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Àj 3: �e (�e) ’e

…Àjñ™: «nàSUà¿b$l¾ (Summary

Statistics) DúÇ (graphs) ú=1’eí·HDh

ô.

ø. ¿b$l¾

¿b$l¾ (¢˚ÅH$l¾ (descriptive

statistics)) Ñø<bå, àJ¿b|ø hôM2í

m7, 6˚Tš…$l¾ (sample statistics), ÄÑ

…uâš…Fl�|í$l¾; Ì¶·H|c_‚ñ.

ù�¿b (CÅH) $l¾í}é¶:

. ;WF�¾íM. à, P0 (location) (éý2Û

�‘ (central tendency)), Øà� (spread)

(éý‰æ4 (variability)), Ré4 (skew) (é

ýÀ²Å® (long-tail in one direction)),

kurtosis (éýr
4 (peakedness))�.

. ;W.©�”«MéÛví¥@. à, Ü>�

(sensitive) C#ì� (robust).
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¡5[ 3.1, ;W¤ù�}é¶�É¿b$l¾í�H.

1. t�: -Ht�2J x1, x2, · · ·xn [ý n _h

ôM; J x(1), x(2), · · ·x(n) [ý§å(, âüƒ×í

hôM.

1. P0í�¾ (Measures of Location) (2Û�

‘ (Central Tendency)):

(a) Mean (¢˚ average):

x̄ =
1

n

n∑
i=1

xi

• ú”«MuÜ>í(ât�é7qc)

(b) Trimmed Mean:

x̄trimmed =
1

n− 2[αn]

n−[αn]∑
i=[αn]+1

x(i)

w2 0 < α < 0.5 (˚T^‘0(trimming

fraction)), [y] = ükC�k y í|×cb

, (?¹, x̄trimmed = ^‘¥‡(® [αn] _

hôM(í�ÌM).
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• ÄÑ…<Ë^‘¥”«M, .à mean µó

sensitive.

(c) Median:

�k5, ÿu 50% trimmed mean.

median =


x(

n+1
2

) J n: Jb

x(n
2)

+x(n
2+1)

2 J n: Xb

• ®�øšíhôMPk median í,, -.

• ú”«MuÝ�#ìí (ÄÑ.�”«Mu

àSËR, .	à2ÈíhôM).

(d) Geometric Mean:

¦�àV·H£Mí’e; hôM%úb�²(

, ° mean, y¦Nb.

x̄g = exp

1

n

n∑
i=1

log(xi)


• àV,l lognormal }Óíö£ median.

(à, Reference area í TcCB ’e2,

median D geometric mean ÌÑ

.54ppb.)
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• x̄g ≤ x̄, ”=” A
cçF�hôM xi Ìó

� (ÄÑ�S�Ìb ≤ �X�Ìb, AWð
„).

• à° median, geometric mean 6u#

ìí.

2. Øà4í�¾ (Measures of Spread) (‰æ4

(variability))

�k5, Øà4ü ⇒ š…2PbCš…�ÌM}

uóçx ”H[4” íhô; Øà4× ⇒ }�<

ªš…�ÌMCš…2Pb¬üC¬×5hôM.
uø�zp ”·H}ÓÔ”” ßí˙�í	x.

(a) Range:

|×MD|üM5ÈíÏ�0§ËTXhôM

Ïæ˙�íwø.

range = x(n) − x(1)

• Ü>í (ú”«M7k).

(b) Interquartile Range (¢˚ IQR):

I xp ’eí� p100 ì}Pb (p100th

percentile), ?¹, (�k5) ÑøbU)�
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p100% íhôMük¤b/�

(1− p)100% íhôM×k¤b. (à,

median =� 50 ì}Pb = x.5)

25th,50th D 75th percentile ¢}�˚T

1st, 2nd D 3rd û}Pb (quartile).

Interquartile range ÿu‡(s_û}Pb

È (?¹, 75th ì}PbD 25th ì}Pb)

íÏ�, �¾’e2È 50% í¸ˇ, ¹

IQR = x.75 − x.25

• ú”«Mu#ìí.

(c) Variance:

hôMD mean 5ÈÏ�í�jí�ÌM.

S2
mm =

1

n

n∑
i=1

(xi − x̄)2

(˚T �Ï¶,l¾, method of moment

estimator)

S2 =
1

n− 1

n∑
i=1

(xi − x̄)2

(�àí.R,l¾ (unbiased estimator))
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• ú«MuóçÜ>í, ˙�yÝk�ÌM (Ä

Ñ−£hôMD�ÌMí�×�j). (à,

TcCB ’e2, Reference area í

variance = .08ppb2, 7 Cleanup area

í variance =400ppb2.)

(d) Standard Deviation:

variance í�j;.

Smm =

√√√√1

n

n∑
i=1

(xi − x̄)2

(ú@k�Ï¶,l¾)

S =

√√√√ 1

n− 1

n∑
i=1

(xi − x̄)2

(�àí™ÄÏ, ú@k.R,l¾)

• ª variance y§¡CíØà4�¾M (Ä

ÑDŸ’e�ó°í�¾ÀP).

• ú”«MuóçÜ>í.

(e) Geometric Standard Deviation:

¦�àV·H£Mí’e; hôM%úb�²(

, °™ÄÏ, y¦Nb.
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Sg = eSy

w2

Sy =

√√√√ 1

n− 1

n∑
i=1

(yi − ȳ)2

yi = log(xi), ȳ =
1

n

n∑
i=1

yi

• æk x̄g (geometric sample mean ≈
lognormal }0í median), .?àV,

l lognormal }ÓíLø‚ñ¡b.

