
MA 2008B: Linear Algebra II – Quiz #7

Name: Student ID number:

Let A be the rectangular real matrix,

A =

[
1 1 0
0 1 1

]
.

Find the SVD of matrix A: A = UΣV>.

Solution: Note that r = rank(A) = 2 and A>A =

 1 0
1 1
0 1

 [ 1 1 0
0 1 1

]
=

 1 1 0
1 2 1
0 1 1

.

Find the eigenvalues of A>A:

det(A>A− λI) = det

 1− λ 1 0
1 2− λ 1
0 1 1− λ

 = · · · · · · = (1− λ)(λ2 − 3λ)

Eigenvalues of A>A are λ1 = 3, λ2 = 1, λ3 = 0 =⇒ σ1 =
√

3 and σ2 = 1

Eigenvectors for λ1 = 3: (A>A− λ1I)x =

 1− 3 1 0
1 2− 3 1
0 1 1− 3

 x
y
z

 =

 0
0
0



⇐⇒

 −2 1 0
1 −1 1
0 1 −2

 x
y
z

 =

 0
0
0

 ∴ x =

 1
2
1

 =⇒ v1 :=
x
‖x‖ =


1√
6

2√
6

1√
6


=⇒ u1 =

Av1

σ1
=

1√
3

[
3√
6

3√
6

]
=

[
1√
2

1√
2

]

Eigenvectors for λ2 = 1: (A>A− λ2I)x =

 1− 1 1 0
1 2− 1 1
0 1 1− 1

 x
y
z

 =

 0
0
0


⇐⇒

 0 1 0
1 1 1
0 1 0

 x
y
z

 =

 0
0
0

 ∴ x =

 1
0
−1

 =⇒ v2 :=
x
‖x‖ =


1√
2

0
−1√

2


=⇒ u2 =

Av2

σ2
=

[
1√
2
−1√

2

]

Find a basis vector v3 of the nullspace of A: Ax = 0 ⇐⇒
[

1 1 0
0 1 1

]  x
y
z

 =

 0
0
0



x =

 1
−1

1

 =⇒ v3 :=
x
‖x‖ =


1√
3
−1√

3
1√
3



∴ A = UΣV> ⇐⇒
[

1 1 0
0 1 1

]
=

[
1√
2

1√
2

1√
2

−1√
2

] [ √
3 0 0
0 1 0

] 
1√
6

2√
6

1√
6

1√
2

0 −1√
2

1√
3

−1√
3

1√
3

.


