x|p) =
(n
x

)
px(1− p)n−x

(èT#ì p M, X = x íœ0).

JÕ n Ÿ, |Û£Þ x Ÿ, † likelihood
function

f(p|x) =
(n
x

)
px(1− p)n−x

(èT#ì x M, ¡bÑ p v, X = x íœ0).

½. àSÊ„øí 0 ≤ p ≤ 1 í¸ˇq, °

f(p|x) í|×M?

ÄÑ x 	ì/ log ƒbÑ]Óƒb, FJ,

maximize 0≤p≤1 f(p|x)

óçk

maximize 0≤p≤1 x log p + (n− x) log(1− p)

2×bçÍ:PM
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;W�	}°”Mít�j¶, Ûj

p :
x

p
−

n− x

1− p
= 0

â¤ª)

x(1− p)− p(n− x) = 0

“�(,

x− np = 0

Ä¤,

p =
x

n

(ð„‡c?e p = x/n Ñø@äõ (critical

point)

QOÛbð„Ê p = x/n üõ�|×M:

p <
x

n
, ø¼ûƒb > 0

/

p >
x

n
, ø¼ûƒb < 0

FJ, Ê p = x/n, f(p|x) �|×M. ]

p̂mle =
x

n
= p̂mme

2×bçÍ:PM
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R�: q n _hôM

X1, X2, . . . , Xn
iid∼ pdf f()

†–Nƒb

f(θ|x1, x2, . . . , xn) =
n∏

i=1

f(θ|xi)

(ÄÑÖ4), w2 θ Ñ¤}Óí¡b²¾ (à,
‚�MD™ÄÏ).

Å. ÄÑ log ƒbÑø]Óƒb, FJ|×“

f(θ|x1, x2, . . . , xn)

óçk|×“

log[f(θ|x1, x2, . . . , xn)]

[A
= l(θ|x1, x2, . . . , xn)

= log

 n∏
i=1

f(θ|xi)


=

n∑
i=1

log[f(θ|xi)]

(˚¤Ñúb-–Nƒb, log-likelihood), 7/¦

�|×“

l(θ|x1, x2, . . . , xn)
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ªœñq (ÄÑ°¸íûƒbª°	íûƒbñ

q).

W 1. �G}Óí MLE

q

X1, X2, . . . , Xn ∼ N(µ, σ)

†

l(µ, σ|x1, x2, · · · , xn)

=
n∑

i=1

log[f(µ, σ|xi)]

=
n∑

i=1

log

{(
1

2πσ2

)1/2
e
− 1

2σ2(xi−µ)2
}

=
n∑

i=1

[
−

1

2
log(2πσ2)−

1

2σ2
(xi − µ)2

]

= −
n

2
log(2πσ2)−

1

2σ2

n∑
i=1

(xi − µ)2

QO, |×“

l(µ, σ|x1, x2, . . . , xn)
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óçkj

∂

∂σ2

−n

2
log(2πσ2)−

1

2σ2

n∑
i=1

(xi − µ)2

=0

J£

∂

∂µ

−n

2
log(2πσ2)−

1

2σ2

n∑
i=1

(xi − µ)2

=0

õÒ�}(, ?óçkj −n
2

1
σ2 + 1

2(σ2)2
∑n

i=1(xi − µ)2 = 0

0− 1
2σ22(−1)

∑n
i=1(xi − µ) = 0

“�(, óçkj

−nσ2 +
n∑

i=1

(xi − µ)2 = 0 (1) n∑
i=1

xi

− nµ = 0 (2)

ílâ (2) �, )

µ =
1

n

n∑
i=1

xi = x̄

ø x̄ Hp (1) �, )

σ2 =
1

n

n∑
i=1

(xi − x̄)2 = s2m
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yâù¼ûb�ì¶ (~AWð„), )

µ = x̄ / σ2 = s2m

v,

l(µ, σ|x1, x2, . . . , xn)

�|×M. ]

µ̂mle = x̄ / σ̂2
mle = s2m

Å 1 }Ó¡bíÀ|ƒbí MLE = }Ó¡b

í MLE Hp¤À|ƒbíM, ¹ h(θ) í MLE

�k

h(θ̂mle)

¤T, h ÑøÀ|ƒb (ÄÑÀ|ƒbu]Óí,

FJÀ|�²(í¡bDŸ¡b}Êó°íMU)

–NƒbÑ|×)

ÄÑÇjÑÀ|í, ]™ÄÏí MLE

σ̂mle =
√

σ̂2
mle =

√
s2m = sm

Å 2. �G}Óí MLEs = MMEs.
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W 2. úb�G}Óí MLE

ll�úb�²(í‚�M (µ) D‰æb (σ2)
í MLE (ÄÑwÑ N(µ, σ), FJªâW 1 )5

), yN¬DŸ��í¡b (‚�M (θ), CV (τ)
D™ÄÏ (η)) íÉ[

θ = exp

(
µ +

σ2

2

)

τ =
√

exp(σ2)− 1

η = θτ

ª) (ÄÑN¬À|ƒbí�²):

θ̂mle = exp
[
µ̂mle +

1

2
σ̂2

mle

]
= exp

[
ȳ +

1

2
s2y,m

]
w2,

yi = log(xi), i = 1,2, . . . , n

ȳ =
1

n

n∑
i=1

yi

s2y,m =
1

n

n∑
i=1

(yi − ȳ)2

2×bçÍ:PM
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J£

τ̂mle =
√

exp(σ̂2
mle)− 1 =

√
exp(s2y,m)− 1

η̂mle = θ̂mleτ̂mle

Å. úb�G}Óí‚�M (θ) D™ÄÏ (η) í

MLEs 6= MMEs (D�G}Óóæ5T).

4. |ü‰æ.R,l¾ (MVUE)

• q θ̂ Ñ‚ñ¡b θ í,l¾, † θ̂ íR×�

(bias) (C˚TÍ$ÏÏ, systematic error)

Bias(θ̂)
def
= E(θ̂ − θ)

(?¹, ,l¾í�ÌMD…Fb,lí¡b5Èí

Ï). Å. E(θ̂) = θ , †˚ θ̂ Ñ.R

(unbiased).

E(θ̂) < θ, †˚ θ̂ ÑŠRÏ (negatively

biased).

E(θ̂) > θ, †˚ θ̂ Ñ£RÏ (positively

biased).
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Ì�u£CŠíRÏ, $˚Ñ�Rí (biased).

• ‚�MD‰æbí.R,l¾

š…‚�M

x̄
def
=

1

n

n∑
i=1

xi

Ñ‚�Mí.R,l¾ (unbiased estimator)

(ÄÑ E(x̄) = E(X) = µ).

š…‰æb

s2
def
=

1

n− 1

n∑
i=1

(xi − x̄)2

Ñ‰æbí.R,l¾ (ÄÑ

E(s2) = V ar(X) = σ2) (AWð}).

Å 1. š…™ÄÏ

s
def
=

√
s2 =

√√√√ 1

n− 1

n∑
i=1

(xi − x̄)2

.u‚ñ™ÄÏ σ í.R,l¾.
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Å 2 ÄÑ

s2m
def
=

1

n

n∑
i=1

(xi − x̄)2

= (σ̂2
mme, ‰æbí�Ï¶,l¾)

=
n− 1

n

1

n− 1

n∑
i=1

(xi − x̄)2

=
n− 1

n
s2

FJ,

s2m < s2

• MVUE íì2

‚ñ¡b θ íF�.R,l¾ç2, �|ü‰æb

íµø_, ˚T θ í|ü‰æ.R,l¾

(MVUE).

øObÜ$líz2·ÌH° MVUE íxÍ (~
AW¡õ).

W 1. �G}Óí MVUE

µ̂mvue = x̄ (š…‚�M)
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σ̂2
mvue = s2 (š…‰æb)

W 2. úb�G}Óí MVUE

1941 �â Finney °)úb�G X í‚�M

(θ) D‰æb (η2) í MVUE, }Hà-:

θ̂mvue = eȳgn−1

s2y

2


η̂2
mvue =

e2ȳ

gn−1(2s2y)− gn−1

(n− 2)s2y
n− 1


¤T

ȳ =
1

n

n∑
i=1

yi (yi = log(xi), i = 1,2, . . . , n)

s2y =
1

n− 1

n∑
i=1

(yi − ȳ)2

(Å. s2y = σ̂2
mvue (úb�²(íÓœ‰b

∼ N(µ, σ) í‰æb σ2 í.R,l¾))

gm(z) =
∞∑

i=0

mi(m + 2i)

m(m + 2)(m + 2i)

(
m

m + 1

)i
(

zi

i!

)
2×bçÍ:PM
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W 3. ùá}Óí MVUE

p̂mvue =
x

n
(= p̂mme = p̂mle)

ù. Uà=1$l_ ,l}Ó¡b

�˛F�Ê�ûın�¬íœ0}Óí¡b·ª;Wš

…J=$_ ,l5. cý¸bWà-:

W 1. ,l�G}Óí¡b

’e-Z (data frame) new.epa.94b.tccb.df 2

Reference area í TcCB ’euVAkúb�G}

Ó (N¬_�“üìí!‹).

t,lúb�²(í’e (Ñø�G}Ó) í‚�MD

™ÄÏ (}�¡Nk −0.62 D 0.47 log(ppb)), 1

ú|¤’eíò�òjÇJ£Ë,�!k,lM7)í

º_�G}Ó (fitted normal distribution).

W 2. ,lúb�G}Óí¡b
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cq Reference area í TcCB ’eÑVAkúb

�G}Ó, DJ.°í,l¾°)í‚�ò (θ) D CV

(τ) í,là-[:

¡b ,l¾ M

θ MME 0.60
θ MLE 0.60
θ QMLE 0.60
θ MVUE 0.60
τ MME 0.47
τ MLE 0.49
τ QMLE 0.49
τ MVUE 0.49

Å 1. tƒì}Pv, F�‚�Mí,lM·øš;

CV í,lM, Î7 MME íJÕ, Ìøš.

Å 2. QMLE ÑÄ|×–N,l¾

(Quasi-Maximum Likelihood Estimator), D

MLE í�äøš, Î7σ2 í,l¾â

s2y,m =
1

n

n∑
i=1

(yi − ȳ)2
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²A

s2y =
1

n− 1

n∑
i=1

(yi − ȳ)2

Å 3. ‚�Mí QMLE D MLE úkt�í=1’

e}ßÞÃ½íRÏ (biased), ]�‡à MVUE.

Å 4. CV í,lM = ™ÄÏí,lM/‚�Mí,

lM.

ÇÕ�ý¤’eíò�òjÇJ£!�k MVUE ,l

Míº_úb�G}Ó.

W 3. ,lùá}Óí¡b

’e-Z epa.92c.benzene1.df 2, qÖ 6 _*�

� (background wells), ® 6 _~ (©~SÕøŸ)

íË-®š…2I (benzene) íë�, u� 36 °’

e. Ì¶�¿M (nondetect values) J ”< 2” p

“5, u�33°. tJ¤ ’e,lÊ 6 �2}hô

ƒø_Ì¶�¿Míœ0.
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N¬ùá}ÓíLø p í,l¾ª)

p̂ = 33/36 ≈ 0.92

(ÄÑ p̂mme = p̂mle = p̂mvue = x/n)

ú. .°,l¾íªœ

F�,l¾ÌÑÓœ‰bíƒb, ]w…™?ÑøÓœ

‰b, wM}Êk,lí¡bË¡��, ‰�í˙�Ó

O,l¾7æ. à:

1. N(10,2) íš…‚�M x̄ (}�¦š…×ü

n = 4 D n = 30) í}ÓÇ$à-:

Ç$éý:

n = 30 í x̄: œÕ2Ê‚�MË¡.

n = 4 í x̄: ‰�4œ×.