(f) Median Absolute Deviation (�ŸA

MAD):

hôMD median 5ÈÏ�í median.

MAD

= median(|x1 −m|, · · · , |xn −m|)

w2 m = median(x1, x2, . . . , xn).

• ú”«Mu#ìí (æk variance D

standard deviation 5T).
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(g) Coefficient of Variance (‰æ[b) (�p

A CV):

™ÄÏú�ÌMíªM.

CV = S/x̄

• ÌÀPí�¾, ·H}Óóúk�ÌMíØà

4 (?¹, ©ÀP�ÌMíR×�).

• ¦�àV·H£, ¬Ré}Ó (à,

lognormal) íÔ”.

• à° mean D™ÄÏ, ú”«MuÜ>í.

3. R×ú˚ (C $) }Óí�¾ (Measures of

Deviation from a Symmetric or

Bell-Shaped Distribution):

�¾’eDú˚ (C $) òjÇ (histogram)

íR×˙�. ú˚ (C $) òjÇuàV‡i’

eªà�G (normal, Gauss) }Ó_�“íø_

ßíN™, rÖ$lcq�ìÌcq’eu¦šk

�Gí‚ñ}Ó, ]¤�¾�w.b4. Ê�qË

JÚ7,ñúÇDdº_��ì

(goodness-of-fit test) ‡, �Jù$l¾:

2×bçÍ:PM
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skew D kurtosis, dÑ¤��¾íÑµ (ÖÍñ

‡.�ÑSà).

(a) Skew (¢˚Ré[b, coefficient of

skewness):

”hôMD�ÌMÏ�íúŸjí�ÌM” ú

”™ÄÏúŸj” íªM.

Skewmm =
1

n

n∑
i=1

(xi − x̄)3/S3
mm

(ú@k�Ï¶,l¾)

Skew =

n
(n−1)(n−2)

n∑
i=1

(xi − x̄)3

S3

(ú@k.R,l¾)

• ÌÀPíM, �¾hôMÊ mean Ë¡}0

í8$.

JòjÇ

– óçú˚ ⇔ skew Ñ 0 CÔ¡ 0.

– �b_×íMPk mean í¬i (O.Ê

mean í˝i) ⇒ skew > 0 /˚T¬

2×bçÍ:PM
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Ré (right skewed) C£Ré

(positively skewed).

– �b_üíMPk mean í˝i (O.Ê

mean í¬i) ⇒ skew <0 /˚T˝R

é (left skewed) CŠRé

(negatively skewed).

• =1’e¦�Ñ¬Ré (£Ré) (ÄÑ=1

’e�−£�¾“çÓíë�, 7ë�.}Q

k 0).

(b) Kurtosis (¢˚Tr
[b, coefficient of

kurtosis):

”hôMD�ÌMíÏ�íûŸjí�ÌM” ú

”™ÄÏûŸj” íªM.

Kurtosismm =
1

n

n∑
i=1

(xi − x̄)4/S4
mm

(ú@k�Ï¶,l¾)

• ÌÀPíM, �¾ ”’eíòjÇ” óúk

”Ü; $íòjÇ” ír
˙�.

Ü; $íòjÇu;W�G (òg) }Ó

7), w kurtosis Ñ 3.
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J’eíòjÇóúkÜ;òjÇ

– �rÖhôMPk®¶ (Wà, ¾Åí®Ñ

), † kurtosis > 3.

– �sí®Ñ/×¶MíhôMÌ'òËˇ�

Ê mean Ë¡, † kurtosis < 3.

2. Wä: N¬ S-PLUS TÜq�’e, J7j®�

¿b$l¾.

1. J’e-Z (data frame) epa.94b.tccb.df

�ý TcCB ‰¾ (variable) í¿b$l¾.

(Cleanup 2í ”ND” [ýÌ¶W¿,

nondetect.)

2. `¨úb�²(í TcCB (·±Ñ log.TcCB),

1‹pŸlí’e-Z, y·±A

new.epa.94b.tccb.df. J¤�ý‰¾

log.TcCB í¿b$l¾. (Å: .l� x̄g D S̄g

(ÄÑ’eÑŠM).)
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ù. À‰bíÇ$

1. õÕÇ (Dot Plots)

J©ø�¾_�í™Â�ý¾“í’e; 6ªJ;

Wé�‰b (categarical variable), �ý®éh

ôMF´íì}ª. ’eâüƒ×§å(íÇ$y

?‹#wø.

W. 1Å‰”¶ 41 _Í
�ÉG� (ozone)

ím7}�Ê²¾ (vectors): ozone.city,

ozone.median, ozone.quartile J£å�

(list): ozone.xy (qÖ%� (longitude) Dï

� (latitude)) q.

• `¨øhí’e-Z (·±Ñ ozone.NE) qÖ

,Hm7.

• ú|ï�×k”ï 42 �í 13 _Í
í dot

plot.

• JNI ozone.NE <- cbind(ozone.NE,

City.Ordered = reorder.factor

(ozone.NE$City, ozone.NE$Median)) ‹

2×bçÍ:PM
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pø_hí‰¾ (variable): City.Ordered,
1J¤ú|�åí (ordered) dot plot.

Å. attach(ozone.NE) (,
reorder.factor qÿªòQà City D

Median, 5(y detach().

2. Å‘Ç (Bar Charts)

à° dot plot, J©ø�¾_�í™Â�ý|¾“

í’e; 6ª;Wé�‰b�ý®éhôMF´í

ªW. bars íÅ�}�ø�Ë‹, íeg^‹;
ç!( (baseline) .Ñ 0 v, bars íÅ�1.

