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Àj 4: œ0}Ó

‚ñì2Ñ��k«Ø½æFÛYWícñ (r¶) �

¾MíÕ¯. œ0}ÓÑ_�“â‚ñw¹í‰æ4v,

FSàíÜ;bç_� (CÑøÜ;bç_�, àJ_

�“â‚ñw¹í‰æ4). …ıíñ™Ñ

1. n�Óœ‰bDœ0}Óíh1

2. n�=1$l2½bíœ0}Ó

3. �ý$l,ñ S+ £w=$_ 2, ú`œ0}Ó

Ç$Dl�œ0}ÓíóÉ¾íŠ?

ø. S‚Óœ‰b?

ÏW=1û˝v, â‚ñ2¦š1/p“¤š…í�¾

M, ¥<õÒíbM (�¾M) Ñø�h1, ˚TÓœ‰

b, íõÛ (M) (realizations). C6z, øÓœ‰b

Ñøõðí-ø_hôM; uâ‚ñ2¦|í-ø_õ

ñš… (physical sample) í�¾M. Óœ‰bí!
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‹¦�ÓOhô (CSš) 7æ, –Äk%�}�Ö_

‰æÄú|(Mí	à.

W. Õ�$1hô|Û ”£Þ” C ”¥Þ”. ‚ñÑÕ

�$Ì¤ÖŸí!‹íÕ¯ = {”£Þ” � ”¥Þ”}.
Óœ‰bÑÕ-ø_�$(í|Û!‹.

ù. ×àÓœ‰bú©/Óœ‰b

øÓœ‰bcª?¦�Ì_CªbÌÌ_Mv, ˚wÑ

×à (discrete) Óœ‰b

JøÓœ‰bª¦ÌÌ (.ªb) _Mv, †˚wÑ©

/ (continuous) Óœ‰b, àÉäš…2û� (H)

Iíë�Ü�,ªÑÌÌÖ_ª?M.

Å. õÒ,, ©/Óœ‰bíM%�§ÌkiÂí�Ä

�J£bçíªPCtÎ.

W. õð: â 2 _.°í–�SÕÉäš…, †‚ñ

ÑF�ª?íÉäš…í�¾MíÕ¯; Óœ‰bÑø

hôƒíøÉäš…2û�HIíë�.
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ú. S‚œ0}Ó?

øõðhôMúAóúä0òjÇ (relative

frequency histogram) (Cò�òjÇ, density

histogram) (?¹, rÊ©ø_�� class (bar) q

íhôMÊr¶hôM2F´íª0�k¤��íÞ	

), ªéý®�hôM|Û (}Ó) íóúä0.

1. ‡úøc¦cbMí×àÓœ‰b, Ê��íÅ�

¦Ñ 1 v, øœ0}ÓªeÑ¦×¾š… (CÌÌ

Ö_š…) -íò�òjÇF×Ûí!‹.

2. ‡úø©/Óœ‰b, øœ0}ÓªeÑ¦šbB

VBÖ, /òjÇ��BVB�-íò�òjÇF

×Ûí!‹.

û. œ0ò�ƒb (PDF)

œ0ò�ƒb (pdf) u·HøÓœ‰bíóúä0í

bçt�; �v¤t�íÇ$?˚Tœ0ò�ƒb.
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×àÓœ‰bíœ0ò�ƒb¢˚Tœ0ò�”¾

(probability mass function) �˚ (pmf), ÄÑ…

éý|Óœ‰bÊ©ø_ª?Míœ0 ””¾”. à, Õ

t£�$íœ0ò�”¾Ñ

f(x) = Pr(X = x) =

{
0.5 J x = 0
0.5 J x = 1

lognormal }Óíœ0ò�ƒbÑ

f(x) =
1

xσ
√

2π
exp

{
−

1

2σ2
[log(x)− µ]2

}
x > 0, w2

µ = log

 θ√
τ2 + 1

 , σ = [log(τ2 + 1)]1/2

θ = 0.6, τ = 0.5 (/ù_ÔìM)

úk©/Óœ‰b, Óœ‰brÊ/–Èqíœ0�k

œ0ò�ƒbÊ¤–È,Fˇ|–�íÞ	, àbçí

[®j�:

Pr(0.75 ≤ X ≤ 1) =
∫ 1

0.75
f(x)dx

1. úœ0ò�ƒbíÇ$
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S+ D=$_ 2u� 38 �ªàíœ0}Ó, …

bªTÑ‚ñí_�. ×¶Míœ0}Ó·ªâ/

Ü�bç_�×), à, ùá}Ó‡úù�!‹,

Poisson }Ó‡ú ”™�” 9K, Weibull }Ó

‡ú”«M, �G}Ó‡úÖ_Óœ‰bí¸. . .�

�. ©�}Ó·�ú@í²À (menu) Dƒ�

(function) (NI) ú|wœ0ò�ƒb.

W. úùá}ÓD lognormal œ0ò�ƒb.

2. l�œ0ò�ƒbíM

ªUà S+ =$_ í²ÀDNIl�Løq�

œ0}Óíœ0ò�ƒbíM.