2. N(0,2) ís� σ2 í,l¾

σ̂2
mme = σ̂2

mle = s2m

2×bçÍ:PM



=1$l 25

D

σ̂2
mvue = s2

Ê¦š×ü n = 4 ví}ÓÇ$à-:

ö£í σ2 = 4, ] MVUE ªœ.R.

3. ¦š×ü n = 30 v, N(0,2) í σ2 í 2 �,

l¾

σ̂2
mme = σ̂2

mle = s2m

D

σ̂2
mvue = s2

í}ÓÇ$à-:

çš…×ü n ↑ v, s6Ïæ.×. (MVUE ´

uªœ.R)

àS‡i,l¾íß; (C²Ï,l¾)? �à- 2 �

j¶:

1. ÏÏ�j‚�M (Mean Squre Error, MSE)
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ø��àVªœ,l¾í‡iÄ†, ì2à-: J

θ̂ Ñ θ í,l¾, † θ̂ í MSE Ñ

MSE(θ̂)
def
= E[(θ̂ − θ)2]

= V ar(θ̂) + [Bias(θ̂)]2

(?¹, θ̂ Dk,l¡b θ 5Ïí�jí�ÌM.)

Why?

E[(θ̂ − θ)2]

= E[(θ̂ − E(θ̂) + E(θ̂)− θ)2]

= E[(θ̂ − E(θ̂))2 + 2(θ̂ − E(θ̂)) ·
(E(θ̂)− θ) + (E(θ̂)− θ)2]

= E[(θ̂ − E(θ̂))2] + 2(E(θ̂)− θ) ·
E(θ̂ − E(θ̂)) + [E(θ̂)− θ]2

= V ar(θ̂) + 2[E(θ̂)− θ][E(θ̂)− E(θ̂)] +

[Bias(θ̂)]2

= V ar(θ̂) + [Bias(θ̂)]2

Å. J θ̂ Ñ.R, † MSE (θ̂) = V ar(θ̂) (Ä

Ñ¤v Bias(θ̂) = 0).

W 1. �G}Óíš…‚�MDš…2Pbíªœ

2×bçÍ:PM
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q

X1, X2, . . . , Xn
iid∼ N(µ, σ)

(?¹, â N(µ, σ) ‚š¦)í×üÑ n íÓœ

š…). ÄÑ�G}Óí‚ñ‚�M = ‚ñ2P

b, ]ªàš…‚�M

x̄ =
1

n

n∑
i=1

xi

Cš…2Pb
x(n+1

2

), J n: Jb

x(n
2)

+x(n
2+1)

2 , J n: Xb

V,l µ. ½. S6œi?

}�5?®Aí MSE: (i) x̄: µ í.R,l¾.

FJ,

MSE(x̄) = V ar(x̄) =
σ2

n

(ii) š…2Pb: µ í.R,l¾ (‡ú�G}Ó

7k). ]

MSE(š…2Pb) = V ar(š…2Pb) ≈
π

2

σ2

n
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(¡5Nìíd.) Ä¤,

MSE(x̄)/MES(š…2Pb) ≈
2

π
= 63.7%

˚š…2Pbí^0cuš…‚�Mí 63.7%

(‡ú�G}Ó7k).

W 2. �G}Óí‰æbí,l¾íªœ

q

X1, X2, . . . , Xn
iid∼ N(µ, σ)

�s�,l σ2 í,l¾:

MVUE s2 =
1

n− 1

n∑
i=1

(xi − x̄)2

D

MME/MLE s2m =
1

n

n∑
i=1

(xi − x̄)2

½. S6œi?

ªâ®Aí MSE ªœ5:

(i) MVUE s2: σ2 í.R,l¾. FJ,

MSE(s2) = V ar(s2) = 2σ4/(n− 1)
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Why?

(n− 1)s2/σ2 =
n∑

i=1

(
xi − x̄

σ

)2
∼ χ2(n− 1)

(ç X1, X2, . . . , Xn
iid∼ N(µ, σ) v, A. ¡5

bÜ$líz) FJ,

V ar(s2) = V ar

(
σ2

n− 1
χ2(n− 1)

)

=
σ4

(n− 1)2
V ar(χ2(n− 1))

=
σ4

(n− 1)2
2(n− 1)

= 2σ4/(n− 1)

(ÄÑ V ar(χ2(r)) = 2r, E(χ2(r)) = r)

(ii) MME/MLE s2m: σ2 íRÏ,l¾. FJ,

MSE(s2m) = V ar(s2m) + [Bias(s2m)]2

QOÛb}�l�| Bias(s2m) D V ar(s2m). í
l,

E(s2m) =
n− 1

n
σ2

Why? ÄÑ

ns2m/σ2 =
n∑

i=1

(
xi − x̄

σ

)2
∼ χ2(n− 1)

2×bçÍ:PM



=1$l 30

)

E(s2m) = E

(
σ2

n
χ2(n− 1)

)

=
σ2

n
E(χ2(n− 1))

=
σ2

n
(n− 1)

FJ,

Bias(s2m) = E(s2m)− σ2

=
n− 1

n
σ2 − σ2

= −
σ2

n

¢

V ar(s2m) = V ar

(
σ2

n
χ2(n− 1)

)

=
σ4

n2
2(n− 1)

=
2(n− 1)

n2
σ4
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Ä¤,

MSE(s2m) =
2(n− 1)

n2
σ4 +

(
−

σ2

n

)2

=
2n− 2 + 1

n2
σ4

=
2n− 1

n2
σ4

MSE íªMà-:

MSE(s2)

MSE(s2m)
=

2σ4/(n− 1)

(2n− 1)σ4/n2

=
2n2

(2n− 1)(n− 1)

=
2n2

2n2 − 3n + 1

b_.°íš…×ü n Fú@íªMà-[:

Sample size MSEíªM

2 2.67
3 1.80
4 1.52
5 1.39
10 1.17
25 1.06
50 1.03
100 1.02
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!�: ªM >1, O ↓1 ç n ↑. FJâ MSE

íi�7k, s2m (�R,l¾) uª s2 (.Rí,

�àí,l¾) �<�í^0.

2. J]˝–È (Confidence Intervals) ªœ,l

¾

ÊõÒ,, ²µ6.ÀÛbø−,lM, °v6Û

bø−,lM ”Ö�” í˙�. ]˝–Èª¾“õ

,lí ”Ö�” ˙�, FJN¬â,l¾)ƒí]

˝–Èí[Û8”, Vªœ,l¾, uøK¯Üí

98. ø��¾]˝–È[ÛíªWj¶u5?]

˝–È � (width) í‚�MC2Pb.

Å. J MSE ªœ,l¾¸J]˝–Èí^?ª

œ,l¾, ù6È1..ÍæÊøúøíú@É[

(?¹, MSE éý�^0.øì\}]˝–Èí^

?ò; ¥5?Í.) ¥uÄÑâ,l¾)ƒí]˝–

È.ÀD¤,l¾Êö£¡bË¡í��8$�É,

6D¤,l¾í‰æbí,l¾[Û�É. à, W

1 25

V ar(x̄) = σ2/n
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w2 σ „ø, FJÛb,l σ2 7) V ar(x̄) í

,l¾, ¤,l¾í[Û}	à]˝–Èí �

(width).

û. Äü� (Accuracy ), RÏ� (Bias),
ÏÏ�jÌM (Mean Square Error), �
ò� (Precision), ÓœÏÏ (Random
Error), Í$ÏÏ (Systematic Error) D
‰æ� (Variability)

7j®±˚ípüì21fnÏàuóç½bí, }H

à-:

1. Bias D Systematic Error: �Ì7k, ¤4�

¾,l¾ (θ̂) Dö£í‚ñ¡b (θ) ÈÔ¡í˙

�, ?¹,

Bias(θ̂) = Systematic Error(θ̂)

= E(θ̂ − θ)

= E(θ̂)− θ
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J Bias C Systematic Error

=



(+) ˚,l¾Ñ£R

(positively biased)
0 ˚,l¾Ñ.R

(unbiased)
(−) ˚,l¾ÑŠR

(negatively biased)

,l¾�£CŠRv, $˚ÑRÏí (biased), 1

/¤,l¾Ë�Í$ÏÏ (systematic error).

2. Precision, Random Error D Variability: J

Variance �¾,l¾ (θ̂) Ê,l¾�ÌM

(E(θ̂)) Ë¡��í˙�, ?¹,

V ar(θ̂) = E[(θ̂ − E(θ̂))2]

Jø,l¾�üí‰æ� (variability), ˚wÑ�

òí (precise); �×í‰æ�, ˚wÑ.�ò

(imprecise).

3. Mean Square Error D Root Mean Square

Error: MSE �¾,l¾ (θ̂) Êk,l¡b (θ)

Ë¡��í˙�, ?¹,

MSE(θ̂) = E[(θ̂ − θ)2]
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¢

MSE(θ̂) =

θ̂ í variability (random error) +

[θ̂ í bias (systematic error)]2

ÇÕ,

RMSE(θ̂)
def
=

√
MSE(θ̂)

\�ŸÀP.

4. Accuracy: �s�¹6íì2:

(a) Accuracy = Bias (= Systematic

Error) (= E(θ̂)− θ)

Å. ˚,l¾�òÄü� (high accuracy),

JwÑ.RíCc�üíRÏ; �QÄü�

(low accuracy), Jw�×íRÏ.

(b) Accuracy = MSE (°v�¾ bias D

precision (C systematic D random

error))
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Å. ˚,l¾�òÄü�, cç� ”üíCÌ

RÏ” J£ò�ò� (high precision).

Å. âk accuracy �s�.°íì2, Uàv

q¨A¹6, ]Uà bias D precision J£óÉ

íÖ< (bias ⇔ systematic error; precision

⇔ random error (⇒variability)) œ¯í.

5. Wä (.°RÏ� (bias) D�ò� (precision)

í,l¾) ø_Òõð, â N(10,1) }Ó2Óœ

¦š| 100 _hôM1J-� 4 �,l¾,l‚

ñí‚�M µ:

µ̂1 = x̄ =
1

100

100∑
i=1

xi (unbiased)

µ̂2 =
x(1) + x(100)

2
(unbiased)

µ̂3 =
1

50

100∑
i=51

x(i) (biased)

µ̂4 =
x(51) + x(100)

2
(biased)
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ÏW_Ò 500 Ÿ(, 4 �,l¾í}Óà-Ç, }

�éý|®AíRÏ� (bias) D�ò�

(precision):

ü. ‚ñ¡bí‚b]˝–È

TX²µ6Î7båXw¡5Õ; y@zp¥<båí

R×� (bias) D�ò� (precision) (?¹, ¥<b

å ”Ö�” í˙�). w2ø_�àíj¶uTX‚ñ

¡5b (θ) í,l¾ (θ̂) 5Õ, 1Ë,¤¡bí]˝

–È, wì2à-: ì2. ‚ñ¡b θ í]˝–Èu

õb(,íø–È, âš…2í n _hôM`¨7),

U)¤–È�ãlNìí (1− α)100% íœ0¨Ö

‚ñ¡b θ, w2 α Ñ�k 0 D 1 5Èí/ª0 (¦

�ük 0.5). (1− α)100% ˚T]˝–Èí]˝[

b (confidence cofficient) C]˝®�

(confidence level).