H[õÒíÅ�, céÛhôMóú×üíÉ[.

W. ú|ï� ≥ 42 �íÍ
í bar chart. N

I: barchart(City.Ordered ~ Median,

data=ozone.NE, Subset=Latitude >= 42)

3. Æ$Ç (Pie Charts)

àJ�ý£ªœì}ª. Ç$wøíõð„p pie
charts Êf]w7,.à dot plot D bar
chart Víª].

2×bçÍ:PM
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W. dÑõð�ÈªœíÁë�í’e2, � 56

_hôM, w2 34 _J ”<DL” í$�×Û|,

¤T DL [ýW¿”Ì (detect limit). (J

”<DL” $�×ÛíhôM¢˚TÿÜhôM

(censored obervations) (¤’e2, u� 12

_.°íW¿”Ì (detection limit))

\pA ”<DL” íhôM<‚O‡ú¤Ôìíõð

�, õñš…, £iÂqì, “çÓíë�c?\¾

“Ñük DL íøM, ?¹, Lø�k 0 D DL È

íøb.

¤’eæ[k’e-Z

helsel.cohn.88.silver.df 2, qÖ‰¾

Ag.orig (Ñødå²¾ (character vector),

u|Ÿáí){M), Ag (Ñøbå²¾

(numeric vector), uÁíë�, ø censored

M){A censoring level (¹, DL)) J£

Censored (Ñøj4²¾ (logic vector), N|

øhôMu´Ñ censored).

TÜ˙åà-:

• ‹ø_‰¾ Censoring.Level JN|

censoring level (J¤hôMu censored),

C ”Not Censored” (J¤hôMu ”not

2×bçÍ:PM
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censored”), 5(·±¤’e-ZÑ

new.helsel.cohn.88.silver.df.

• `¨ø·±Ñ silver.table í’e-Z.

Å: JNIj�ÏW reorder.factor.

• ú| silver.table í pie chart.

• ú| silver.table í dot plot.

(AW¡5{…í²À˙åJ£.bíNI, õÒÍ

TJ)ƒ,Hí!‹.)

4. �‘Ç (Strip Plots)

¢˚Tø&àÈÇ (one-dimensional scatter

plot), uø�ø©øhôM�ÛíÇý, ªàVh

õø_’eÕ¯í}Ó, Cªœù_CJ,_’e

Õ¯í}Ó.

W. �ý’e-Z new.epa.94b.tccb.df 2

Reference D Cleanup area íúb�²(5

TcCB ’e. 'péË, ªõ|ÊÀÎ–�2ýb

2×bçÍ:PM
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í�_×ˇM (outliers), …bª?uÊÀÜ (^

^ � Z¾) (remediation) ¬˙2³Õ¥íÏõ

(hot spots).

5. òjÇ (Histograms)

æk strip plot, .�ý©ø_hôM, 7uN¬

øhôM–}Ê.°í–È (¢˚T class C

bin) q, 1l�Ê©ø–Èqíb¾íj�, V¿

b|’eí}Ó. y-WªÑ-� 4 ���5ø:

• b¾ (number or counts): Å‘ (bar) í

ò� = Ê–ÈqíhôMí_b.

• ì}ª (percent of total): Å‘íò� =

Ê–ÈqíhôM´F�hôMíì}ª.

• ª0 (fraction of total): J�k 0 D 1

5Èíª0, ×Û|–ÈqíhôM´,ñíª

0.

• ò� (density): Å‘íò� × –Èí �

= –ÈqíhôM´,ñíª0.

histogram íÕ$¦²k–Èí �:

2×bçÍ:PM
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• –Èí �BVBüv, }û_Õ$BVB{ú

, 7�²ø strip plot.

• –Èí �BVB×v, }TXBVBýím7

, 7�²kÉ�ø_–È, ÖQF�hôMíÇ

$.

• ²¦_çí–ÈJnÜ ¬ÖíÄü4, Oº³

�ø_	ìíd†ªY�.

W. ú new.epa.94b.tccb.df 2úb�²(í

TcCB í histogram (¦–È �Ñ 0.3 C,

–Èb�k 25).

6. ò�Ç (Density Plots)

;Wš…hôM, °)íø_�Éš…*(íöõ

œ0}Ó (true underlying probability

distribution) í,l; ] x-W,ùõ5È�(-

íÞ	}�køhôMrk¤ùõÈíœ0í,l.

W. ú Reference –�íúb�²(í TcCB

í density plot.

2×bçÍ:PM
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·<: strip plot 2Ê 0 Ë¡�øÈ½ (gap),

¤ÛïÊ density plot 26×Û|; ºÊ

histogram 2\¿R¥ (Ì¶éý¤øm7).

7. ]�Ç (Boxplots)

¢˚T box-and-whisker plot, ø�¿bø h

ôMí�ÀÇ$��, qÖ

• ø]ä (box), â 25th D 75th ì}PbF

ì2í.

• Ê]ä,Jø(Cøõ™ý median (C

50th ì}Pb).

• â 25th ì}PbÇá%-•ø‘™( (Þß,

whisker) òBÊø_ ¥ (step) qí|üh

ôM. (Å: ø¥ì2A interquartile range

í 1.5 I) (interquartile range = 75th

D 25th ì}PbÈí�×) (˚T-¹¡M,

lower adjacent value).

• â 75th ì}PbÇá%,•ø‘™(

(whisker) òBø¥qí|×hôM (˚T,

¹¡M, upper adjacent value).

2×bçÍ:PM
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• ]äs«ø¥JÕíhôM, J¯U (à, ∗)
Cò(×Û5 (˚TÕÞM, outside

values).