W. °ùá}Óíœ0ò�ƒbÊ x �k 0 D 1

íMJ£ lognormal íœ0ò�ƒbÊ x Ñ

0.5, 0.75 D 1 íM.

ü. Ú	}Óƒb (CDF)

2×bçÍ:PM
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Óœ‰b X íÚ	}Óƒb

F (x)
def
= Pr(X ≤ x)

=

{ ∫ x
−∞ f(t)dt J X u©/∑
xi≤x f(xi) J X u×à

w2 −∞ < x < ∞.

ªàÚ	}ÓƒbV°Óœ‰brÊ/øÔì–Èqí

œ0, à

Pr(0.75 ≤ X ≤ 1) =
∫ 1

0.75
f(x)dx

= Pr(X ≤ 1)− Pr(X ≤ 0.75) +

Pr(X = 0.75)

= F (1)− F (0.75) + Pr(X = 0.75)

(= F (1)− F (0.75), J X u©/)

(ÄÑÊ©/v, P (X = 0.75) = Ê 0.75 D 0.75

ÈíÚ	}ÓƒbFˇ|–�íÞ	 = 0)

1. úÚ	}ÓƒbíÇ$

×àÓœ‰bíÚ	}ÓƒbíÇ$Ñø¼Gƒb

(step function), Ê©øª?M xi T�ø�&

(jump) f(xi).
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©/Óœ‰bíÚ	}ÓƒbíÇ$Ñø�Ëâ 0

Çá]ÓB 1 í�(.

W. úùá}ÓD lognormal íÚ	}Óƒb

íÇ$.

2. °Ú	}ÓƒbíM

ªUà S+ D=$_ í²ÀDNIl�Løq

�œ0}ÓíÚ	}ÓƒbíM.

W. °ùá}ÓíÚ	}ÓƒbÊ x = 0, 0.5

D 1 íMJ£ lognormal Ú	}ÓƒbÊ x =

0.5, 0.75 D 1 íM.

ý. ¾}PbDì}Pb

�k5, ø‚ñí� p _¾}Pb (pth quantile) u

¥ (ø) bU)‚ñ2ükC�k¤bíªWÑ p; �

p _¾}Pb¢˚T� 100p ì}Pb (100pth

percentile). Ã�5, I X Ñ/øÔì}ÓíÓœ‰

2×bçÍ:PM
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b, X í}Óí� p _¾}Pb, pT xp, ì2Ñ¥

(ø)bÅ—

Pr(X < xP ) ≤ p ≤ Pr(X ≤ xp) (1)

w2 0 ≤ p ≤ 1. ÇWzpà-:

1. ÊÀ|�²-, ¾}Pbu.‰í (Invariant

under Monotonic Transformations)

I X ÑøÓœ‰b/ Y = g(X), w2 g Ñø

À|ƒb, † X í� p _¾}Pb xp D Y í

� p _¾}Pb5ÈíÉ[à-:

yp = g(xp) / xp = g−1(yp)

à, J X í}ÓÑ lognormal, †

Y = log(X) í}ÓÑ normal. ÄÑ log Ñø

]Óƒ (À|) ƒb/w¥ƒbÑ exp, FJ

xp = exp(yp). Ä¤, J Y í median (� 0.5

_¾}Pb) Ñ 10, † X í median ÿu

exp(10).

2. °¾}PbDì}Pb

2×bçÍ:PM
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(a) âÚ	ò�ƒbíÇ$ª/qËJeg¶°|

ø<½bí¾}Pb, à� 50 ì}PbD�

95 ì}Pb.

à, âùá}ÓíÚ	ò�ƒbÇ$ø,

x0 = Lø ≤ 0 5b

x0.5 = Lø ≥ 0 / ≤ 1 5b

x1 = Lø ≥ 1 5b

(3U,, I x0.5 = 1
2(0 + 1) = 0.5)

â lognormal }ÓíÚ	ò�ƒb, ª/qË

)ø

x0.5 ≈ 0.5 / x0.95 ≈ 1.1

(b) Uà S+ D=$_ í²ÀCNI°Ûbí¾

}Pb.

W. °ùá}Óí� 0, 25, 50, 75 D 100

ì}Pb (D5;íMøšý? S+ íqìt

�ÑS? ); J£ lognormal }Óí� 50 D

95 ì}Pb.

þ. âœ0}ÓÞAÓœb

2×bçÍ:PM
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Uà S+ D=$_ í²ÀCNIªÞAF�q�œ

0}ÓíÓœb (¢˚"Óœb, pseudo-random

numbers). çqìÓœb (random number) í

�ä (seed) Ñ/øÔìMv, øì})ƒ¤Ôì�ä

Fú@|ø� ”Óœb” (¤áN˛.ÓœíÔ4jZ

kªœDð}5à).

W. ÞA 10 _D 100 _âùá}Ó$AíÓœbJ

£ 100 _â lognormal }Ó$AíÓœb.