Å 1. ]˝–Èícq‘K�

• š…u/�Óœš….
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• hôM˛¤ÈuÖí. (�øıD�ùı}«n.

¯¤cqíÕ”: vÈå�’eD˛È’e.)

C

• hôM|Ak/øÔìíœ0}Ó (à, �G, úb

�G, ùá, ³#}Ó�). (;W¤|(ø_cq

F)í]˝–È, ˚T‚b]˝–È (parametric

confidence interval); ´†, ˚TÌ‚b]˝–

È (nonparametric confidence interval).)

Å 2. ]˝–ÈuøÓœ–È (random interval),

?¹, –Èí, (C) -ä4u;Wš…$l¾

(sample statistics) F°)íÓœ‰b. Ê¦Ôìš

…5‡, ]˝–Èø¨Ö θ íœ0Ñ (1− α)100%.

øç²¦7Ôìš…/;W¤š…°|7Ôìí]˝–

È(, ¤øÔì–È}üìË¨Ö θ C.¨Ö θ. ¦�

.ø−]˝–ÈõÒ,u´¨Ö θ, ÄÑ θ u„øí,

7¥6ub °]˝–ÈíÜâ	

Å 3. J½º_Òõð N Ÿ, /©Ÿõð·¦øš…

1;W¤š…`¨ø_ (1− α)100% í]˝–È, †
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õÒ¨Ö θ í]˝–Èí_b ∼ B(N,1−α). (ÄÑ

� N _]˝–È, P (θ ∈ ]˝–È) = 1− α, /]

˝–Èuó�Öí (ÄÑ½ºõð).)

W. â N(5,1) ²¦×üÑ 10 íš…1`¨ 80%

í]˝–È. ½º 100 Ÿ,Hí_Òõð, 1p“¨

Ö θ = 5 í]˝–Èb. (à, {…FH}� 80 _˝

¬í–È¨Ö θ = 5; {…í!‹u 84 _.)

1. ]˝®�í²¦

øO7k, ]˝–Èí � (width) Dš…×ü,

w¹k‚ñí‰æ˙�J£F²¦í]˝®��É.

-�ú�j¶ªTò]˝–Èí^? (?¹, U]

˝–È‰ü):

(a) Ó‹š…×ü.

(b) ±Q]˝®�.

(c) ZG¦šql£TÜ›ìJ±Q’eí‰æ�.

Ì²¦]˝®�í	ì¶†, ¥uø_3hí²µ,

O¦�²à 90% C 95%.
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2. �G}Óí‚�Mí]˝–È

q

X1, X2, . . . , Xn
iid∼ N(µ, σ)

†š…‚�M (sample mean)

x̄ =
1

n

n∑
i=1

xi ∼ N(µ, σ/
√

n)

â z-�²,

z =
x̄− µx̄

σx̄
=

x̄− µ

σ/
√

n
∼ N(0,1)

q zp Ñ N(0,1) í� p _¾}Pb (pth

quartile ) (p < 0.5), †

P

[
zp ≤

x̄− µ

σ/
√

n
≤ z1−p

]
= P

[
zp ≤ N(0,1) ≤ z1−p

]
= P

[
N(0,1) ≤ z1−p]− P [N(0,1) ≤ zp

]
= (1− p)− p = 1− 2p (3)

¦ p = α/2 J£ÄÑ�G}Óú˚k‚�M µ

(⇒ zp = −z1−p), � (3) óçk

P

[
−z1−α

2
≤

x̄− µ

σ/
√

n
≤ z1−α

2

]
= 1− α
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%¬cÜ(, ?óçk

P

[
x̄− z1−α/2

σ
√

n
≤ µ ≤ x̄ + z1−α/2

σ
√

n

]
= 1− α (4)

FJ, ç™ÄÏ σ ˛øv, µ í (1− α)100%

]˝–È:[
x̄− z1−α/2

σ
√

n
, x̄ + z1−α/2

σ
√

n

]

Å 1. ¦� σ „ø, FJ[
x̄− z1−α/2

σ
√

n
, x̄ + z1−α/2

σ
√

n

]
1.õà, ªWíj¶ÑJš…™ÄÏ (sample

sd) s (ªâ’e°)5¾) ,l σ 1ø z-$l¾

^ZA t-$l¾

t =
x̄− µx̄

σ̂x̄
=

x̄− µ

s/
√

n
∼ t(n− 1)

(Aâ�Ñ (n− 1) íçÞ (student’s) }Ó)

(Å: t-}Óú˚k 0 /Aâ� ↑ ⇒ t-}Ó

→ N(0,1). FJ, š…×üD×v, t-$l¾

≈ N(0,1).)
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I tν,p ÑAâ�Ñ ν 5 t-}Óí� p _¾}P

b, †éNk (4) �íRû�(?¹, ø σ D z

�²A s D t), ª)

P

[
x̄− tn−1,1−α/2

s
√

n
≤ µ ≤ x̄ +

tn−1,1−α/2
s
√

n

]
= 1− α

Ä¤, µ í (1− α)100% ]˝–È:[
x̄− tn−1,1−α/2

s
√

n
, x̄ + tn−1,1−α/2

s
√

n

]
(˚TÂi]˝–È (two-sided confidence

interval))

Å 2. °Ü, ª) µ í (1− α)100% Ài,]

˝–È (one-sided upper confedence

interval): [
−∞, x̄ + tn−1,1−α

s
√

n

]
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¤4ÄÑ���

1− α = P

[
tn−1,α ≤

x̄− µ

s/
√

n

]

= P

[
µ− x̄

s/
√

n
≤ −tn−1,α

]

= P

[
µ− x̄

s/
√

n
≤ tn−1,1−α

]
(|(í��AuÄÑ t }Óú˚k�0)

J£�µ�í�(1− α)100%�Ài-]˝–È

(one-sided lower confidence interval):[
x̄− tn−1,1−α

s
√

n
,∞

]
Üâà-:

1− α = P

[
x̄− µ

s/
√

n
≤ tn−1,1−α

]

= P

[
−tn−1,1−α ≤

µ− x̄

s/
√

n

]

W. úb�²( TcCB ë�í‚�Mí]˝–È

: ‡ú’e-Z new.epa.94b.tccb.df í’eJ

MVUE ,l¾°‚�MD™ÄÏíõ,l, )
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-0.62 D 0.47 log(ppb). ÇÕ, ª°)‚�M

í 95% Âi CI: [-0.76, -0.48].

3. �G}Óí‰æbí]˝–È

‰æbí,lª®ƒ-�ñí, ]�w.b4:

• ¾“‚ñ‚�Míõ,lí.üì˙� (?¹,

V ar(x̄) = σ2/n, w2 σ2: „ø, Ûb,l).

• l�®�–È (à, ã¿ (prediction), ñ�

(tolerence) –È) £cq�ìFÛíš…×

üv, Ûbàƒ‚ñí‰æb. O¤‰æbu„

øí, ø_ßíZ;uSà¤‰æbí/�,ä

, 7w2íø�ª?,äÿu‰æbí,]˝”

Ì (upper confidence limit).

q

X1, X2, . . . , Xn
iid∼ N(µ, σ)

/

s2 =
1

n− 1

n∑
i=1

(xi − x̄)2, x̄ =
1

n

n∑
i=1

xi
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†

χ2 def
=

(n− 1)

σ2
s2

=
n∑

i=1

(
xi − x̄

σ2

)2
∼ χ2(n− 1)

(Aâ�Ñ (n− 1) íµj}Ó)

I χ2
ν,p ÑAâ�Ñ ν íµj}Óí� p _¾}

Pb, †

1− α

= P

[
χ2

n−1,α/2 ≤
(n− 1)s2

σ2
≤ χ2

n−1,1−α/2

]

= P

 (n− 1)s2

χ2
n−1,1−α/2

≤ σ2 ≤
(n− 1)s2

χ2
n−1,α/2


FJ, σ2 íÂi (1− α)100% ]˝–È: (n− 1)s2

χ2
n−1,1−α/2

,
(n− 1)s2

χ2
n−1,α/2


°Ü, ) σ2 íÀi, (1− α)100% ]˝–È:0,

(n− 1)s2

χ2
n−1,α
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¤4ÄÑ

1− α = P

[
χ2

n−1,α ≤
(n− 1)s2

σ2

]

= P

σ2 ≤
(n− 1)s2

χ2
n−1,α


J£ σ2 íÀi- (1− α)100% ]˝–È:(n− 1)s2

χ2
n−1,1−α

, ∞


Üâà-:

1− α = P

[
(n− 1)s2

σ2
≤ χ2

n−1,1−α

]

= P

(n− 1)s2

χ2
n−1,1−α

≤ σ2


Å. âk2Û”ÌìÜ, ¹U;… (!) œ0}Ó

(underlying probability distribution) .u�

G}Ó, ‚�M µ í]˝–Èít�:[
x̄− tn−1,1−α/2

s
√

n
, x̄ + tn−1,1−α/2

s
√

n

]
[
−∞, x̄ + tn−1,1−α

s
√

n

]
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J£ [
x̄− tn−1,1−α

s
√

n
, ∞

]

YÍ_à, Ébš…×ü ”D×”. O,Hí σ2

í]˝–Èúk ”;…œ0}ÓR×�G4” uÝ

�ËÜ>. ]._àkw…}Óí;…‚ñ, à;

…‚ñuRé (skewed) v, ]˝–Èø}Ø 

(³�õÒíà¤).

W. úb�²( TcCB ë�í‰æbí]˝–È

: σ2 íõ,lÑ 0.22 J£ 95% í, CI:

[0, 0.32].

4. ‚b]˝–ÈíøOt�

• �G}Óí‚�Mí]˝–Èt�·u�ü, Ì

ÏÏ (exact) í, ÄÑ�G}Óíš…‚�M

YÍu�G}ÓJ£�G}Ó¸ student’s

t-}Ó5ÈíÉ[. wF6��ü]˝–Èt�

í}Ó, à, ùá, Nb¸³#}Ó.

• ¦�ø¡bí]˝–È4u!k ”�G¡N”

7°)í, 6¹, cq,l¾í}Ó¡Nk�G
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}Ó, ¹U,l¾u¦AkÝ�G}ÓíhôM

íƒb . (ÑSªd¤cq? 9õ,, Êõ�8

”2ÌAí/<‘K-, Lø MLE íí}

ÓÌuÚ¡�G (asymptatically normal)

}Ó.) Ä¤, θ í¡N (1− α)100% ]˝–

È: [
θ̂ − z1−α/2σ̂θ̂, θ̂ + z1−α/2σ̂θ̂

]
(5)

w2 θ̂ Ñ θ í,l¾, σ̂θ̂ Ñ θ̂ í™ÄÏ

(σθ̂) í,l¾, ¦�˚T,l¾ θ̂ í™ÄÏÏ

(standard error).

(5) �A, 4uÄÑç n D×v,

θ̂ − θ

σ̂θ̂

≈ N(0,1)

J£

P

[
−z1−α/2 ≤

θ̂ − θ

σ̂θ̂

≤ z1−α/2

]
≈ 1− α

Å. ø_œ\èí]˝–Èt�ÑJ

student’s t-}Óí¾}Pb (tν,p) ¦H�G

}Óí¾}Pb (zp):[
θ̂ − tν,1−α/2σ̂θ̂, θ̂ + tν,1−α/2σ̂θ̂

]
(6)
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w2 ν ÑD θ í,lóÉ©íAâ�.

%� (6) �í]˝–Èª (5) �í]˝–È

 ; O �íÏæ}ÓOš…×üíÓ×7MÚ

¾Ü.