ø boxplot ªJ'0Ë×Û|-�Ô�:

• ’eí2- (median)

• ’eíØà4 (variability)

• ’eíRé4 (N¬hõš_]äíóúÅ�

J£ whiskers)

• LS.©� (outside) íM (Å: outside

values ..Íu×ˇMC;íhôM; 9õ,,

âk=1’eÖÑ¬Ré, Ê boxplot 2}%

�|ÛrÖíÕÞM.)

W. ú new.epa.94b.tccb.df 2%¬úb�²

(í TcCB 1ªœù–�ÈíÏæ.

8. ¾}PbÇC%ðÚ	}ÓƒbÇ (Quantile

Plots or Empirical CDF Plots)

2×bçÍ:PM
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‚ñ: � p _¾}Pb (pth quantile) = øb

U)‚ñ2 ≤ ¤bíª0Ñ p (óçk�

100pth ì}Pb)

Ú	}ÓƒbÇ (cdf plot, cumulative
distribution function plot): dW (x-axis)
Ñ quantiles, óW (y-axis) Ñ quantiles ú@

|í ≤ wMíª0 (Cì}ª) íÇ$. (y-axis
¦�™ýÑÚ	œ0 (cumulative probability)
CÚ	ä0 (cumulative frequency).)

š…: Ì¶×)©øhôMFú@í quantile
(ÄÑ.ø−ö£‚ñí quantiles), FJÉ?à

š…’e,lhôMFú@í quantiles.

ø§å(íhôM (âüƒ×) TÑ x è™, ú@

í,lÚ	œ0 (estimated cumulative
probability) TÑ y è™, 7)íÇ$, ˚T¾

}PbÇ (quantile plot) (¢˚T%ðÚ	}Ó

ƒbÇ, empirical cdf plot).

estimated cumulative probability ¢˚T

plotting position (·õP0), w°¶Ñ-�ú

�5ø:

(1) p̂i = #[xj ≤ x(i)]/n

2×bçÍ:PM
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(2) p̂i = i/n

(3) p̂i = (i− a)/(n− 2a + 1)

w2 p̂i = � i _�å$l¾ x(i) Fú@í,l

Ú	œ0, i = 1,2, . . . , n, / a Ñ 0 D 1 Èí

ø�b.

Å 1. (1) �í,l¾zpükC�k� i _�

åhôMíbÊ‚ñ2F´íª0uâš…2 ≤
¤hôM (� i _�åhôM) íhôMÊš…2

F´íª0V,l. ((1) �í estimator �v¢

˚T empirical probability estimator)

Å 2. Ê’e2³�ó°íhôM (no ties) v,

(2) ��k (1) �.

Å 3. (1) �D (2) �íÿõÑ…b˙ý|×h

ôMu‚ñí|×ª?M (100th ì}Pb).

Å 4. ‚ñí}ÓJcqÑ©/v, �J (3) ¸

øÔìí a Ml�,lÚ	œ0. ¡5[ 3.7 �

ÉÔ�‚ñú@íÔì a M (;W$lŸÜ7)).
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Å 5. øO x Mí,lÚ	œ0í°¶:

• ×à}Ó: ‡ú x(i) ≤ x < x(i+1),

p̂(x) = p̂i

(⇒ quantile plot &M®� (flat), òƒí

ƒø_�åhôMv, n�ø�& (jump). F

JÑø step function.)

• ©/}Ó: ‡ú x(i) ≤ x < x(i+1),

p̂(x) = (1− r)p̂i + rp̂i+1

w2 r =
x−x(i)

x(i+1)−x(i)
(⇒ ;W(4q�¶

(linear interpolation) °5, ]Jò(©Q

ùó¹hôMFú@íõ)

W. J’e-Z new.epa.94b.tccb.df 2í

TcCB ú|

• Reference area í TcCB í quantile

plot (Jõ×Û)

• Reference area í TcCB í quantile

plot (J(×Û) (J(4q�¶°))
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Å. â,ùÇ$ª�Iõ| median ≈ 0.5,
�øû}Pb ≈ 0.4, �úû}Pb ≈ 0.75;
0.8 Ë¡ˇÍ�-V, N|¬Ré.

• Reference area í TcCB í empirical
cdf DøÔìíÜ�}Ó (à, lognormal, w

¡bâ’e,l) í cdf óªœíÇ$

• Reference area D Cleanup area í

TcCB í empirical cdf íªœÇ

9. œ0ÇC¾}Pb-¾}PbÇ (Probability
Plots or Quantile-Quantile (Q-Q) Plots)

ÑøÇ$�ý, zpø ’eDøÔìœ0}ÓC

Çø ’eíªœ. w…–1à-:

• Jù‚ñ}Óêró°, †…b�ó°í

quantiles. FJ, �ø_}Óí quantiles
ú� 2 _}Óí quantiles íÇ (?¹, x è

™Ñ�ø_}Óí quartile, y è™Ñ�ù_

}Óí quartile), }rÊ 0-1 (, (?¹,
i�Ñ 0, é0Ñ 1 íò( y = x).

• Jù‚ñ�ó°íÕ$DØà4O�.°íP

0 (locations), † quantiles íÇ}rÊò
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( y = a + x , (�Wk 0-1 (), w2 a

ÑP05ÈíÏæ (ÄÑ�ø_‚ñí

quantiles + a = �ù_‚ñí

quantiles).

• Jù‚ñíP0ÏæÑ a /¢óÏø_
	�

b b, † quantiles íÇ}rÊò(

y = a + bx , (ÄÑ (�ø_‚ñí

quantiles) × b + a = �ù_‚ñí

quantiles).