ÿ. œ0}ÓíÔ” (4)

©ø_œ0}Ó·�/<Ô”. $lçð˛ì27®�

¾J·Høœ0}ÓíÔ4, à, �ÌM (mean), 2

Pb (median), mode, ‰æb (variance), ™ÄÏ

(standard deviation), ‰æ[b (coefficient of

variation), Ré4 (skew), r4 (kurtosis). Ê

� 3 Àj˛n�¬J, 8 �%âÓœš…°)íš…

$l¾ (sample statistics). ¤Tn�í4uD‚ñ

óÉ©í 8 �¾, }Hà-:

1. �ÌM, 2PbD Mode

2×bçÍ:PM
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ÌÑœ0}Óí2Ûb² (central tendency)

í�¾.

2Pb = � 50 ì}Pb, .øìuñøí.

mode = ßÞœ0ò�ƒb|×Mí¾}Pb,

.øìuñøí (ÄÑª?�Ö_¾}Pb}ßÞ

ó°í|×M, àùá}Óí mode Ñ 0 D 1).

�ÌM (¢˚T‚�M, expected value) ì2

à-:

µ = E(X)

=

{ ∫∞
−∞ xf(x)dx J X Ñ©/∑
x xf(x) J X Ñ×à

2. ‰æbD™ÄÏ

�¾}ÓÊ�ÌMË¡íØà8$.

σ2 = V ar(X)

= E[(X − µ)2]

=

{ ∫∞
−∞(x− µ)2f(x)dx J X Ñ©/∑
x(x− µ)2f(x) J X Ñ×à

(ÀP: (Óœ‰bíÀP)2)

2×bçÍ:PM
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σ = sd(X) =
√

V ar(X)

(ÀP: DÓœ‰b�ó°íÀP, ] σ Ñ�\S

àíØà4�¾)

3. ‰æ[b

�pÑ CV, ÑøÌÀPí�¾, ·H}Óóúk

”mean í×ü” íØà4, ì2à-:

CV
def
= σ/µ

4. Ré4Dr4

¬ , ø}ÓíRé4Dr4�\àVTÑ¤}

ÓD�G}Óíªœ.

(a) Ré4

ì2øÓœ‰b X í� r _2Û�Ï (rth

central moment)

µr = E[(X − µ)r]

Å. 1st central moment µ1 = 0, 2nd

central moment µ2 = σ2.

2×bçÍ:PM
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ø}ÓíR×4[b (coefficient of

sekewness)

Skew
def
= µ3/σ3

Å. Ré4�¾Óœ‰bíMóúk�ÌMí

}Ó8$. JüíMA� (ˇ) ËÔ¡�ÌM

/×íM±àk�ÌM5,, †Ré4øÑ£M

, /˚}ÓÑ£Ré (positively skewed) C

right skewed (¬Ré).

JüíM±àk�ÌM5-/×íMb²A�

ËÔ¡�ÌM, †Ré4øÑŠ, /˚}ÓÑŠ

Ré (negatively skewed) C˝Ré (left

skewed).

(b) r4

ø}Óír4[b (coefficient of

kurtosis)

kurtosis
def
= µ4/σ4

Å. ø<óÉízp:

2×bçÍ:PM
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• r4�¾ø}Óí®¶2íMF´íªW.

• r4D}Óí�ÌM¸‰æbuó�Ö

í (?¹, °ø�é}Óír4uó°í,

.}Ä�ÌM¸‰æb7Z‰) �

• �G}ÓíRé4[bÑ 3; r4[b <

3 í}Ó˚T platykurtic, óœk�G}

Ó, �œsí®¶; r4[b > 3 í}Ó

˚T leptokurtic, óœk�G}Ó, �œ½

(×) í®¶.

• �<Ò¯, r4<‚O ”��r4[b”

(coefficient of excess kurtosis), ?¹,

”coefficient of kurtosis - 3”.

�. =1$l2½bí}Ó

1. �G}Ó (Normal Distribution)

• œ0ò�ƒb pdf

f(x) =
1

σ
√

2π
exp

[
−

1

2

(
x− µ

σ

)2
]

2×bçÍ:PM
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w2 −∞ < x < ∞, µ: �ÌM, σ: ™ÄÏ.

�J N(µ, σ) [ý5.

• ç µ = 0, σ = 1 v, ˚T™Ä�G}Ó, 1

J N(0,1) [ý5.

• .� µ D σ íMÑS, œ0ò�ƒbíÇ$á

�Ñø ��( (bell-shaped curve).