5. úb�G}Óí‚�Mí]˝–È

�s�j¶ª…•|úb�G}ÓíÔ”, }�à

-:

(a) Júb�²(íÓœ‰b (∼ N(µ, σ)) í‚

�M µ D™ÄÏ σ. (¤v, ÉÛø’e¦úb

(, JTÜ�G}Óíj�àš…‚�M,l µ

J£óÉít�7°) µ í]˝–È.)

(b) JŸÓœ‰bí‚�M θ D CV τ . (ø_ò

hí;¶ (6uø<z,í�‡): l�úb�

²(’eí‚�Mí]˝–È, yø]˝”Ì

(confidence limits) (?¹,]˝–Èí«õ)

Nb“; 9õ,, ¤j¶)ƒí@u2Pb7.

u‚�Mí]˝–È.) �Él�úb�G}Ó

í‚�M θ í,lMJ£]˝–Èíø<j¶

¸n�…b‚÷íWä, }�zpà(.

• �,«�ü¶ (Land’s Exact Method)
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Land (1971, 1975) °)l� θ íÀi

(,C-) ø_|�ü.R]˝–È

(uniformly most accurate unbiased
confidence interval). Âií]˝–Èª!

¯|7-]˝”ÌD|7,]˝”Ì7)5, ¤

�°)í¬˙cuÚ¡|7í

(asymptotically optimal), Oú×Öbí

ñ™7k@uªQ§í. t�à-:

θ íÀi, (1− α)100% ]˝–È:0, exp

ȳ +
s2y

2

+ sy
H1−α√
n− 1


θ íÀi- (1− α)100% ]˝–È:exp

ȳ +
s2y

2

+ sy
Hα√
n− 1

 , ∞


θ íÂi (1− α)100% ]˝–È:exp

ȳ +
s2y

2

+ sy
Hα/2√
n− 1

 ,

exp

ȳ +
s2y

2

+ sy
H1−α/2√

n− 1


w2

ȳ =
1

n

n∑
i=1

yi
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yi = log(xi), i = 1,2, . . . , n

s2y =
1

n− 1

n∑
i=1

(yi − ȳ)2

Hp qÖµÆíbç, ªâ H-$l¾í[�Œ

)ú@í¡NM.

• w…j¶

â Parkin et al., Cox, El-Shaarawv J£

Gilbert F�‡íj¶ÌÌHk=$_ í.

Œ’eH elnorm.alt q.

Parkin et al. N¬PËµ˚_Ò¶«n®�

`¨úb�Gí‚�Mí]˝–Èj¶í^?

D Land’s Exact Optimal j¶ªœ(í!

�à-:

(a) üš… (n ≤ 20) v, Ìø¡Nj¶ (ú

k Land’s j¶íwFj¶) uÝ�íß.

(b) n > 20 v, Parkin et al. F�‡íj¶T

Xí°QÞ (coverage) Dcq°QÞ

(assumed coverage) óç¯ÜËQ¡.

(c) n > 60 v, Cox íj¶óçíß, 1/‡

úòRé‚ñv, Iik Parkin et al. í

j¶.
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W 1. Reference Area TcCB ë�í‚�

Mí]˝–È

%â=$_ íl�, ‚�Míõ,lÑ 0.66
ppb, ®�j¶í 95% Âi]˝–Èà-[:

]˝–È j¶

[0.52, 0.70] Land
[0.50, 0.74] Parkin et al.
[0.52, 0.68] Cox
[0.51, 0.68] �G¡N

š…×ü n = 47, ®�j¶Ï.Ö·ó°.

W 2. L (chromium) ë�í‚�Mí,]

˝”Ì

²¾ epa.92d.chromium.vec qÖ 15 _L

ë� (mg/kg) íhôM, cqÌ¦Akúb

�G}Ó. ®�j¶í 95% ,]˝–Èà-

[:

]˝–È j¶

[0, 497] Land
[0, 230] Parkin et al.
[0, 366] Cox
[0, 261] �G¡N

óç×íÏæ: Land íj¶°)í,]˝”

ÌÏ.Öu Parkin et al. D�G¡Nj¶í

sI.
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(·<: ’e2�ø_hôMÑ 1300 � w…

íhôM.)

W 3. üš…v, ‚�Mí,]˝”Ì

â‚�M θ = 10, CV τ = 2 íúb�G}

ÓÞA 10 _hôM1ªœ®�j¶F°)í

95% í‚�Mí,]˝–È. !‹à- (¦�

ä seed =23):

]˝–È j¶

[0, 182] Land
[0, 96] Parkin et al.
[0, 68] Cox
[0, 28] �G¡N

n�:

– ’e2|×íhôMÑ95.8133610.

– Land íj¶2|IA.éíÔ4: ,]˝

”ÌÏ.Öu|×hôMí 2 I; 9õ,,
Êüš…v, â Land íj¶F°)í,]

˝”Ì}ª|×hôMÖø_CJ,_Ib.

– ÖÍ Land íj¶u�üí, 1�|7í4

”, ºú ”’e¦Akúb�G}Ó” íc
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qÝ�ËÜ>, Dúb�G}ÓíRÏ (à,

ÕhéNkúb�G}Óí¹¯}Ó) }û

_óç×í,]˝”Ì.

– _Òû˝éýí!‹: çš…×ü ≤ 30 v,

Land íj¶}`¨| ”Ì¶Q§íò”

(unacceptably high) í,]˝”Ì, Ô

�uç CV > 1 vyÑpé, �‡SàÌ‚

bj¶, à=Ö¶ (bootstrap, y¦š¶).

6. Ré}Óí‚�MíÀi]˝–È

Chen (1995) ê�|ø�^£í t-$l¾VÏ

WRé}Óí‚�MíÀicq�ì. !kcq�

ìD]˝–ÈíÉ[ (k�þı>&), ªSà

Chen íj¶`¨Ré}Óí‚�MíÀi]˝–

Èà-:

(a) £Ré}Óí‚�MíÀi-]˝–È, àÇ:

(b) ŠRé}Óí‚�MíÀi,]˝–È, àÇ:

Å. âk=1’e¦�Ñ£Ré/%�ÛbÂií

]˝”ÌCÀií,]˝”Ì, Êõ�, Chen í
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`¨]˝–Èíj¶.Ø\Sà. Í7 Chen í

cq�ìª\ê�Aj²/øÔì=$½æíj¶

(Ìc�þı). W. Lë�í‚�Mí-]˝”Ì

J²¾ epa.92d.chromium.vec, ;W®�j¶`

¨í‚�Mí 95% -]˝–Èà-[:

]˝–È j¶

[95,∞] Land
[110,∞] Parkin et al.
[82,∞] Cox
[58,∞] �G¡N

[97,∞] Chen

Chen íj¶`¨|í-]˝”ÌD Land íó

çQ¡ (ø_).

7. ùá}ÓAŠ0í]˝–È

q X ∼ B(n, p). AŠœ0 p í,l¾

p̂ = x/n (?¹, AŠíŸb/tðí,b).

s�`¨AŠœ0í]˝–Èíj¶: �ü

(exact) j¶D�G¡N¶, }Hà-:

• �ü]˝–È
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p í�ü (1− α)100% ]˝–È:

[LCLα/2, UCLα/2]

w2s_]˝”Ì LCLα/2, UCLα/2Å—:

P (X ≥ x|p = LCLα/2) = α/2

?¹, LCLα/2 u|üí p U)

P (X ≥ õÒhôM x) ≥ α/2

(9õ,, �k α/2), ÄÑ p B×, ,Hœ0

B×k α/2.

7/

P (X ≤ x|p = UCLα/2) = α/2

?¹, UCLα/2 u|×í p U)

P (X ≤ õÒhôM x) ≤ α/2

(9õ,, �k α/2), ÄÑ p Bü, ,Hœ0

Bük α/2.

ÇÕ, ª}p (õ¡5d.):

LCLα/2

=
x

x + (n− x + 1)Fν1,ν2,1−α/2
(7)
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UCLα/2

=
(x + 1)Fν2+2,ν1−2,1−α/2

n− x + (x + 1)Fν2+2,ν1−2,1−α/2
(8)

w2

ν1 = 2(n− x + 1), ν2 = 2x

/

Fν1,ν2,r

ÑAâ�Ñ ν1 D ν2 í F }Óí� r _¾

}Pb.

Å 1. p íÀi (1− α)100% -]˝–È:

[LCLα, 1]

w2

LCLα =
x

x + (n− x + 1)Fν1,ν2,1−α

/ ν1 = 2(n− x + 1), ν2 = 2x.

ÇÕ, p íÀi (1− α)100% ,]˝–È:

[0, UCLα]
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w2

UCLα =
(x + 1)Fν2+2,ν1−2,1−α

n− x + (x + 1)Fν2+2,ν1−2,1−α

/ ν1 = 2(n− x + 1), ν2 = 2x.

Å 2. ç x = 0 (?¹, F�íhôMÌÑÜ

Ý), p í, (1− α)100% ]˝”Ì

UCLα = 1− α1/n

Why? ÄÑ¤vø_Aâ�}Ñ 0, ]Ì¶à

(7) �D (8) �, OªòQ°5: v|×í p

U)

P (X ≤ 0) ≤ α

¤4óçk

P (X = 0) = α ⇔ (1− p)n = α

],

1− p = α1/n

Ä¤,

UCLα = 1− α1/n
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°Ü, ç x = n (?¹, F�íhôMÌAŠ),

p í- (1− α)100% ]˝”Ì

LCLα = α1/n

Why? v|üí p U)

P (X ≥ n) ≥ α

?óçk

P (X = n) = α ⇔ pn = α

â¤)

p = α1/n

Ä¤,

LCLα = α1/n

• �G¡Ní]˝–È

;W p̂ í�G¡N, p í¡N (1− α)100%

]˝–È:[
p̂− z1−α/2σ̂p̂, p̂ + z1−α/2σ̂p̂

]
w2

σ̂p̂ =
√

p̂(1− p̂)/n
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¤4ÄÑ

p̂ =
x

n
, σp̂ =

√
np(1− p)

n2
=

√
p(1− p)

n

Å 1. N¬©/4í^£ (continuity

correction) ªU)ùá}Óí�(yQ¡�

G}Óí�(, ú@í (1− α)100% ¡N]

˝–È:[
p̂− z1−α/2σ̂p̂ −

1

2n
, p̂ + z1−α/2σ̂p̂ +

1

2n

]

Å 2. üš…v, �G¡N.Ü;, Ô�ç np

C n(1− p) < 5 vCç p Øü (p < 0.2)

C p Ø× (p > 0.8) v, yÑpé. mÍ��

üíj¶ªà, õÊ³.bUà�G¡N.

W. Ì¶W¿M (nondetect) íœ0í]˝

–È

Ê’e-Z epa.92c.benezenel.df 2, Ì¶

W¿íhôMp“A ”< 2”, Êr¶ 36 _h

ôM2u� 33 _, �Ñ 92%. J�üj¶D

�G¡N¶°)íhôƒÌ¶WVMíœ0í

95% ]˝–Èà-[:
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]˝–È j¶

[0.78, 0.98] �ü¶

[0.83, 1] �G¡N(Ì©/4^£)
[0.81, 1] �G¡N(©/4^£)

s_�G¡Níj¶·ßÞ.ª?í,ä 1
(ÄÑJ p = 1, †.ª?hôƒLSW¿M).