Ä¤, ‚ñ}ÓÈí.°Ïæ}û_®�R×ò(

í�é.

Å 1. ø ’eDøÜ�œ0}Óíªœ

ú empirical quantiles (?¹, �å$l¾C�

åhôM, ordered statistics) Ñ x è™, ú@

íÜ�œ0í quantiles Ñ y è™íÇ$ (˚T

Q-Q plot), w2Ü�œ0í quantiles 4;W

Fú@í�åhôMí,lÚ	œ0 (estimated

cumulative probability) °)í. à, ø

Reference area í TcCB D™Ä�G}Óóª

œ, l�…bí quantiles í¥	à-[:
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Order Plotting Normal
Statistics Position Quantiles

0.22 p̂1 = 0.013 -2.2
0.23 p̂2 = 0.034 -1.8
0.26 p̂3 = 0.056 -1.6
· · · · · · · · ·
1.14 p̂45 = 0.944 1.6
1.20 p̂46 = 0.966 1.8
1.33 p̂47 = 0.987 2.2

Å. ,[2|(øWí Normal Quantiles u

;W-��ä7)í:

�ø�í Normal Quantile VAk

P (Z ≤ −2.2) = 0.013

�ù�í Normal Quantile VAk

P (Z ≤ −1.8) = 0.034

...

|(ø�í Normal Quantile VAk

P (Z ≤ 2.2) = 0.987

W. Reference –�í TcCB D N(0,1) í

ªœ: ×Û|ø
⋃

íÕ$, [ý¬Ré.
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Reference –�í log(TcCB) D N(0,1) í

ªœ: rÊø‘ò(,, ˙ý lognormal }Óª

?uøßí_�.

Å. normal Q-Q plot (?¹, óWÑ N(0,1)

í quantiles, dWÑš…�å¾ (empirical

quantiles) í (Q-Q) plot) íÔ4: Jš…¦

Ak�G}Óí‚ñ, † fitted line íi�Ñ‚

ñí mean í,lM, /é0Ñ‚ñí™ÄÏí,

lM. Ä¤, hô¤ Normal Q-Q plot ª)i

�Ñ -0.6 (≈ mean) Dé0� 0.5 (≈ ™ÄÏ)

Å 2. ù ’eíªœ

‡i¤ù ’eu´¦Ak°ø‚ñ. óè™Ñ�

ø ’eí empirical quantiles, dè™Ñú@

í�ù í empirical quantiles. Jù ’eí

×ü.øšv, ²àœü’e í empirical

quantiles, œ×’e íú@í quantiles ÛN

¬œü’e í plotting positions (?¹,

empirical cdf) £(4q�¶°). à, I

y(1), y(2), . . . , y(m) Ñ�ø’e í m _�åh

ôM/ x(1), x(2), . . . , x(n) Ñ�ù ’eí n

_�åhôM. JÌ¦A©/}Ó/ m < n, †²
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à y(1), y(2), . . . , y(m) Ñóè™, ú@ídè™

°¶à-�

(a) l��ø 2 y(1), y(2), . . . , y(m) í m _

plotting positions: p̂1, p̂2, · · · , p̂m.

(b) l��ù 2 x(1), x(2), . . . , x(n) í n _

plottin positions (?¹, empirical cdf);

p̂∗1, p̂∗2, . . . , p̂∗n.

(c) ‡ú 1 ≤ i ≤ m, J p̂∗j ≤ p̂i ≤ p̂∗j+1, †ID

y(i) ú@í quartile

x∗(i) = (1− r)x(j) + rx(j+1)

w2

r =
p̂i − p̂∗j

p̂∗j+1 − p̂∗j

|(, ·õ (y(i), x
∗
(i)) (C (x∗(i), y(i))),

1 ≤ i ≤ m, ) Q-Q plot.

W. ªœ Reference area D Cleanup area

í log(TcCB) ’e.
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ÄÑ Reference area 2� 47 _hôM <

Cleanup2� 77 _hôM, ]²à Reference

area 2í 47 _�åhôMÑ x è™, ú@í

quartile (TÑ y è™) à-[°):

¡5–í ·õ ÀÜ–í

Quantiles P0 Quantiles
-1.15 0.013 -2.41
-1.47 0.034 -2.40
-1.35 0.056 -2.12
· · · · · · · · ·
0.13 0.944 1.77
0.18 0.966 2.88
0.29 0.987 4.66

Å. ,[2�øWí¡5–�í¾}Pbí°¶à

-:

log(.22) = −1.51

log(.23) = −1.47

...

log(1.2) = 0.18
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log(1.3) = 0.29

�úWíÀÜ–�í¾}Pbí°û¬˙à-:

P (ÀÜ–�íhôM ≤ −2.41) ≈ 0.013

P (ÀÜ–�íhôM ≤ −2.40) ≈ 0.034

...

P (ÀÜ–�íhôM ≤ 2.88) ≈ 0.966

P (ÀÜ–�íhôM ≤ 4.66) ≈ 0.987

·õ(, )ø Q-Q Ç, éý·õ1„rÊ 0-1 ò

(,, 7b²krÊù‘é0Ìóç×k 1 í.°

ò(,. ¤�Ûï¥@|w2ø_š… (¤Tu

Cleanup –�í’e) ª?¦Ak ”¹¯” }Ó:

ø<hôMVAkD Reference –�}Ó�óN

íÕ$D��í}Ó, 7Çø<hôMVAk¬�

£Øày�í}Ó (óúk Reference area }

Ó7k).