• Ö�GÓœ‰bí¸C�ÌMYÍÑ�G}

Ó: I Xi ∼ N(µi, σi), i = 1, . . . , n /ó�

Ö, †¸

Y
def
=

n∑
i=1

Xi Ñ�G}Ó

/

E(Y ) = E

 n∑
i=1

Xi


=

n∑
i=1

E(Xi)

=
n∑

i=1

µi

2×bçÍ:PM
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J£

V ar(Y ) = V ar

 n∑
i=1

Xi


=

n∑
i=1

V ar(Xi)

(ÄÑ Xi ó�Ö)

=
n∑

i=1

σ2
i

¢�ÌM

X̄
def
=

1

n

n∑
i=1

Xi Ñ�G}Ó

/

E(X̄) = E

1

n

n∑
i=1

Xi


=

1

n

n∑
i=1

E(Xi)

=
1

n

n∑
i=1

µi

2×bçÍ:PM
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J£

V ar(X̄) = V ar

1

n

n∑
i=1

Xi


=

1

n2
V ar

 n∑
i=1

Xi


=

1

n2

n∑
i=1

V ar(Xi)

=
1

n2

n∑
i=1

σ2
i

Å 1. q‚ñ ∼ N(µ, σ), 1âw2¦| n

_š… (J X1, X2, . . . , Xn
iid∼ N(µ, σ) [

ý5), †

X̄ =
1

n

n∑
i=1

Xi

˚Tš…�ÌM (sample mean), Ñø�G

}Ów E(X̄) = µ, V ar(X̄) = σ2/n /

sd(X̄) = σ/
√

n.

Å 2. ,H�É�ÌM, ‰æbD™ÄÏít

�.Ìk�G}Ó; LS}ÓÌA, ÉbÓœ

‰bÈuó�Ö¹ª.

2×bçÍ:PM
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• 2Û”ÌìÜ: �G}Ó%�Ñ’eTXø_

ßí_�, ÄÑø_ª}pí9õu, Ì�Óœ

‰bí;…}ÓC!…}Ó (underlying

distribution) ÑS, Ö_ÖÓœ‰bí¸C

�ÌM·}¡Nkø�G}Ó. ¥_9õ˚T

2Û”ÌìÜ (Central Limit Theorem,

CLT).

Å. ¡Níß;D ”š…×ü” ¸ ”!…}Ó

D�G}ÓíÏæ” �É (?¹, š…B×, Ï

æBü, †¡NíBß).

• œ0DR×�ÌMí˙� (Probabilities and

Deviation from the Mean)

J™ÄÏ (standard deviation) �¾R×�

ÌMí˙�.

q X ∼ N(µ, σ), †

P (µ− σ ≤ X ≤ µ + σ) ≈ .68

(?¹, � 68% íœ}, Óœ‰bíMrÊ µ

íø_™ÄÏq)

P (µ− 2σ ≤ X ≤ µ + 2σ) ≈ .95

2×bçÍ:PM
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(?¹, rÊ µ í 2 _™ÄÏí¸ˇqíœ}

×�Ñ 95%)

P (µ− 3σ ≤ X ≤ µ + 3σ) ≈ 100%

(?¹, Ï.ÖF�íM·}rÊ µ í 3 _™

ÄÏq)

¥uø_'½bí4”, ÄÑ¹U}�¦óç£

DŠíMíœ} (ÄÑœ0ò�ƒb0Ñ£),

O�˛.}�M}rÊ 3 _™ÄÏ5Õ; ]�

vªUà�G}Ó_�“Éc¦£Mí=1’

e.

• �²�™Ä�G}Ó: Z-�²

J X ∼ N(µ, σ), †

Z
def
=

X − µ

σ
∼ N(0,1)

(˚¤��²Ñ Z-�²) ?¹,

X
Z-�²⇒ N(0,1)

@à:

(1) øš…�ÌM�²A™Ä�G}Ó, ?¹,

J

X1, X2, . . . , Xn
iid∼ N(µ, σ)

2×bçÍ:PM
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†

X̄ =
1

n

n∑
i=1

Xi ∼ N(µ, σ/
√

n)

/

Z
def
=

X̄ − µ

σ/
√

n
∼ N(0,1)

Å. ¹U;… (!…, underlying) }Ó.u

�G}Ó, â2Û”ÌìÜª)

X̄ ≈ N(µ, σ/
√

n)

],

Z
def
=

X̄ − µ

σ/
√

n
≈ N(0,1)

(´uø_óç�àí!‹)

(2) �GÓœ X íM x, ªN¬…í z �²

íM, éý…×Ç µ �Ö± (J™ÄÏÑÀP

). à,

z = 0.5 [ýª µ Ö 0.5 _™ÄÏ;

z = −0.7 [ýª µ ý 0.7 _™ÄÏ;

z rÊ [−2,2] 5Õíœ}c� 5%;

Ý�.ª? z }rÊ [−3,3] 5Õ.

2×bçÍ:PM
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2. úb�G}Ó (Lognormal Distribution)

øÓœ‰b¦úb�²(í}ÓJÑ�G}Óv,

†˚¤Óœ‰bí}ÓÑÂ¡búb�G}Ó}Ó,

?¹, J

Y = logX ∼ N(µ, σ)

†˚ X �úb�G}Ó, 1J

Λ(µ, σ)

[ý5, w2 µ, σ }�[ý�²(Óœ‰bí�

ÌMD™ÄÏ. à,

X ∼ Λ(0,1)⇔ X = exp(Z)

w2 Z ∼ N(0,1)

• úb�G}Óíœ0ò�ƒb

f(x) =
1

xσ
√

2π
exp

−1

2

[
log(x)− µ

σ

]2 ,

x > 0.