8. ³#}Óí‚�Mí]˝–È

³#}Óªàk_�“ ”#ìv¨2°¥‹2™Ä

íŸb” J£_�“ ”ÖbhôMÑ.ªW¿, c

ýbÑªW¿í“çÓë�í}Ó”. q

X1, X2, . . . , Xn
iid∼ Poisson(λ)

† λ í,l¾

λ̂(mme/mle/mvue) = x̄ =
1

n

n∑
i=1

xi

u� 3 �° λ í]˝–Èíj¶, }Hà-:

• �üí]˝–È

I Y =
∑n

i=1 Xi, †

Y ∼ Poisson(nλ)

(ÄÑÖ³#Óœ‰bí¸YÍÑ³#}Ó/

¡bÑú@¡bí¸). ÄÑ Y u9KêÞí
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,b, N¬ Y í}ÓJ£éNkùá}ÓAŠ

œ0í�ü]˝–Èí°¶, λ í�ü

(1− α)100% ]˝–È:[
LCLα/2, UCLα/2

]
w2s_]˝”Ì LCLα/2 D UCLα/2 Å—

P
(
Y ≥ y|λ = LCLα/2

)
= α/2

(?¹, LCLα/2 u|üí λ U)

P (Y ≥ õÒhôM y) ≥ α/2

(9õ,�k α/2), ÄÑ λ B×, Y B×, )

,Hœ0}×k α/2), /

P
(
Y ≤ y|λ = UCLα/2

)
= α/2

(?¹, UCLα/2 u|×í λ U)

P (Y ≤ õÒhôM y) ≤ α/2

(9õ,�k α/2), ÄÑ λ Bü, Y Bü, )

,Hœ0}ük α/2).

Å 1. λ íÀi- (1− α)100% ]˝–È:

[LCLα, ∞]
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w2 LCLα Å—

P (Y ≥ y|λ = LCLα) = α

ÇÕ, λ íÀi, (1− α)100% ]˝–È:

[0, UCLα]

w2 UCLα Å—

P (Y ≤ y|λ = UCLα) = α

Å 2. ç y = 0 (6ÿuz, ³�hôƒLS

9K) v,

UCLα = −
logα

n

Why? v|×í λ U)

P (Y ≤ 0) = α ⇔ P (Y = 0) = α

â¤û|

e−λn = α

(ÄÑ, Y ∼ Poisson(λn).) Ä¤,

λ = −
logα

n
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],

UCLα = −
logα

n

• Pearson-Hartley ¡Ní]˝–È

λ í Pearson-Hartley ¡NíÂi

(1− α)100% ]˝–È:χ2
2y,α/2

2n
,

χ2
2y+2,1−α/2

2n


w2 χν,p ÑAâ�Ñ ν íµj}Óí� p _

¾}Pb.

λ í Pearson-Hartley ¡N-Ài

(1− α)100% ]˝–È:χ2
2y,α

2n
, ∞


λ í Pearson-Hartley ¡N,Ài

(1− α)100% ]˝–È:0,
χ2
2y+2,1−α

2n


• �G¡Ní]˝–È
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;W λ̂ í�G¡N, λ í¡N (1− α)100%

]˝–È:[
λ̂− z1−α/2σ̂λ̂, λ̂ + z1−α/2σ̂λ̂

]
w2

σ̂λ̂ =

√
λ̂

n

ÄÑ λ̂ =
1

n

n∑
i=1

xi, σλ̂ =

√
V ar(xi)

n =
√

λ
n.

Å. �G¡N.à Pearson-Hartley ¡N. m

Í��üj¶, ]ÌõÒíÛb Uàs�¡N¶.

W. I�Ìë�í]˝–È

ÄÑ’e2, �×ÖbíÌ¶W¿M (36 _2�

32 _), USEPA cq¤ ’eªJà³#¬˙_

�“. û_W¿M}�H[Êóç×¾í®}ä2,

Ií}äb¾. 32 _Ì¶W¿M6ª[ýAIí

}äb, }�Ñ 0 C 1 (ÄÑ…b\p“A

”< 2” ppb). USEPA �‡qìF�íÌ¶W¿

MÌÑ 1 _I}ä. ;W¤qì(í’e, λ íõ

,lÑ 1.94 ppb, â�ü¶D¡N¶°)íIí

�Ìë�í,Ài 95% ]˝–Èà-[:
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]˝–È j¶

[0, 2.37] �ü¶

[0, 2.37] Pearson-Hartley ¡N¶

[0, 2.33] �G¡N¶

Å 1. øÌ¶W¿MqìA 0 C 2, ªTÑÜ>

4}&: Ñ 0 v, �üí,]˝”ÌÑ 1.35

ppb; Ñ 2 v, �üí,]˝”ÌÑ 3.37 ppb.

Å 2. J³#}Ó_�“¤ ’eí¯í41.é

Í, 6.�\Q§. TÜÌ¶W¿Míj¶uóç

3hí. Ì¶W¿MqìA 1 í’eí³# Q-Q

Ç¥@|³#_�1._ç. yF½–c, ;W=

$²À Q-Q plot Gestalt FßÞíÖ_t�³

# Q-Q Ç, 6óçpéËN|³#_�1._í.

ý. !k=Ö¶ (Bootstrapping) íÌ‚

b]˝–È

`¨‚b]˝–ÈÛb-�ú�cq:

1. š…u/�Óœš….
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2. hôMÈu˛¤�óÖí.

3. hôMVAk/øÔìíœ0}Ó (à, �G, ú

b�G, ùá, ³#�).

–1:

cq/øÔìí‚ñ}Ó

⇓

¡b (θ) í,l¾ (θ̂) í}Ó

⇓

θ í]˝–È

à, N(µ, σ) ⇒ µ̂ = x̄ ∼ N(µ, σ/
√

n) ⇒ µ í]˝

–È.

J¤R�|`¨Ì‚b]˝–Èí–1:

J%ðÚ	}Óƒb (empirical cdf) ,l‚ñ cdf

⇓

J empirical cdf ,l θ̂ í}Ó:

%â* empirical cdf Óœ¦šb�,
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J£©�·!kF¦íÓœš…°|õ,l7)

(?¹, âÖ_õ,lû| θ̂ í,l}Ó)

⇓

θ í]˝–È

Efron ˚¤–1Ñ ”bootstrap” (=Ö¶) (A‰a

È¶), ¦Akø x ”pulling yoursslf up by your

own bootstraps” (ÔAÐ‰¾7AŠ) íÖ<.

=Ö¶í!…¥	à-:

1. ;W’e,l¡b.

2. J[�¦šíj�â’e2¦š B �, y;W©

�¦|íš… (˚T=Ö¶š…, bootstrap

sample) ,l¡b.

3. à¥	 1 )ƒí¡b,lMJ£¥	 2 )ƒí,

l¾í=Ö¶}ÓV`¨¡bí]˝–È.

Å 1. J, 3 ¥	êr³�O˝Ôì¡b}Óícq.
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Å 2. k¥	 2 Uà%ðœ0,l¾ (empirical

probability estimator)

p̂i =
#
[
xj ≤ x(i)

]
n

(?¹, empirical cdf í·õP0 (plotting

position))

1. `¨=Ö¶]˝–Èíj¶

n� 4 �`¨=Ö¶]˝–Èíj¶:

(a) ™Ä�G¶ (Standard Normal Method)

(b) %ðì}Pb¶ (Empirical Percentile

Method)

(c) RÏ^£ì}Pb¶ (Bias-Corrected

Percentile Method)

(d) RÏ^£�|�ì}Pb¶ (Bias-Corrected

and Adjusted Percentile Method)

w2 S+ u;W� 2 D� 4 �j¶l�]˝–

È.
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¯Uì2:

θ = k,lí¡b

θ̂ = !k|�š…7)í θ í,l

θ̂b = ;W� b _=Ö¶š…7)í θ í,l

θ̂∗ = øÓœ‰b, w}ÓÑ;W#ìš…

(original sample) 7)í θ̂ í=Ö¶}Ó

• ™Ä�G¶ (Standard Normal Method)

q θ̂ ¡Nk�ÌMÑ θ í�G}Ó, †;W�

G¡N, θ íÂi (1− α)100% ]˝–È�[
θ̂ − z1−α/2σ̂θ̂, θ̂ + z1−α/2σ̂θ̂

]
QOÛbl� θ̂ í™ÄÏí,lM σ̂θ̂, °¶à

-:

(a) ÞA B _=Ö¶š….

(b) ;W (a) 2í©_=Ö¶š…, l� θ í,

lM θ̂b, u) B _ θ í,lM

θ̂b, b = 1, . . . B.

(c) ;W (b) 2í B _ θ í,lM θb, l� θ̂

íš…™ÄÏ, J¤TÑ σ̂θ̂.
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Ä¤, θ̂ í™ÄÏí,lM

σ̂θ̂ =

√√√√√∑B
b=1

(
θ̂b − ¯̂θ

)2
B − 1

w2

¯̂θ =
1

B

B∑
b=1

θ̂b

Å. ¦�.�¬ B = 200 _=Ö¶ÿª)ƒ

θ̂ íßí™ÄÏí,lM σ̂θ̂.

• %ðì}Pb¶ (Empirical Percentile

Method)

cq θ̂ í/øÀ|�² (monotonic

transformation), à f(θ̂) í}Óu¡Nk

‚�MÑ f(θ), ™ÄÏÑ 1 í�G}Ó (¹,

f(θ̂) ≈ N(f(θ),1)). (Å. θ̂ í}Ó..b

¡Nk‚�MÑ θ í�G}Ó.)

† f(θ) íÂi (1− α)100% ]˝–È:[
f(θ̂)− z1−α/2, f(θ̂) + z1−α/2

]
�&j�ís_½æ:

(1) θ í]˝–ÈÑS?

2×bçÍ:PM



=1$l 72

(2) f í��ÑS?

TÜ¬˙à-:

f(θ̂) ≈ N(f(θ),1) (cq‘K)

⇓
f(θ̂) í=Ö¶}Ó ≈ N(f(θ̂),1)

(cq f í��˛ø, N¬ θ̂ í=Ö¶

}Ó, %â f �²ª))

⇓
f(θ̂) + z1−α/2 ≈ f(θ̂) í=Ö¶}Óí

(1− α/2) ¾}Pb. (ÄÑJ

X ∼ N(µ, σ), † xp = µ + σzp

(ÄÑ P (X ≤ xp) = P
(

X−µ
σ ≤ xp−µ

σ

)
= P (N(0,1) ≤ zp) = p),

J£ f(θ̂) í=Ö¶}Ó ≈ N(f(θ̂),1))

ÇÕ, 6ªû|

f(θ̂)− z1−α/2 = f(θ̂) + zα/2 (ÄÑ

−z1−α/2 = zα/2) ≈
f(θ̂) í=Ö¶}Óí α/2 ¾jPb.

¢ f uÀ|/ì}PbÊÀ|�²-u.‰í

(invariant), FJ f(θ) rÊ–È
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[f(θ̂) í=Ö¶}Óí α/2 ¾}Pb,

f(θ̂) í=Ö¶}Óí 1− α/2 ¾}Pb]

q6ÿóçk θ rÊ–È

[θ̂ í=Ö¶}Óí α/2 ¾}Pb,

θ̂ í=Ö¶}Óí 1− α/2 ¾}Pb]

q. ] θ í¡NÂi (1− α)100% ]˝–

ÈÑ

[θ̂∗α/2, θ̂∗1−α/2]

w2 θ̂∗p Ñ θ̂ í=Ö¶}Óí� p _¾}Pb

. (?¹, ÉÛ θ̂ í=Ö¶}ÓJ£ú@í¾}

Pb (C˚%ðì}Pb, empirical

percentiles) ¹ª, êr.Ûbø− f í�

�.) à, θ íÂi 95% ]˝–È:

[θ̂ í=Ö¶}Óí� 2.5 _ì}PbhôM,

θ̂ í=Ö¶}Óí� 97.5 _¾}PbhôM]

Å. `¨ 90% ]˝–Èv, BýÛà

B = 1000 _=Ö¶ (y¦š, resamples);

95% ]˝–Èv, BýÛ B = 2000 _=Ö
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¶. ¥<b°?_àk-Þn�íÇù�j¶:

”RÏ^£ì}Pb¶ (bias-corrected

percentile method)” D ”RÏ^£�|�

ì}Pb¶ (bias-corrected and adjusted

percentile method)”.