Å 3. R×(4íÇ, (Assessing

Departures from Linearity)
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!k-�Üâ, øK½bí9ÿu, ú®é’e, }

Ó, š…×üít� (typical) Q-Q Çíšä@

�ø_ßíwø:

• Q-Q Ç,íõcuš…7Ý‚ñí[Û (Ä¤

, ¹U underlying distribution êró°

CcÏø_‹¶C
¶�b, Q-Q Ç,íõ.

}�ßrÊø‘ò(,)

• ”«MõªÔ¡2-íõ}¨AyÖí‰æ

• âüš…)ƒ Q-Q Çªâ×š…)ƒí

Q-Q Çyq‰�

úkL<Ôìí}ÓDš…×ü, ªN¬3²Àõ

² EnvironmentalStats I EDA I Q-Q

plot I Q-Q plot Gestalt `¨t�í Q-Q

Ç.

R×(4íøO��Dú@íŸÄà-[:
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Patteror (��) ŸÄ (Cause)⋃
�

y Wí}Óu¬Ré (ó

úk x Wí}Ó)

J
⋃

� (⇔
⋂
)

x Wí}Ó¬Ré (óú

k y Wí}Ó)

S�

x Wí}Ó�œ× (½)

í®¶ (óœk y Wí}

Ó)
˝i-�, 2Èò(

, ¬i,� (?¹,

¥ S �)

y Wí}Ó�œ× (½)

í®¶ (óœk x Wí}

Ó)

ù}Çíò(
y Wí}Óuù.°}Ó

í¹¯

×ÖbíõrÊø

ò(,, Oø_Cb

_±Êò(í,C

-

ø_CÖ_×ˇM

Å 4. Tukey Mean-Difference Q-Q Plots

ø�Ç,R×(4˙�yßíj¶ (óœk‡Þk

Q-Q plot 2‹pø‘º_c¦ò( (fitted
regression line), �˚ m-d plot, ¤Çí y W

Ñs_¾}PbíÏ (difference, VAk.°í

s ), x WÑs_¾}Pbí�ÌM (mean).
;W m-d plot, }�-�b�íÇ,!�:
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(a) Js ¾}PbVAkó°í‚ñ}Ó, †

m-d plot 2íõ}×_rÊ®�( y = 0 ,

Þ.

(b) Js ¾}PbVAkc�P0 (location)
��Ïæís_‚ñ}Ó, † m-d plot 2í

õ}×_rÊ y = 0 5,C-í�W(,.

(c) Js ¾}PbVAk�
	�bÏæís_

‚ñ}Ó, † m-d plot 2íõ}×_rÊø

_�i�íò(,.

W. tú-HíúÇ$.

1. Reference area í TcCB ú
k N(0,1)
í m-d plot

2. Reference area í TcCB ú
k

lognormal }Óí m-d plot

3. Reference area í log(TcCB) ú
k

Cleanup area í log(TcCB)

10. Box-Cox ’e�² (Data Transformations)
D Q-Q Ç
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’e�²�w.b4, ÄÑ

(a) ø<™Äí¡bcq�ìÌ}cì:

• hôM¦Ak�G}Ó.

• J�Ö_‚ñ°v−pv, …bb�ó°í‰

æb.

(b) ™Ä(4c¦_�2, Î7�,HícqÕ, ´
b°¥@‰b (response variable) Dã¿

ä‰b (predictor variable C variable)
È�(4É[ícq.

Ô�u=1’e·.¯¯,Hícq, ÄÑŸá’

eÖÑ¬RéJ£ (C) .uö£�G}ÓíÕ$,
Í7�vºªN¬�², øŸá’e�‰ÑVAk

�G (C¡N�G) }Ó‚ñ, 1/6ª?û|‰

æø_4¸¥@Dã¿‰bÈí(4É[.

�²j¶:

(a) Ü�,í5¾: àlb (count) ’eÖVA

Poisson }Ó, øhôMÇ�j(, }�²A

y� $íÕò; =1ä�2, “çë��VA

k lognormal }ÓC£Ré}Ó, øhôM

¦úb(, })ƒ�G}Óí’e.
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(b) úkÞA’eí¬˙íwøJ£Ç$	x, à:

Q-Q ÇDòjÇ.

(c) Box-Cox Data Transformation: ø£�

(t�“) íj¶, ì2à-: #ìøVAk£

M}ÓíÓœ‰b X, † Box-Cox family

of power transformations

Y
def
=

{
(Xλ − 1)/λ, J λ 6= 0
log(X), J λ = 0

VAk�G}Ó, w2 λ Ñ power of

transformation (�²4Ÿ).

Å 1. �²ú λ 7ku©/í (à�	}íq

ñ„„õ); \åí (preserving order), ?

¹, J X1 < X2 † Y1 < Y2 (;;õ).

Å 2. Box D Cox �‡N¬|×“–Nƒb

(likelihood function) íj�²¦_�í λ

M.

Å 3. J λ 6= 0 v, ªSàœ�Àí�²

Y = Xλ, ÄÑDŸlí�²É�ø_Ib¸
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Ÿõ��íÏæ, ]�ó°…”,íÔ4

(Why? ;;�G}Ó).

Å 4. λ MFú@í^@à-H:

• λ = 1 ⇔ Ì�²

• λ < 1 }òü X 2í×M, ]�^k¬R

é’eí�² (àÇ: )

• λ > 1 }[× X 2í×M, ]�^k˝R

é’eí�² (àÇ: )

�_�àí λ Mà-:

• 0 (úb�², log transformation)

• 0.5 (j;�², square-root

transformation)

• -1 (Jb�², reciprocal

transformation)

• -0.5 (Jj;�², reciprocal root

transformation)
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Å 5. .ªòQø�²(�� (transformed

scale) í!‹¥��Ÿ�� (original scale)

í!‹; Ê�²(��2,lí¾}Pb (à,

means), ‰æb¸]-”Ì (confidence

limits) \¥��Ÿ��v¦�}û_ biased

D inconsistent í,l, àâúb�²(í

’eF)í mean í]˝”Ì, %¬Nb“í

¥�(, F)í!‹.uŸ��í mean í]

˝–È, 7u median í]˝–È. Í7, ¾

}PbDßåÝ! (ranked-based) í¬˙,

úkÀ|�² (monotonic

transformation) u.‰í (invariant) (?