(Why? ÄÑ Y = log(X) ∼ N(µ, σ), F

Jâ‰b‰², X íœ0ò�ƒb

f(x) = g(y)
dy

dx

∣∣∣∣
y=logx

2×bçÍ:PM
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w2

g(y) =
1

σ
√

2π
exp

[
−

1

2

(
y − µ

σ

)2
]

=
1

σ
√

2π
exp

−1

2

[
log(x)− µ

σ

]2 1

x

=
1

xσ
√

2π
exp

−1

2

[
log(x)− µ

σ

]2
¤T −∞ < y < ∞, x > 0.

• s_3bÔ4: -äÑ 0 /¬Ré; ¥<Ô4

6u=1’e2Ý��¦íÛï.

• úb�G}Ó}'AÍêÞíÜâ: CLT zp

Ö_Óœ‰bí¸ ≈ �G}Ó, ?¹, ç n D

×v,

X1 + · · ·+ Xn ≈ �G}Ó

¤!‹ªùC|

Ö_Óœ‰bí	 ≈ úb�G}Ó

Why? ÄÑ;W CLT,

log(X1 · · ·Xn)

= log(X1) + · · ·+ log(Xn)

≈ �G}Ó

2×bçÍ:PM
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], âì2

X1 ·X2 · · ·Xn ≈ úb�G}Ó

7ó‹Dó·u'AÍÿ�í«�, FJ�G

}ÓDúb�G}Ó}u'AÍíÛï.

• cÄÑ’eíMuJ 0 Ñ-ä/¬Ré, .—

JR�zúb�G}Óuø_ßí_�, ¥u.

�íËj, ÄÑ´�rÖw…í}Ó6uJ 0

Ñ-ä/¬Réí (à, gamma,

generalized extreme value, Weibull,

mixture of lognormal. . .�). ¥<}ÓÊ

2PbË¡·'d, ºÊ”«í®¶

(extreme tail) �péí.° (à, � 90 D

� 95 ì}Pb), Í7b<…|ø_}Óí®

¶Ô4�Ûb×¾íhôM, FJ_�“Réí

=1’euóç˚Øí.

• Çé¡b“ (Alternative

Parameterization): �ÌMD‰æ[b

Î7J�²(Óœ‰bí�ÌMD™ÄÏÔ”

“ (…•) úb�G}ÓÕ, �v6ªàŸÓœ

‰b}Ó (?¹, úb�G}Ó) í�ÌMD‰

2×bçÍ:PM
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æ[b (coefficient of variation) VÔ”“

, ?¹, I

Y = log(X) ∼ N(µ, σ)

†

X ∼ Λ(µ, σ)

w2 µ D σ }�Ñ�²(Óœ‰b Y í�Ì

MD™ÄÏ. I θ = X í�ÌM, / τ = X

í‰æ[b, † µ, σ, θ D τ 5ÈíÉ[à-:

1. θ = E(X) = exp
(
µ + σ2/2

)
Why? òQ°ø¼�Ï (1st moment)

E(X) =
∫ ∞
0

x
1

xσ
√

2π
·

exp

−1

2

[
log(x)− µ

σ

]2 dx

=
∫ ∞
−∞

1

σ
√

2π
·

exp
{
−

1

2σ2

[
(y − µ)2 − 2σ2y

]}
dy

�ù_�UAuÄÑ‰b‰²

y = logx, dy =
1

x
dx
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Í(, %âêr�j, ,��k∫ ∞
−∞

1

σ
√

2π
exp

{
−

1

2σ2

[
y2−

2(µ + σ2)y + (µ + σ2)2 +

µ2 − (µ + σ2)2
]}

dy

./“�, ¢�k∫ ∞
−∞

1

σ
√

2π
exp

{
−

1

2σ2 [y−

(µ + σ2)
]2

+
1

2σ2

[
µ2+

2µσ2 + σ4 − µ2
]}

dy

=
∫ ∞
−∞

1

σ
√

2π
exp

{
−

1

2σ2 [y−

(µ + σ2)
]2}

exp

(
µ +

σ2

2

)
dy

= exp

(
µ +

σ2

2

) ∫ ∞
−∞

1

σ
√

2π
·

exp
{
−

1

2σ2

[
y − (µ + σ2)

]2}
dy

= exp

(
µ +

σ2

2

)
(|(ø_�UAuÄÑJb�ù_�äí

\	ƒbÑ N(µ + σ2) íœ0ò�ƒb)
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2. τ = CV(X) =
√

exp(σ2)− 1 (° 2nd

moment E(X2), y;W‰æ[bíì2

AWð}.)