• RÏ^£ì}Pb¶ (Bias-Corrected

Percentile Method)

J f(θ̂) u f(θ) íRÏ,l¾v, %ðì}

Pb¶ (empirical percentile method) í

^‹.ß, ¤v θ̂ í=Ö¶}Óí2Pb.D

Ô¡ θ̂. Ûbø%ðì}Pb¶^£ARÏ^

£ì}Pb¶Js�˚Ø, d¶à-:

yøOícq: f(θ̂) í}Óu¡Nk‚�MÑ

f(θ)− z0, ™ÄÏÑ 1 í�G}Ó (?¹,

f(θ̂) ≈ N(f(θ),1), w2RÏ z0 Ñø�b).

†;W�G¡N, f(θ) í (1− α)100% ]

˝–Èà-:

[f(θ̂)+ z0− z1−α/2, f(θ̂)+ z0 + z1−α/2]

¤4ÄÑ

P (zα/2 ≤ f(θ̂)− f(θ) + z0 ≤ z1−α/2)

≈ 1− α
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?óçk

P (−z1−α/2 ≤ f(θ)− f(θ̂)− z0 ≤ z1−α/2)

≈ 1− α

6ÿuz

P (f(θ̂) + z0 − z1−α/2 ≤ f(θ) ≤
f(θ̂) + z0 + z1−α/2)

≈ 1− α

OBbíñ™u° θ í]˝–È1/Çø_&

j²í½æu f í��DRÏ z0 íMÑS?
TÜ¬˙à-:

f(θ̂) ≈ N(f(θ)− z0,1) (cq‘K)

⇓
f(θ̂) í=Ö¶}Ó ≈ N(f(θ̂)− z0,1)

(cq f í��˛ø, N¬ θ̂ í=Ö¶}Ó%

â f �²ª))

⇓

f(θ̂) + z0 + z1−α/2

= (f(θ̂)− z0) + 1 · (2z0 + z1−α/2)

= (f(θ̂)− z0) + 1 · zpU

≈ f(θ̂) í=Ö¶}Óí� pU _¾}Pb
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w2 pU
def
= Φ(2z0 + z1−α/2),

J£

f(θ̂) + z0 − z1−α/2

= (f(θ̂)− z0) + 1(2z0 − z1−α/2)

= (f(θ̂)− z0) + 1(2z0 + zα/2)

= (f(θ̂)− z0) + 1zpL

≈ f(θ̂) í=Ö¶}Óí� pL _¾}Pb

w2 pL
def
= Φ(2z0 + zα/2).

¢ f uÀ|/ì}PbÊÀ|�²-u.‰í

(invariant), FJ, f(θ) rÊ–È

[f(θ̂) í=Ö¶í� pL_¾}Pb,

f(θ̂) í=Ö¶í� pU _¾}Pb]

q, ÿóçk θ rÊà-í–Èq:

[θ̂ í=Ö¶}Óí� pL _¾}Pb,

θ̂ í=Ö¶}Óí� pU _¾}Pb]

FJ, θ í¡NÂi (1− α)100% ]˝–È

à-:

[θ̂∗pL
, θ̂∗pU

]
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w2 θ̂∗p Ñ θ̂ í=Ö¶}Óí� p _¾}Pb,

pL = Φ(2z0 + zα/2)

/

pU = Φ(2z0 + z1−α/2)

B¤, ]˝–ÈD f í��ÌÉ (?¹, .Û

bø− f í��), OEÍÛbø−RÏ z0 í

M.

àS,l z0? lõõ z0 ÊŸ}Óíö£MÑ

S?

âcq f(θ̂) ≈ N(f(θ)− z0,1), )

f(θ̂)− f(θ) + z0 ≈ N(0,1)

J£

Φ(z0) = P (N(0,1) ≤ z0)

≈ P (f(θ̂)− f(θ) + z0 ≤ z0)

= P (f(θ̂) ≤ f(θ))

= P (θ̂ ≤ θ) (ÄÑ f ÑÀ|)

FJ, I

p = P (θ̂ ≤ θ) (9)

†

Φ(z0) ≈ p
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Ä¤,

z0 ≈ Φ−1(p) (10)

(Å. J θ Ñ θ̂ í}Óí2Pb, †

p = 1/2, ] z0 ≈ Φ−1(1
2) = 0, �ƒ%ð

ì}Pb¶í8”.) QO, ;W (9) �, J θ

í=Ö¶,lM θ̂b ≤ θ̂ íª0,l p, )

p̂ =
1

B

B∑
b=1

I(θ̂b ≤ θ̂)

w2N™ƒb (indicator function)

I(x) =

{
1, J x Ñö

0, J x Ñc

(¤4ÄÑâ×b¶†, (9) �íÖ<ÿÑ θ̂ ≤
θ íª0, ¢ÑÌ‚b,l, ]J=Ö¶,lM

,l5.) Ä¤, ª;W (10) �,l z0, )

ẑ0 = Φ−1(p̂)

|(, 'AÍí θ í¡NÂi (1− α)100%

]˝–ÈÑ

[θ̂∗p̂L
, θ̂∗p̂U

]

w2

p̂L = Φ(2ẑ0 + zα/2)
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p̂U = Φ(2ẑ0 + z1−α/2)

• RÏ^£�|�ì}Pb¶ (Bias-Corrected

and Adjusted Percentile Method)

ÑRÏ^£ì}Pb¶ (bias-corrected

percentile method) í^£, wcqyÑø

O“: θ̂ íÀ|�² f(θ̂) í}Óu¡Nk‚

�MÑ f(θ)− z0[1 + af(θ)], ™ÄÏÑ

1 + af(θ) í�G}Ó, ?¹,

f(θ) ≈ N(f(θ)−z0[1+af(θ)],1+af(θ))

w2RÏ z0 D‹§¾ (acceleration) a Ì

Ñ�b.

(Å. ‹§¾�b a U) f(θ̂) í™ÄÏÑ

f(θ) í(4ƒb; ç a = 0 v, �ƒRÏ^

£ì}Pb¶.)

¤v, θ í¡NÂi (1− α)100% ]˝–È

à-:

[θ̂∗p̂L
, θ̂∗p̂U

]

w2
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p̂L = Φ

ẑ0 +
ẑ0 + zα/2

1− â(ẑ0 + zα/2)


p̂U = Φ

ẑ0 +
ẑ0 + z1−α/2

1− â(ẑ0 + z1−α/2)


ẑ0 = Φ−1(p̂), p̂ =

1

B

B∑
b=1

I(θ̂b ≤ θ̂ )

â =

∑n
i=1(θ̂ − θ̂−i)

3

6
[∑n

i=1(θ̂ − θ̂−i)2
]3/2

,

θ̂−i =  ¥� i _hôM(,

θ í,lM

2. @SàS�=Ö¶?

û�`¨=Ö¶]˝–Èíj¶uJcq‘KíÌ

„4Ö›7ßåËn�. S+ Sà ”%ðì}Pb

¶” J£ ”RÏ^£�|�ì}Pb¶” (BCa
method) Vl�]˝–È. BCa ¶ª ”%ðì

}Pb¶” ÛbyÖíl�, O6‡ú�˜í‚ñ

}Ó·TXyQ¡cqí°QÞ (coverage).

3. Sv=Ö¶í«T!‹ußí?
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=Ö¶í«Tß;, ¦²kúK98:

• ‚ñíÔ4 (Õ�, shape)

• š…×ü

• k,lí¡b

Å 1. ‡sáÄÖ (‚ñÔ4Dš…×ü) }	à

%ðÚ	}Óƒb (empirical cdf) u´Ñ‚ñ

}Óƒb (population cdf) íß,l, .7	à

=Ö¶«Tíß;. à:

(a) óçú˚í‚ñ}Ó: 2�íš…×ü¹ª

(à, n ≥ 20); J`¨2ÛP0, à‚�MD2

Pbí]˝–Èv, ÝByüíš…ÿD7.

(b) ò�Réí‚ñ}Ó: Ûby×íš…×ü.

Å 2. `¨öõ‚�MÑ 1 íNb}Óí‚�M

í 95% ]˝–Èv, Sà BCa j¶ (Ê

B = 1000 _=Ö¶ (y¦š) -), çš…×ü

n = 20 v, ÿ}�óçßí!‹.
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Å 3. k,lí¡bú«Tß;í	à”×: ¦

n = 20 v, Nb}Óí™ÄÏí]˝–ÈFTX

í°QÞuÝ�íü.

Å 4. Êüš…-, .@cq=Ö¶í«T}�ß

í!‹.

4. ‚�MíÌ‚b]˝–È

;W‡ÞT¬í’e`¨ú@íÌ‚b]˝–È1

D‚b]˝–Èªœ5:

(1) Ì‚b]˝–È

’e ]˝–È �G

¡5–�í TcCB [0.52, 0.69] Âi

L [0, 418] ,Ài

Óœš… [0, 41] ,Ài

Å. Óœš…uâ‚�MÑ 10, CV Ñ 2 íú

b�G}ÓF¦š|í.

(2) Reference area TcCB í¡b]˝–È
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]˝–È j¶

[0.52�0.70] Land
[0.50, 0.74] Parkin et al.
[0.52, 0.69] Cox
[0.51, 0.68] �G¡N

Å. D Cox j¶í!‹øš; DwFí!‹6Ï

.Öó°.

(3) Lí¡b]˝–È (Ài,)

]˝–È j¶

[0, 497] Land
[0, 230] Parkin et al.
[0, 366] Cox
[0, 261] �G¡N

Å. ,]˝”

Ì 418 �k Cox j¶D Land j¶í!‹È.

(4) Óœš…í¡b]˝–È (Ài,)

]˝–È j¶

[0, 182] Land
[0, 96] Parkin et al.
[0, 68] Cox
[0, 28] �G¡N

Å. ,]˝”Ì 41 ük�G¡N¶JÕíú�

j¶í!‹.
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ÇÕ, ª¡5,l¾í=Ö¶}ÓíMjÇJ£Ë

‹ò�ƒbÇ. 6ªú,l¾í=Ö¶}Óí�G

Q-Q Ç.

Å. BCa j¶1„cq,l¾í}Ó (Ä¤,l

¾í=Ö¶}Ó) Ñ�G¡N; 7ucq,l¾í

/��²Ñ¡N�G}Ó.