¹, �²(í/¾,l, ¥�²(´uµ¾í,

l) (Why? ;;õ)

Å 6. ªN¬=1$l_ , J-Þú�‡i

™Ä²Ï|7í Box-Cox �², Cl� λ í

/¸ˇqFú@íÔì‡i™ÄM:

• Probability Plot Correlation

Coefficient (PPCC): �k -1 D 1 5È

íb; ’eJVAk�G}Ó, † PPCC }

Q¡ 1.
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• Shapiro-Wilk Goodness-of-Fit Test

Statistics (W ): D PPCC Ý�óÉ, w

M\Ìì�k 0 D 1 5È; ’eJVAk�

G}Ó, † W }Ô¡ 1.

• Log-Likelihood Function: B×íM[

ýD�G}Ó�Bßíº_ (fit).

W. ú Reference area í TcCB í

PPCC (ú@k.°í λ), ªpéËõ| λ

= 0 v�|×M, ¤vú@ƒ log �² (Bb

øÇáÿSàí�², ¤v)ƒø_üw). Î

¤, ´ú| 9 _ λ M}�í normal Q-Q

plot D m-d plot, u� 19 ÜÇ.

ú. ÂCÖ‰bíÇ$

hõ 2 _CÖ_‰b5ÈíÉ[:

1. àÈÇD�¶‹�c¦�Ë“( (Scatter plots

and Loess Smooths)
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(a) àÈÇª\àkhõ 2 ‰b, à x D y 5È

íÉ[, ¥<‰b·/�˙�AÍËJ�åúí

j�×Û. ¦�Bb�E�k‡is_‰bÈ

u´�/�\’e2íÇß (noise) F¿Rí

üì (deterministic) É[, (à, linear C

curvilinear)

(b) loess curve: ø�Ý�jZí�Ë“ä

(smoother), Ê.Ûb#8’e/�Ôìí_

� (à, (4_�) -, ªv|Çß2ímU

(”signal” in the ”noise”), ±˚VAk

”locally weighted regression”, `¨¬˙

à-:

i. ú©ø x M, `¨ø¨Ö¤Míe¢

(window C local neighborhood, bin).

ii. c‡úÊe¢qíhôM, J‹�c¦

(weighted regression) j� (?¹, BÔ

¡ x MíhôM, )ƒB×í‹�) °||

º_íò( (C 2 Ÿ�().

iii. º_|ò((, ;Wñ‡í x Mã¿ y M.

QO¦�Uàø robust regression ˙å,

ªW½ºº_¬˙ (iterative fitting
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process), #8œ×ìb (residual = h

ôM - º_M) íhôMœüí‹�(, y

øŸl�º_.

W. «n 2 _’e-Z: air.df D

environmental.df qÖG� (ozone)

(environmental.df íÀPÑ ppb; air.df í

ÀPÑ ppb1/3), Ø¹5¦? (solar

radiation), Å� (temperature), ê§ (wind

speed) í 111 _â 1973 � 5 ~B 9 ~¿)

íhôM.

(a) ú ozone D temperature í scatterplot

ª)øG�DÅ�Ñ£óÉ (positively

correlated) (?¹, Å� ↑⇔ G�ë� ↑)
J£Å�Óòv, G�í‰æ4}‹×.

(b) úG�1/3 DÅ�í scatterplot (à

air.df) ª)øúŸj;�²(íG�DÅ�

œx(4É[, °v6\�ó°íG�‰æ4.

(c) N¬ smoother, loess curve, ªÇ,G�í

úŸj;DÅ�u´ö�(4É[. !‹×Û

|Ý(4, 7u<�Ë curvilinear. 6rªà
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2 _.°íò(_�“¤ ’eí‚ñ; ø‘ò

(·HÅ�ÊM« 75 �J-íÉ[, Çø‘

ò(·HÅ��¬ 75 �víÉ[.

2. ú&íúÇ (Three-Dimensional Plots)

�ýú_‰b5ÈíÉ[, � 6 �.°íú`j�

: ú&àÈÇ (three-dimensional

scatterplot) (¢˚ÙÕÇ, cloud plot), Öd

åàÈÇ (scatterplot with text), ™™Ç

(bubble plot), �ò(Ç (contour plot), ø

ïÇ (image plot) (¢˚T®�µŸÇ, level

plot) J£�ÞÇ (surface plot) (¢˚áæ-

ZÇCNeÇ), }Hà-:

(a) ú&àÈÇ

øõ (x, y, z) Jú�˛ÈÇ$íj�×Û|.

W. ú environmental.df íG�ú@kÅ

�Dê§íú&àÈÇ. âÇ)ø, G�DÅ�

íÉ[ÓOê§7Z‰; ê§B×, G�.ÍÓ

OÅ�Óò7‰×. ªN¬ì�J.°i�í

Ne (perspective) hõ.
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(b) ÖdåàÈÇ

ÿuø_ (ù&í) àÈÇ, w2J�ú‰bí

MTÑ·õ¯U, uø��À, AÍí	x, à

Jf] z àSÓO x D y 7‰“ím7.