3. µ = E(Y ) = log
(

θ√
τ2+1

)

4. σ =
√

V ar(Y ) =
√

log(τ2 + 1)

Why? ú

θ = exp

(
µ +

σ2

2

)
ísi¦ log )

log θ = µ +
σ2

2
(2)

¢ú

τ =
√

exp(σ2)− 1

ísi�j1“�, )

τ2 + 1 = exp(σ2)

yú,�si¦ log )

σ2 = log(τ2 + 1) (3)
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H (3) p (2), )

µ = log θ −
1

2
log(τ2 + 1)

= log

 θ√
τ2 + 1


ø (3) Ç;U, )

σ =
√

log(τ2 + 1)

Å 1. ÖÍ X = exp(Y ) / E(Y ) = µ O

θ = E(X) 6= exp(µ) (?¹, N¬À|�²

í�ÌM.u.‰í (invariant)) 9õ,, Ä

Ñì}Pbu.‰í/2Pb�k� 50 ì}

Pb, ]

X í2Pb = exp(Y í2Pb)

= exp(E(Y ))

= exp(µ)

< exp

(
µ +

σ2

2

)
= E(X)

?¹, úb�Gí2Pb < �ÌM (ªÜj,

ÄÑ X u¬Réí).
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�ù_�UAuÄÑ Y íœ0ò�ƒb >

0 /ú˚.

Å 2. �É X í‰æ[b:

τ = CV (X)

=

√
V ar(X)

E(X)

=
√

exp(σ2)− 1

.�kòh, (ÄÑ X = exp(Y ) 7�) í√
exp(V ar(Y ))

exp(E(Y ))
=

√
exp(σ2)

exp(µ)

7uÉD Y í™ÄÏ�É.

• úb�G}Óí

skew = 3CV + CV 3

FJ, CV B×, BRé.

• ú¡bíúb�G}Ó: Öø_Æ§¡b γ,

àJ²ì-ä, ?¹, J

Y = log(X − γ) ∼ N(µ, σ)
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†˚ X í}ÓÑøú¡bíúb�G}Ó, 1

J

Λ(µ, σ, γ)

[ý5.

Å 1. X = eY + γ ªRû|

1. X ≥ γ, FJ γ Ñø-ä.

2. �ÌMD‰æb}�Ñ

E(X) = E(eY ) + γ

V ar(X) = V ar(eY )

Ä¤, P0²¬� γ _ÀP, /‰æb.‰.

Å 2. γ = 0 v, ú¡b�kù¡b.

Å 3. ú¡bíúb�G}Ó�àk®dç,

�É±Ç¾, ¼§D¼¾, ‹2w-¾. . .�í_

�“.

3. ùá}Ó (Binomial Distribution)
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àJ_�“Ê n _Ötð2/øÔì9KêÞ

íŸb, àÊ=1a¿2, àJ_�“/‹2Óí

hôM2�|ÀÝ™ÄMíªWCàJªœ*�h

ôM2D compliance hôM2}��|™ÄM

íªW.

• ùá}Óíœ0ò�ƒb

f(x) =
(n
x

)
px(1− p)n−x,

x = 0,1,2, . . . , n, w2 n = tðíŸb, p

= ©Ÿtð ”AŠ” íœ0 (?¹, ”AŠ”

⇔ Ôì9KêÞ).

• J

X ∼ B(n, p)

[ýÓœ‰b X í}ÓÑùá}Ó.

• E(X) = np, V ar(X) = np(1− p)

Å. ç n 	ì, np(1− p) Ñø�Ó(, Ç$à

-:

â¤ªø, ç p = 1/2 v, �|×í‰æ4 (?¹

, ç|Û£, ¥íœ0øšv, |Ø“¿-ø_tð
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í!‹); ç p ↓ 0 C p ↑ 1 v, ‰æ4 ↓ 0 (?¹

, Büø£ÞC¥Þøì}êÞv, Bñq“¿!

‹).

4. ��S}Ó (Hypergeometric Distribution)

ùá}Ó ⇔ âø�Ì‚ñ2, S[�¦š

(replacement sampling) í!‹, àâøL

52 "�2, L²ø"p“u´ÑAå(, ÿ[�.

½º¤‚¦, [�í�T n Ÿ, 1I X Ñ|Ûí

,AåŸb, † X ∼ B(n,12/52).

��S}Ó ⇔ âø�Ì‚ñ2, S.[�¦š

(without replacement sampling) í!‹, à

J.[�íj�¦ 5 "�. I X = ¤ 5 "�2

|ÛAåí,b, †

P (X = x) =
(12

x

)( 40

5− x

)
/
(52

5

)
,

x = 0,1, . . . ,5; 1˚ X í}ÓÑ��S}Ó,

1J

H(12,40,5)

[ý5, w2 12 = ‚ñ2 ”AŠ” (Aå) í,

b, 40 = ‚ñ2 ”ÜÝ” (ÝAå) í,b, 5 =

š…×ü.
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• ��S}Óíœ0ò�ƒb

f(x) =

(
m
x

)(
n

k−x

)
(
m+n

k

) ,

x = 0,1,2, . . . , k, w2 m = ‚ñ2í ”A

Š” ,b (C/�Ôì_ñ (à, �H) í,b

), n = ‚ñ2í ”ÜÝ” ,b (CÝ/�Ô

ì_ñ (à, Ý�H) í,b), k = š…×ü.