5. �É£Ré’eí‚�Mí,]˝”Ì°QÞí_

Òû˝

«n 3 _£Ré‚ñ}Ó, ç¦üš…ƒ2š…í

8”- (n =10, 15, 20, 25, 30):

(a) Λ(10,1), ‚�M = 10, CV = 1: Ÿ£R

é

(b) Λ(10,2): |£Ré

(c) mixed-Λ(5,1; 30,0.5; 30%), ‚�M =
0.7× 5 + 0.3× 30 = 3.5 + 9 = 12.5: |

ü£Ré

Sà B = 2000 _=Ö¶í BCa j¶-, %¬
1000 �í_Ò, )‚�Mí 95% Ài,]˝”

Ìí°Q0 (coverage) à-[:
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}Ó š… °Q

×ü 0 (%)
Λ(10,1) 10 84
Λ(10,1) 15 85
Λ(10,1) 20 87
Λ(10,1) 25 89
Λ(10,1) 30 90
Λ(10,2) 10 77
Λ(10,2) 15 80
Λ(10,2) 20 83
Λ(10,2) 25 82
Λ(10,2) 30 85
¹¯-Λ(5,1,30,0.5; 30%) 10 90
¹¯-Λ(5,1,30,0.5; 30%) 15 92
¹¯-Λ(5,1,30,0.5; 30%) 20 92
¹¯-Λ(5,1,30,0.5; 30%) 25 92
¹¯-Λ(5,1,30,0.5; 30%) 30 93

• ‡ú Λ(10,1) }Ó, n = 30 v, °Q0n¯

í.

• ‡ú Λ(10,2) }Ó, n = 30 v, °Q0´±

ükcqí 95%, É� 85% (ÄÑ¤}Ó|

£Ré).

• éú¹¯-úb�G}Ó, ¹Uç n = 10 v,

°Q0ÿ.˜7; n = 15 v, ÿóçQ¡cq
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í 95% (ÄÑ¤}Óu|üí£Ré).

• ‡ú”¬Ré}Óí‚�Mí,]˝”Ì, =Ö

¶í«T^‹.u'ß, ÎÝš…×übóçË

×. ¥uÄÑ”òíM´u}�ø_ü¾íê

Þœ0, 7úóçÜ>í‚�M�	à; y‹,

”×íM.Ø}|ÛÊüš…2, û_%ðÚ	

}Óƒb.u‚ñÚ	}Óƒbíß,l, ]J

=Ö¶j¶Fû|í‚�Mí,]˝”Ìí°

Q0}±Qkcqí]˝®�.

6. ù‚�MCù2Pb5ÈíÏíÌ‚b]˝–È

=Ö¶.Ìk`¨Àø‚ñí¡bí]˝–È, ¥

7uøóç�2íj¶, _àkyµÆí½æ, �
às‚�MCs2Pbíªœ, (4c¦DvÈå

�}&. ¤Tý¸zpàS@à=Ö¶k`¨s‚

�MíÏJ£s2PbíÏí]˝–È, à-H:

(a) ÀÜ–‚�M − ¡5–‚�M: õ,l =
3.9− 0.6 = 3.3 ppb; Âi 95% ]˝–È

= [0.75,13] (;W BCa =Ö¶)

(b) ÀÜ–2Pb − ¡5–2Pb: õ,l =
0.43− 0.54 = −0.11 ppb; Âi 95% ]

˝–È = [−0.25,0.6] (;W BCa =Ö¶)
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Å. s‚�MíÏí]˝–È�”×í �, ¥@

|öõíÏ×Iu�k 1 D 13 ppb 5ÈJ£À

Ü– TcCB í’eu×íRé. s2PbíÏí

]˝–ÈTXøœüí �, éýöõíÏuóú

íü.

þ. }Óí¾}Pbí,lD]˝–È

¾}PbCì}Pb�àk=1™ÄMD¶d,. Ôù

Wzpà-:

W 1. Ñ7²ìu´¯¯¶d, ªb°,l ”*�®�

” }Óí”«ì}Pb (extreme percentile, à, �

95 _ì}Pb), Í(yøa¿� (compliance

wells) C^+– (remediated areas) íhôMD¤

ì}Pb (C¤ì}Pbí,]˝”Ì) ªœ5.

USEPA ˚¤�ªœÑ ”Ï�¾ªœ”

(Hot-Measurement Comparison).

W 2. Ë-®�¿v, ÛÒ6rJ/ø“çÓí	ì¯

¶”Ì (compliance limit) ªW¯¶�¿

(compliance monitoring). 	ì¯¶”Ìª?Ñø
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”|×ë�”Ì” (MCL, maximum

concentration limit) C ”Çéë�”Ì” (ACL,

alternative concentration limit). 9õ,, ×Öb

í MCL H[O�Ì®�; O�v MCL C ACL H

[ø_c�”ýbv`\��í”Ì (?¹, ”×Öb

v`·Ê¤”Ì-, É�Ý�üíŸb�¬¤”Ì). ¤

v, ÛbøË-®“çë�}Óí� 99 _ì}PbD

MCL ªœ5. J¤,lí� 99 _ì}Pb (C¤ì

}Pbí-]˝”Ì) ×k MCL, †‡ì.¯¶.

Å. ¹Uà� 99 _ì}PbN˛uøK\èCér

í9, EÛãp,l¾uÓœ‰b/”«ì}Pbí,

lyuÝ�, Ý�íÓœ. ÔW:

1. ‡ú�G}Ó (úb�G}Ó?Í), � 50 _ì}

Pb (?¹, 2Pb) í,lªwFì}Pbí,

l�œòí�ò� (precision), /�ò�A§Ë

-±, ç,lœ×Cœüíì}Pbv.

2. ¹U¦×š…v, ”«ì}Pbí,l6uÝ�í

.�ò (imprecise).
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Ä¤, ”«ì}Pbí,l£w]˝–Èí�ò�í¾

“ÿé)�Õí½b.

Å. ¾}Pbí]˝–Èí`¨u;W�ýıíñ�–

È (tolerence intervals) í–17V.

1. � p _¾}Pbít�

� p _¾}Pbíì2 (µ3): øb (¥b) U

)‚ñ2ükC�k¤bíª0Ñ p, 6ÿuz,

Óœ‰b X í � p _¾}Pb xp ÑU)Ú	

}Óƒb (cdf)

P (X ≤ xp) = F (xp) = p

íµ_b, J X Ñ©/v; C|üíb, J X Ñ

×àv. Ä¤, � p _¾}PbíøOt�Ñ

xp = F−1(p), J X Ñ©/

C

F−1(p) í|üM, J X Ñ×à

2. ¾}Pbí¡b,l
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¥	à-:

(a) ,lcq}Óí¡b.

(b) ;W (a) 2í}ÓJ£t� xp = F−1(p) °

)FÛí¾}Pbí,l.

Å. .ÛóçËüì (a) 2ícq}Óú’e7

kuø_ßí_�.

3. �G}Óí,lJ£]˝–È

q

X ∼ N(µ, σ)

† X í� p _¾}Pb

xp = µ + σzp

w2 zp Ñ N(0,1) í� p _¾}Pb. ¤4Ä

Ñ

P (X ≤ µ + σzp) = P

(
X − µ

σ
≤ zp

)
= P (N(0,1) ≤ zp)

= p
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FJ, ø_óçAÍí xp í,l

x̂p = x̄ + szp

(?¹, ø¡bJ,lM¦H5), ˚wÑ xp í

”Ä|×–N,l¾” (quasi-mle) (ÄÑJSà

σ í|×–N,l¾ sm v, x̄ + smzp ÿÑ xp

í|×–N,l¾).

;W�G}Óñ�–ÈíìÜ, xp íÀi,

(1− α)100% ]˝–Èà-:[
−∞, x̄ + tn−1,zp

√
n,1−α

s
√

n

]
w2 tν,δ,p ÑAâ�Ñ ν, Ý2Û¡b

(non-centrality) Ñ δ í� p _¾}Pb.

°Ü, xp íÀi- (1− α)100% ]˝–ÈÑ:[
x̄ + tn−1,zp

√
n,α

s
√

n
, ∞

]
J£ xp íÂi (1− α)100% ]˝–ÈÑ:[

x̄ + tn−1,zp
√

n,α/2
s
√

n
,

x̄ + tn−1,zp
√

n,1−α/2
s
√

n

]
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W. 5Ên (Aldicarb,  “) í� 95 _ì}

Pbí-]˝”ÌD ACL íªœ

ú_Ë-®a¿�2, _� 4 _~ (©_~øŸ)
í5Ênë�Sš’eæ[Ñ’e-Z

epa.89b.aldicarb2.df. cq¯�™ÄÑ:

�¬ 50 ppm ACL íhôMb.@×k 5%

FJ, ‡ì.¯�í\èT¶Ñ:

ªœ5Ênë�í� 95 _ì}Pbí-]˝”Ì

u´×k ACL; Ju, †ö£×k ACL íhô

Mb}óçüìË×k 5%, ]‡ìÑ.¯� (?

¹, óçËüìö£í 95% }×k ACL).

Å. USEPA l�� 95 _ì}Pbí,Ài]

˝”Ìu.£üíd¶, ÄÑ,]˝”Ì > ACL,
Ì¶üìË\„ö£í� 95 _ì}Pb}×k

ACL.

N¬=$_ l�í!‹à-:

$l¾ � 1 � 2 � 3
‚�M 23.1 24.7 24.5
™ÄÏ 4.9 2.3 2.1

� 95 ì}Pb 31.2 28.4 28.0
� 95 ì}Pbí LCL 25.3 25.7 25.5
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ú_�í� 95 ì}Pbí LCL Ìük 50
ppm ACL, ]Ìø�u.¯�í.

Å. Ñ7j� 95 ì}Pb,lí‰æ¾˙�, ª

°w 99% íÂi]˝–Èà-:

� 1 Ñ [25, 80]
� 2 Ñ [25, 51]
� 3 Ñ [25, 49]

�.üí‰æ˙�; JJ UCL D ACL ªœ, †

� 1 D� 2 ª\‡ìÑ.¯�, O¤j¶_˛.

¯í. �¤Ûïí3b½æuÄÑÝ�üíš…,
n = 4.

4. úb�G}Óí¾}Pbí,lD]˝–È

âk¾}PbÊÀ|�²-u.‰í (invariant),
]úb�G}Óí¾}Pbí,lD]˝–Èít

�ªN¬�G}Óít�)5, à-H: q

X ∼ Λ(θ, τ)

†

Y = log(X) ∼ N(µ, σ)
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;W�G}Óíì}Pbít�J£À|�²-í

.‰íÔ4, X í� p _¾}Pb

xp = exp(yp) = exp(µ + σzp)

FJ, xp íÄ-|×–N,l¾ (quasi-mle)

x̂p = exp(ȳ + syzp)

w2

yi = log(xi), i = 1,2, . . . , n

ȳ =
1

n

n∑
i=1

yi

s2y =
1

n− 1

n∑
i=1

(yi − ȳ)2

ÇÕ, xp í]˝–È}�à-.

Ài, (1− α)100% ]˝–È:[
−∞, exp

(
ȳ + tn−1,zp

√
n,1−α

sy√
n

)]

Ài- (1− α)100% ]˝–È:[
exp

(
ȳ + tn−1,zp

√
n,α

sy√
n

)
, ∞

]

2×bçÍ:PM



=1$l 95

Âi (1− α)100% ]˝–È:[
exp

(
ȳ + tn−1,zp

√
n,α/2

sy√
n

)
,

exp

(
ȳ + tn−1,zp

√
n,1−α/2

sy√
n

)]
w2 ȳ D sy à,H.