W. JG�MTÑ·õ¯UíÅ�úê§íÖ

dåàÈÇ2, ª)øG�í¸ˇÑ 1 ppb ƒ

168 ppb; øO7k, Qê§DòÅ-, �|×

íG�M, ÖÍÊ2�D#œê§-�ø<òí

G�M; Ê ”ÿê£QÅ” ¸ ”#ê£òÅ”

-·³�hôM.

(c) ™™Ç

ÿuøàÈÇ, w·õ¯UÑÆ™, ×üD�ú

‰bíMAª0 (?¹, MB×, óúíÆ™B

×).

W. JG�Mú@íÆ™TÑ·õ¯UFú|

íàÈÇªéý|ÖdåàÈÇF×Ûíó°

Ô4. .ÛJegªœG�íM, 7òQJÆ™

í×üªœFú@íG�M.

(d) �ò(Ç
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J�ò(íj��ý z ‰bÊ x-y �Þ,í‰

“8$.

W. ú·HG�àSÓOÅ�Dê§7‰“í

�ò(Ç.

(e) øïÇ (C®�µŸÇ): J˘HCóH��æ

��ý z ‰bàSÊ x-y �Þ,‰“.

W. ø®�µŸÇD�ò(Ç¯9Aø/k�

ò(Ç (filled contour plot), J·HG�

ÓOê§¸Å�í‰“8$.

(f) �ÞÇ (Cáæ-ZÇ, NeÇ)

Êú&Ç$,, «àÖ½qÏ�Ë�(

(multiple interpolated smooth curve)
éý z Mí‰“. Ê�Ë�(5È/kH˘C

óH��íÇ$, ˚T/k�ÞÇ.

W. J/k�ÞÇ�ýG�Mí‰“.

Å 1. éNkJøÅ�íƒbº_#G�Mø_�

Ë�( (smooth curve), �ò(Ç, øïÇ¸�
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ÞÇ·JøÅ�¸ê§íƒbº_#G�Mø_�

Ë�Þ (smooth surface).

Å 2. ç’e.uÌGØàÊøj$í–�v, }

)ƒ·Ôím7, à�ò(Ç, øïÇ¸�ÞÇÌ

éýG�M0§íÓ‹, ç ”ê§DÅ�Ó‹” J

£ç ”ê§]Áƒ 0, Å�Ê 75 �˝¬” v, O

uõÒ8”ºu, ÊÖdåàÈÇD™™Ç2, Ê

,Hs�8$v, ;…ÿ³�hôM. FJBbÌ

*)øÊµù�–�qG�íWÑ. ·ÔíAÄu,

ÊµùT³�hôMíËjYÍJqÏ¶ (ÕÏ¶)

,lG�M1J/k�Þ×Û|.

Å 3. Ê�ò(Ç, øïÇ¸�ÞÇ2F×Û|í

cuº_�Þ (fitted surface) 7³�Ÿá’e,

FJBb³�LShôƒíG�Mí‰æ4. óæ

k¤�ÛïíuÖdåàÈÇ, *w2ª°võƒ

”Ÿá’eqG�DÅ�íÉ[” J£�¶‹�c

¦º_ (loess fit).

3. àÈÇä³ (Scatterplot Matrix) DŠ�“

(Brushing)
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àÈÇä³Juàè™Wíj��ÛF�ª?íø

úøúíàÈÇ. °v6ªJ��íj�Š�“

(brush) àÈÇä³ (?¹, Ê/øàÈÇq™p

(highlight) /<õ, ¥<õ}°vÊwFíàÈ

Çq6\™p|).

W. ú environmental.df íàÈÇä³(, }

×Û|-�!‹:

(a) G�D5¦?£Å�Ì}�A£óÉ

(positively correlated); ODê§AŠóÉ

(negatively correlated).

(b) Å�Dê§AŠóÉ.

(c) ”5¦(DÅ�” ¸ ”5¦(Dê§” ·Ìpé

íÉ[.

(d) ”G�ú5¦?” íÇ$×Û|J V íÕ$,

éýÊQ5¦(v, .ßÞòíG�M, ¥uÄ

ÑÊßÞG�ím“ç¥@2Ûb/�b¾í

Ø¹5¦?. ÇÕ, çòí5¦?v, òíG�

M6.êÞ, AÄÑê§b²k2�B#œCÅ

�b²k2ÅBòÅ.
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4. Ö�¢‘K“Ç (Multi-Panel Conditioning

Plot, �˚ Coplot) C�¢Ç (Trellis Plot)

àkhôÊ#ìø_CÖ_‰bíMí‘K-, ”ø

_‰bíWÑ” C ”s_CÖ_‰bÈíÉ[”.

W. ;W.°í‘Ktúú@í�¢Ç.

(1) øê§;WhôMí_bÌ}A 4 é (?¹,

©øé2íhôM_b×_ó�) í‘K-, ú|

G�úÅ�íÖ�¢‘K“Ç, °v‹,ú@í�

¶‹�c¦�( (loess curves). Ç$×Û|-

�!‹:

(i) òG�M×_êÞÊÿêí‘K-.

(ii) øO7k, G�MÓOÅ�¯ò7Ó×; O

u…b5È (G�DÅ�) íÉ[ºÄê§7æ

(à, Êÿê-, G�ÓOÅ�0§Ó‹; OÊ#

êv�Ó‹§��î) �

(2) ;Wê§í¸ˇÌ}A 3 éí‘K-, ú|G

�úÅ�íÖ�¢‘K“Ç, 1‹,ú@í loess

curves. ¤Ç×Û|D,Ç×_ó°í!‹.
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