• ,‚ñí×üÑ m + n, /J

X ∼ H(m, n, k)

[ýÓœ‰b Xí}ÓÑ��S}Ó, wœ0

ò�ƒbà,H.

• çš…×ü k óúüv (à,

k/(m + n) < 0.1), .[�¦ší^@u/�

í, ]

H(m, n, k) ≈ B(k, m/(m + n))

(ÄÑ.[� ≈ [�í¦ k Ÿ, /AŠœ0 =

m/(m + n))

W. ú H(12,40,5) D B(5,12/52) íœ

0ò�ƒbÇ$1ªœ5.
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• ��S}Óí�ÌMD‰æb}�à-:

E(X) = k

(
m

m + n

)

V ar(X) = k

(
m

m + n

)
·[

1−
(

m

m + n

)](
m + n− k

m + n− 1

)
(AWð}; ¡5œ${…)

Å. ¦ k = n / m
m+n = p v,

E(X) = np

Dùá}Ó B(n, p) í‚�Møš, /

V ar(X) = np(1− p)
(

m

m + n− 1

)
D B(n, p) í‰æbÏø_�Ì‚ñ^£Ää

(finite population correction factor).

5. Poisson }Ó

ç n →∞, p → 0 / np = λ (�b) v,
B(n, p) íœ0ò�ƒb

f(x) =
(n
x

)
px(1− p)n−x

→ e−λλx

x!
, x = 0,1,2, . . .
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?Ñø�œ0ò�ƒb, 1Jw2øPêÛ6í±

å˚5 (1873).

_àk_�“øÔìË– (CøÔìv¨) q ”™

�” 9KíêÞŸb, à: [¦4Åäí„[b,

Ê/ø˜¨í%¬š0, Ñ'2íAb, /–�q

íTÓb, �ÓbC�ÞÓñb�.

• ZA Poisson }Óí‘K:

1. ÊÝ½LívÈC–�q, êÞí_buó�

Öí.

2. ÊF�Å�ó°ív¨CÞ	ó°í–�q

í�ÌêÞbÌÑ°ø�b.

3. çv¨íÅ�C–�íÞ	 ↓ 0 v, Êøv

¨C–�qí�ÌêÞb ↓ 0.

• Ê=1�¿2, Poisson }Ó�àk_�“:

1. Êø_#ìív¨5-, °¥‹2™ÄMíŸ

b.

2. 32 �µê4�œ‹2Óí£·2, W¿|í

µ¯Ó_b.
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3. “çÓ”ë�í}Ó (ÀP: ppb).

• Poisson }Óíœ0ò�ƒb

f(x) = e−λλx

x!
,

x = 0,1,2, . . ., w2 λ = Ê/ø#ìv¨C

–�qí�Ì9Kb.

• J

X ∼ Poisson(λ)

[ýÓœ‰b X í}ÓÑ Poisson.

• Poisson }Óí‚�MD‰æb}�à-:

E(X) = λ, V ar(X) = λ

Å. ‚�MB×, ‰æbÿB×.

W. ú Poisson(1) D Poisson(3) íœ0

ò�ƒbÇ$1ªœ5.

6. Gamma (Pearson Type ö) }Ó

ú¡bí gamma }Ó, ¢˚T Pearson Type

ö }Ó, Dú¡bíúb�G}Óí@à8$øš
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, �vàk®dç,�É±Ç¾, ¼§D¼¾, ‹2

w-¾�í_�“.

• ú¡b gamma }Óíœ0ò�ƒb

f(x) =
(x− γ)α−1 exp

[
−(x−γ)

β

]
βαΓ(α)

,

α > 0, β > 0, x > γ, w2 gamma

function

Γ(x) =


∫∞
0 tx−1e−tdt J x > 0

Γ(x+1)
x J x < 0 /

x 6= −1,−2, . . .

Å. α ²ìœ0ò�ƒbí�G (shape); β

²ìœ0ò�ƒbíd_ (scale); γ ²ìP0

(location), ¢˚TÆ§ (threshold) ¡b.

• J X ∼ gamma(α, β, γ) [ýÓœ‰b X

í}ÓÑú¡b gamma }Ó.

• çP0¡b γ = 0 v, ˚Tù¡b gamma

}Ó, w

E(X) = αβ

V ar(X) = αβ2
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skew(X) = 2/
√

α

/

CV(X) = 1/
√

α

Å. Ré4 (skew) D‰æ[b (CV) êr

â�G¡5b α F²ì, /D
√

α A¥ª.

W. úù¡b gamma(2, 1) D

gamma(3, 2) íœ0ò�ƒbÇ$1ªœ5.

7. ”M}Ó (Extreme Value Distribution)

àJ_�“/¬˙Cøå��¾M2í”M (|×

C|üM), à: ©ní|òÅ, ©n|ò˛−‹2

ë�, n±Ç¾í��|×M�.

9õ,”M}Óu n _Ö°}Ó (©/) Óœ‰

bí|× (C|ü) Mí”Ì}Ó, ]˚5Ñ”M

}Ó.