W. Chrysene í� 95 ì}Pbí-]˝”Ì

D ACL íªœ

5 _Ë-®a¿�2, _� 4 _~ (©~øŸ) í

chrysene ë�Sš’eæ[Ñ’e-Z

epa.92c.chrysene.df. cq’eVAkúb�

G}Ó (?¹, Júb�G}Ó_�“). cq¯�

™ÄÑ:

�¬ 80 ppb ACL íhôMb.@×k 5%

FJ, ‡ì.¯�íT¶Ñ:

ªœ chrysene ë�í� 95 ì}Pbí-]˝

”Ìu´×k ACL; Ju, †ö£×k ACL í

hôMb}óçüìË×k 5%, ]‡ìÑ.¯�.
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Å. USEPA Sàl�� 95 _ì}Pbí,]

˝”Ìí.]T¶.

N¬=$_ l�í!‹à-[:

$l¾ � 1 � 2 � 3
‚�M 19.9 9.8 46.3
CV 0.7 0.5 0.4

� 95 ì}Pb 51.4 19.0 78.5
� 95 ì}Pbí LCL 22.6 11.1 51.6

$l¾ � 4 � 5
‚�M 24.7 29.0
CV 0.2 0.5

� 95 ì}Pb 36.5 58.5
� 95 ì}Pbí LCL 26.9 32.9

5 _�í� 95 _ì}Pbí LCL Ìük 80
ppb ACL, ]Ìø�u.¯�í.

Å. l� 99% íÂi]˝–ÈJZú� 95 ì

}Pb,lí‰æ˙��F7j:

� 1 Ñ [25, 178]
� 2 Ñ [11, 63]
� 3 Ñ [52, 235]
� 4 Ñ [27, 95]
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� 5 Ñ [34, 185]

�'×í‰æ˙�; JJ UCL D ACL ªœ, †

� 1, � 3, � 4, � 5 Ìª\‡Ñ.¯�, N˛

._í. ¨A¤Ûïí3bŸÄÑ”üíš…b,
n = 4.

5. ³#}Óí¾}Pbí,lD]˝–È

l,l}Óí¡b, yN¬¤}ÓíÚ	}Óƒb

Dt�

xp = F−1(p)

l� xp í,l, à-H: q

X ∼ Poisson(λ)

I

xp|λ

Ñ X í� p _¾}Pb. †� p _¾}Pbí

,l

x̂p|λ = xp|λ=λ̂

w2

λ̂ = x̄ =
1

n

n∑
i=1

xi
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(Ñø mle). Ä¤, x̂p|λ Ñ xp|λ í mle. ¢;W

³#}Óíñ�–ÈíìÜ, xp|λ í]˝–È}�

à-.

Ài, (1− α)100% ]˝–È:

[0, xp|λ=UCL]

w2 UCL Ñ|×í λ U)

P (X ≤ x|λ = UCL) = α

Ài- (1− α)100% ]˝–È:

[xp|λ=LCL, ∞]

w2 LCL Ñ|üí λ U)

P (X ≥ x|λ = LCL) = α

Âi (1− α)100% ]˝–È:

[xp|λ=LCL, xp|λ=UCL]

w2 LCL Ñ|üí λ U)

P (X ≥ x|λ = LCL) = α/2

/ UCL Ñ|×í λ U)

P (X ≤ x|λ = UCL) = α/2
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W. Ië�í� 90 ì}Pbí,]˝”Ì

(UCL)

øÌ¶W¿hôM ”< 2” qìÑ 1, 1J³#}

Ó_�“¤ ’eA: ×¾®}ä2, Ií}äb

¾. USEPA �‡l� 6 _*��2Ië�í�

95 ì}Pbí,]˝”Ì, 1J¤ UCL TÑÆ

§M (?¹, -Áa¿�2, Ië��¬¤,”Ì,

†˙ýË-®2ª?�‹2). FJ¥uø� ”Ï

-�¾ªœ” (Hot-Measurement

Comparison). N¬=$_ íl�, )

λ̂ = 1.94, x̂.95|λ = 4, x.95|λ=UCL = 5

6. ¾}PbíÌ‚b,l

–1à-:

(a) J%ðÚ	}Ó (empirical cdf) ,l‚ñí

Ú	}Ó (cdf).

(b) J(4qÏ¶ (linear intergolation) ,l

¾}Pb.

S+ 2, JÌ‚b,l¾}Pbípüj�à-:
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(a) J·õP0 (plotting position)

p̂i =
i− 1

n− 1

`¨%ðÚ	}Ó.

(b) J(4qÏ¶l� xp í,l

x̂p = x(i+1)−
[
x(i+1) − x(i)

] ( p̂i+1 − p

p̂i+1 − p̂i

)
Çýà-:

Å 1. ²à¤�·õP0v, J|üM x(1) ,l

� 0 _ì}Pb (?¹, x̂0 = x(1)) /J|×M

x(n) ,l� 100 ì}Pb (?¹, x̂1 = x(n)).

Why? ÄÑ

p̂1 =
1− 1

n− 1
= 0 àÇ:

FJ,

x̂0 = x(2) −
[
x(2) − x(1)

] ( p̂2 − 0

p̂2 − p̂1

)

= x(2) −
[
x(2) − x(1)

] (p̂2 − 0

p̂2 − 0

)
= x(2) −

[
x(2) − x(1)

]
= x(1)
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¢ÄÑ

p̂n =
n− 1

n− 1
= 1 àÇ:

FJ,

x̂1 = x(n) −
[
x(n) − x(n−1)

] ( p̂n − 1

p̂n − p̂n−1

)

= x(n) −
[
x(n) − x(n−1)

] ( 1− 1

p̂n − p̂n−1

)
= x(n) − 0 = x(n)

Å 2. úkJ¡bj�,l¾}Pb, UàÌ‚

bj�,l”«í¾}Pbv, Ûb×¾íhôM

JZ)ƒßí�ò�.

Å 3. JÌ‚bj�,l¾}Pbíø×i‘Ñ:

ñqTÜÿÜ (censored) M, ÄÑÉÛøFb§

å¹ª.

7. ¾}PbíÌ‚b]˝–È

I

X1, X2, . . . , Xn
iid∼ X
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/

X(1), X(2), . . . , X(n)

Ñú@í n _�å$l¾. J xp Ñ X í� p

_¾}Pb, †úk 1 ≤ i ≤ n (¡5Çý),

P
[
X(i) > xp

]
= P [X1, X2, . . . , Xn

2BÖ� (i− 1) _u ≤ xp
]

=
i−1∑
k=0

P [X1, X2, . . . , Xn

2�ß� k _u ≤ xp
]

=
i−1∑
k=0

(n
k

)
[P (X ≤ xp)]

k [P (X > xp)]
n−k

(ÄÑÖ°}Ó)

=
i−1∑
k=0

(n
k

)
pk(1− p)n−k

= Fn,p(i− 1) (11)

w2 Fn,p(y) = Binomial(n, p) í cdf Ê y

íM.

QOJ,�`¨¾}Pbí�üíÌ‚b]˝–È

à-:
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• � p _¾}PbíÂiÌ‚bí]˝–È:

[x(r), x(s)]

1 ≤ r ≤ n− 1, 2 ≤ s ≤ n / r < s, w]˝

®�BýÑ

Fn,p(s− 1)− Fn,p(r − 1)

Why? ÄÑ

P
[
X(r) ≤ xp ≤ X(s)

]
= P

[
xp ≤ X(s)

]
− P

[
xp < X(r)

]
≥ P

[
xp < X(s)

]
− P

[
xp < X(r)

]
= Fn,p(s− 1)− Fn,p(r − 1)

(|(ø_�UA4;W (11) �)

• � p _¾}PbíÀiÌ‚b-]˝–È:

[x(r), ∞]

/]˝®�Ñ

1− Fn,p(r − 1)

Why? ÄÑ

P
[
X(r) ≤ xp

]
= 1− P

[
xp < X(r)

]
= 1− Fn,p(r − 1)
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(â (11) �)

• � p _¾}PbíÀiÌ‚b,]˝–È:

[−∞, x(s)]

/]˝®�BýÑ

Fn,p(s− 1)

Why? ÄÑ

P
[
xp ≤ X(s)

]
≥ P

[
X(s) > xp

]
= Fn,p(s− 1)

(â (11) �)

Å ÄÑì}PbíÌ‚b]˝–Èu;W’eí

–M (ranks) 7), ]]˝®�'AÍË}u×

àí, 6¹, ‡úøÔ�íì}Pb, É?)ƒ/<

Ôìí]˝®�/¥<]˝®�}§Ìkš…×ü.

à, l�� 95 ì}Pbí,]˝–Èv, ²¦|

×MÑ,]˝”Ì (UCL) (?¹, s = n), ).

°íš…×ü (n) Fú@í]˝®�à-[:
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š…×ü (n) ]˝®� (%)
5 23
10 40
15 54
20 64
25 72
50 92
75 98
100 99

• ]˝®� = Fn,0.95(n− 1)× 100%.

• çš…×ü n > 50 n?)ƒ�¬ 95% í]

˝®�.

W. �ë�í� 95 ì}PbíÌ‚b,]˝”

Ì

ú 5 _Ë-®�d�ë�íae: 3 _*��, 2

_a¿� (compliance well), ©~â®�Sš,

u 8 _~, O³Ü 2 _a¿�‡ 4 _~íš….

u) 32 _hôMæ[k’e-Z

epa.92c.copper2.df q (24 _VA*��, 8

_VAa¿�); w2*��í 24 _hôM2, �

15 _™ýÑ ”< 5” íÌ¶W¿M. USEPA S

àí ”Ï-�¾ªœ” (Hot-Measurement
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Comparson) à-: J*��°|í�ë�”«

(à, � 95 ) ì}PbíÌ‚b UCL TÑ‡ì

a¿�íÆ§M (?¹, Ja¿�íë�hôM×

k¤Æ§M, †˙ý�‹21‡iÑ.¯�). l�
Dn�!‹Ñ:

• *�2� 15/24 = 62.5% íÌ¶W¿M

(”< 5” ppb) (�¬øš), ]2Pbí,lM

< 5.

• � 95 ì}Pbí,lMÑ 7.925.

• J*��í|×M 9.2 ppb TÑ� 95 ì}

Pbí,]˝”Ì, F)ƒí]˝–Èc�

71% í]˝®�.

• JJ 9.2 ppb TÑÆ§M, †˙ý� 4 ª?

�‹27� 5 u¯�í.

• J=$_ l� 95% í� 95 ì}Pbí

UCL, 1J¤ÑÆ§M, †!‹ÑS?

8. ;W=Ö¶°¾}PbíÌ‚b]˝–È

J=Ö¶°)íì}PbíÌ‚b]˝–È, …”

,Ìæk;W–Mj¶°)í!‹.
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ÿ. ø_�É]˝–È†�4íÅj

• ]˝–Èuø�$lR� (statistical

inference), ;Wâ‚ñ)ƒíš…‡ú‚ñÔ4

dR�.

• F�n�¬íàJ,l‚b£`¨ú@]˝–Èí

j¶Ìcq�ø¦A‚ñíxH[4š…J£hô

MÈíó�Ö4.

• �êÞíø�8”u, FSÕíš…4|Akø_

ªkR�í‚ñ´büí‚ñ, 1._íTÑö£

kn�í‚ñíH[4š…, à, kR�/øÔì

*�Ë-®�2�ë�í� 95 ì}Pb, 7¤ë

�}Ó”�ª?§rÖvÈÄäí	à, J_kÊ

~D�5È�/�Ôì��í‰æ4, ]câø�

2í/v¨¦š, †Ì¶AÑx�~D�‰æ4‚

ñíH[4š….

• øF�¨A=1’e‰æ4íÄÖÌ5?ª 1T

Üí‚šqluý�1.ªWí. ]ÄI7k, ×

Öbí]˝–ÈÌØ�.
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