• �ú�.°ðíí”M}Ó. ¤Tn�íÑ

Type ô, ¢˚T Gumbd ”M}Ó, J

EV(η, θ)
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[ý5.

• ù¡bí”M}Óíœ0ò�ƒb

f(x) =
1

θ
e−(x−η)/θ exp

[
−e−(x−η)/θ

]
,

−∞ < x < ∞, −∞ < η < ∞, θ > 0, w2

η ÑP0 (location) ¡b, θ Ñd_

(scale) ¡b.

Å. ¤}ÓÑ|×M}Ó, àV_�“|×M.

• ù¡bí”M}Óí Mode, w�MD‰æb

à-:

Mode(X) = η, E(X) = η + εθ

V ar(X) =
θ2π2

6

w2 ε Ñ Euler �b ≈ 0.5772157.

• skew(≈ 1.14) D kurtosis(≈ 5.4) ÌÑ�

b.

W. ú EV(10,1) íœ0ò�ƒbDÚ	}

ÓƒbíÇ$1DwF.°¡bí EV }Óª

œ5.
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8. �2í”M}Ó (Generalized Extreme Value

Distribution)

GEV Î7�P0¡b η Dd_¡b θ Õ, yÖ

�G (shpae) ¡b κ (kappa).

• ú�ðíí”M}ÓÌÑ GEV íÔW:

1. κ = 0, GEV ⇒ Type ô EV (C

Gumbd) }Ó.

2. κ > 0, GEV ⇒ Type õ EV }Ó.

3. κ < 0, GEV ⇒ Type ö EV }Ó.

• =$_ í.ŒzpfTX GEV íyÖ’m

(AW¡5).

9. ¹¯}Ó (Mixture Distribution)

ç‚ñ/¶MVA/ø}Ó/wì¶MVAÇø}

Óv, }ßÞø_¹¯}Ó. ¹¯}Ó�àk_�

“Ö�ø<Cb_éO (×) í×ˇM (outliers)

í’eÕ¯, 6¹_�“×¶MhôM·VAk/

ø}Ó/wìVAk�ÌM�� (C™ÄÏ��)

í}Óí’eÕ¯.
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• Ê=1$l2, ¹¯}Ó�àk_�“VAkÖ

�”ì (residual) ‹2í^+ (^a)

(remediated) Ë–í’e, à Cleanup –

�í TcCB ’e.

• âù}Ó$Aí¹¯}Óíœ0ò�ƒbÑ

f(x) = (1− p)f1(x) + pf2(x)

w2 f1() [ý�ø_}Óíœ0ò�ƒb,

f2() [ý�ù_}Óíœ0ò�ƒb, /

0 < p < 1 Ñø¹¯ªW (mixing

proportion).

• ¹¯}Óí‚�MD‰æbà-:

E(X) = (1− p)µ1 + pµ2

V ar(X) = (1− p)σ2
1+

pσ2
2 + p(1− p)(µ1 − µ2)

2

(D{…í.°, ~°çð}S6£ü), w2

µ1 D µ2 }�Ñ�øD�ù}Óí‚�M, σ1

D σ2 }�Ñ�øD�ù}Óí™ÄÏ/ p Ñ

¹¯ªW.
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• S+ D=$_ ªl�ù�G}Óí¹¯}Ó

Dùúb�G}Óí¹¯}Óíœ0ò�ƒb,

Ú	}Óƒb, ¾}PbDÓœb.

W. tú N(5,1) D N(10,2) / p = 0.3

í�G}Óí¹¯}Ó. (?¹, N(5,1) í

70% D N(10,2) í 30% ¹¯}Ó.)

10. É^ò}Ó (Zero-Modified Distribution)

ø�#8 0 çÕœ0”¾í}Ó, Ñ¹¯}Óíø

�ÔW, ¹‚ñ2íø¶MVAkŸ}Ó, Owì

¶MÌqìÑ 0 í}Ó.

• Ê=$2, É^òúb�G}Ó (¢˚T dalta

}Ó) �àkqÖÌ¶WVhôMí’eÕ¯

í_�“ (¥<Ì¶W¿M (nondetects) Ì

\qìÑ 0).

• É^ò}Óíœ0ò�ƒbÑ

h(x) =

{
p J x = 0
(1− p)f(x) J x 6= 0

w2 f() ÑŸ}Óíœ0ò�ƒb, p [ý‚

ñ2 0 MíªW.
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• É^ò}Óí‚�MD‰æbà-:

E(X) = (1− p)µ

V ar(X) = (1− p)σ2 + p(1− p)µ2

(D¹¯}Ó2í V ar(X) ’¯), w2 µ D

σ }�ÑŸ}Óí‚�MD™ÄÏ.

• S+ D=$_ ªl�É^òÅG}ÓDÉ^

òúb�G}Óíœ0ò�ƒb, Ú	}Óƒb

, ¾}PbDÓœb.

W. tú‚�MÑ 3, ‰æ[bÑ 0.5 / 0

íªW p = 20% íÉ^òúb�G}Ó.
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